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Abstract
Diastolic dysfunction is the inability of the left ventricle to supply sufficient
strokes volumes into the system circulation under normal conditions and is accompanied
with stiffening of the left-ventricular myocardium. A clinical tool capable of quantifying
mechanical properties of the myocardium would aid in assessment of diastolic function.
Changes in tissue stiffness due to pathophysiological changes have been known
for centuries. In recent decades, several imaging techniques have been developed to
quantify mechanical properties of the myocardium. These techniques often use a
mechanical vibrator or focused ultrasound radiation force to excite mechanical waves in
the myocardium, and ultrasound or magnetic resonance imaging modalities to track the
myocardial deformation and relate it to the mechanical properties of the tissue.
This thesis presents Lamb wave Dispersion Ultrasound Vibrometry, or LDUV, a
novel ultrasound technique for quantifying viscoelasticity of the myocardium using
ultrasound radiation force to excite cylindrical Lamb waves in the myocardium, and a
pulse echo transducer to track and measure the wave velocity. Change in the Lamb wave
velocity as a function of excitation frequency (dispersion) is used to estimate elasticity
and viscosity of the myocardium. A mechanical model of anti-symmetric Lamb wave
dispersion in a viscoelastic plate surrounded by a blood-mimicking fluid is derived and
validated.
The LDUV method has been used to measure elasticity and viscosity of a beating
heart through a heart cycle. In vivo open- and closed-chest studies in porcine leftventricular myocardium show that both elasticity and viscosity increase from diastole to
systole.
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Chapter 1
Introduction

“If I have seen further than others, it is by standing upon the shoulders of giants.”
~ Isaac Newton (1643-1727)
________________________________________________________________________
1.1. MOTIVATION
Between 30% and 50% of patients diagnosed with congestive heart failure present
with preserved systolic function, suggesting that close to half of the heart failures are due
to diastolic dysfunction [1-7]. Diastolic dysfunction is the inability of the left ventricle to
fill passively under normal physiological pressures and is associated with stiffening of the
left-ventricular myocardium. A noninvasive technique capable of quantifying mechanical
properties of the myocardium would improve clinicians’ ability to evaluate diastolic
function.
Changes in tissue stiffness due to pathophysiological changes have been known
for centuries and palpation has been an important part of medical examination. Recently,
our group has proposed the use of Shearwave Dispersion Ultrasound Vibrometry
(SDUV) to quantify material properties of soft tissues. SDUV is a noninvasive method
that uses focused ultrasound radiation force to excite shear waves in the tissue of interest
and a pulse-echo transducer to detect the motion. SDUV is based on measuring shear
wave velocity over several frequencies (shear wave dispersion) and fitting the shear wave
dispersion equation to obtain elasticity and viscosity of the given tissue [8, 9]. The
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successful use of SDUV in the liver [8] has motivated exploration of the feasibility of
using an SDUV-like approach to quantify viscoelasticity of the myocardium.
The SDUV studies in the liver provided tools for exciting and detecting shear
waves in soft tissues. The shear wave dispersion in the liver, vessels, kidneys, spleen,
heart and other organs is strongly influenced by the density, perfusion, physiological
motion, boundary conditions and ultrasound accessibility of each organ. Application of
the SDUV concept in the myocardium is challenging due to presence of the air filled
lungs which present an obstacle to ultrasound waves, rib cage protecting the myocardium,
intercostal muscles attenuating the radiation force, physiological motion of the heart,
layered anisotropic structure of the myocardium, phase of cardiac contraction, leftventricular volume and pressure changes and others.
The purpose of this dissertation is to produce a noninvasive ultrasound-based
technique for measuring elasticity and viscosity of the left-ventricular free-wall
myocardium.

1.2. CARDIAC PHYSIOLOGY

1.2.1. Basic Function of the Heart
The function of the cardiovascular system is to deliver nutrients necessary for
cellular metabolism to various tissues and remove metabolic waste byproducts. The heart
serves as a pump of the cardiovascular system that delivers deoxygenated blood into the
pulmonary circulation and the oxygenated blood into the systemic circulation. The
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intricate system of arteries and veins carries the blood to all the cells in the human body
and allows for exchange of molecules across the capillary walls.
The paths of blood flow during a heart cycle are shown in Figure 1.1.
Deoxygenated blood containing metabolic products (including carbon dioxide (CO2))
from the organs is collected in the superior and inferior vena cavae. Because the blood
pressure in the vena cavae is higher than in the right atrium, the blood flows into the right
atrium. The blood flows from the right atrium into the right ventricle through the
tricuspid valve. The ventricular contraction pushes the blood from the right ventricle
through the pulmonary semilunar valve into the pulmonary artery which branches and
carries the blood into the lungs. In the capillary beds of the lungs, CO2 from the blood
diffuses across the capillary walls into the alveoli of the lungs and oxygen (O2) diffuses
into the blood, most of which is then bound to hemoglobin in the red blood cells, and
carried to the left atrium via the pulmonary veins. The oxygenated blood from the left
atrium flows through the mitral valve into the left ventricle (LV). The ventricular
contraction (essentially synchronous between left and right ventricles) of the left heart
pushes the oxygenated blood into the systemic circulation. The ventricles undergo
isovolumic contractions during which the pressure inside the ventricle increases while the
ventricular blood volume is constant. The pressure build-up opens the aortic valve when
the left-ventricular pressure exceeds aortic pressure which then allows for the blood to
flow into the aorta [10, 11].
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Figure 1.1 – Diagram of the heart showing the large vessels and blood flow in the
pulmonary and systemic circulation (adapted from [12]).

1.2.2. Cardiac Electrophysiology
At rest, the adult heart pumps the blood 60-100 times per minute. This rate is
maintained by rhythmic electrical stimulation of the myocardium originating in the
sinoatrial (SA) node. The action potential from the SA node is conducted so that the atria
contract before ventricles and the ventricles contract from the apex towards the base of
the ventricle.
The action potential for myocardial contractions is initiated in the SA node as
shown in Figure 1.2. The action potential from the SA nodes spreads through the left and
right atria and towards the atrioventricular (AV) node. Current conduction through the
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AV node is slower compared to the SA node so that the atria have time to contract and
“top off” the ventricles. The action potential from the AV node is conducted through the
Bundle of His and into the branching Purkinje fibers in the left and right ventricle [10,
11].
The timing of changes in electrical conductance can be appreciated by exploring a
typical electrocardiogram (ECG). The ECG is obtained by placing electrodes on the skin
surface in the vicinity of the heart and recording potential differences that convey cardiac
electrical activity (Figure 1.3).

Figure 1.2 – Action potential propagation during a heart cycle (adapted from [10])
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The P wave is the electrical signal due to depolarization of the atria originating at
the SA node. During the PR interval, current is conducted through the AV node prior to
ventricular contraction. The QRS complex corresponds to the depolarization of the
ventricles and has the strongest signal due to higher electrical activity during ventricular
depolarization. The repolarization of the atria is embedded in the QRS complex and
cannot be distinguished. The T wave is the electrical signal arising from ventricular
repolarization [11].

Figure 1.3 – An example of a normal electrocardiogram (ECG) from lead II (adapted
from [10])
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1.2.3. Myocardial Cell Physiology
Sarcomeres are basic building blocks of the muscle in the myocardium and are
composed of thick (myosin) and thin (actin, tropomyosin and troponin) filaments.
Tropomyosin wraps around the actin fibers and blocks the myosin binding sites. During
myocardial contraction, Troponin C subunit binds calcium which induces a
conformational change in the tropomyosin and opens up the myosin binding site on the
actin fibers. This allows myosin to bind to actin resulting in a contraction. Adenosine
triphosphate (ATP) is needed to break the actin-myosin bond and continue the
contraction cycle. The transverse (T) tubules running between and along sarcomeres are
coupled with the sarcoplasmic reticuli (SR) so that the depolarization of the T-tubules
causes release of calcium ions and initiates contraction [10].
The thickness of the human left-ventricular (LV) myocardial wall is around 10-15
mm. The inner surface of the myocardium is composed of endocardium while the outer
surface is composed of the epicardium. The entire heart is surrounded by a pericardial
fluid inside a pericardial sack. Within the heart wall, there are three layers of
cardiomyocytes with the fibers rotated between the three [13, 14].
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Figure 1.4 – Left-ventricular pressure-volume loop (modified from [10]).

1.2.4. Left Ventricle Pressure-Volume Loop
Changes in blood volume in the left ventricle are related to changes in the
chamber pressure throughout systole and diastole. Pressure-volume loops for the left
ventricle (Figure 1.4) are constructed by measuring the chamber pressure and volume
throughout a heart cycle. Pressure-volume loops can help us understand the effects of
myocardial stiffening and loss of compliance on the stroke volume.
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At the end of diastole (Point 1), the LV is filled with blood, myocardium is
relaxed, the LV chamber pressure is low, and the mitral and aortic valves are closed.
During isovolumic contraction (1 2), the LV myocardium contracts and increases the
LV chamber pressure. When the LV pressure becomes larger than the aortic pressure, the
aortic valve opens (point 2). At this point, the blood begins to flow from the LV into the
aorta. The LV myocardium keeps contracting and the velocity of blood flow increases.
The ejection of blood through the aorta (2 3) is referred to as systole. At the end of
systole (Point 3), the LV myocardium stops contracting and the LV pressure drops. The
volume of blood left in the LV is referred to as the end-systolic volume (ESV). What
follows is the isovolumic relaxation (34) during which the aortic and mitral valves are
closed and the volume of blood in the LV is constant while the pressure drops. When the
LV pressure drops bellow the left-atrial pressure, the mitral valve opens (point 4) and the
diastolic filling begins (41). The blood from the left atrium flows into the LV and the
LV volume increases until it reaches the end-diastolic volume (EDV). The stroke volume
(SV) is the difference between the end-diastolic and end-systolic volumes, SV = EDV –
ESV.
The changes in pressure of the left ventricle, left atrium and the aorta throughout a
heart cycle are summarized in the top part of Figure 1.5. The ECG of a normal heart is
shown underneath.
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Figure 1.5 – The classic Wiggers diagram shows changes in chambers pressure along
with the ECG signal throughout a heart cycle (adapted from [10])
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1.2.5. Diastolic Dysfunction
In general terms, systolic dysfunction is the inability of the myofibrils to contract
properly and eject sufficient stroke volume into the systemic circulation [6]. Diastolic
dysfunction is inability of the myofibrils to relax properly and accept blood under normal
pressure conditions [3, 4, 6, 7, 15]. If left untreated, these conditions can lead to diastolic
heart failure. While the symptoms of systolic and diastolic dysfunction and heart failure
are similar, the underlying pathophysiology is different. Diagnostic differentiating
between the systolic and diastolic dysfunction is essential in diagnosis and patient
treatment.
Mechanisms that cause diastolic dysfunction can be due to intrinsic abnormalities
in the cardiomyocytes, extrinsic abnormalities in the extracellular matrix, neurohormonal
and endothelial abnormalities [5, 6, 16-18]. Regardless of the mechanism involved,
diastolic dysfunction is accompanied by increased diastolic stiffness of the leftventricular myocardium. Increased stiffness and loss of compliance shift point 1 in Figure
1.4 upward because the filling pressures have to increase in order to compensate for the
loss of LV compliance in order to preserve the stroke volume. If left untreated, the filling
pressure is eventually no longer able to accommodate the loss of compliance and point 1
will start moving upward and to the left, decreasing the effective stroke volume, while
keeping the ejection fraction (EF = SV/EDV) relatively normal [3, 6, 16, 18]. Therefore,
a noninvasive tool capable of quantifying mechanical properties of the myocardium
would be beneficial in diagnosis of diastolic dysfunction.
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1.3. THEORETICAL BACKGORUND

1.3.1. Theory of Wave Propagation in Viscoelastic Media
Consider a mechanical actuator vibrating a single frequency that excites harmonic
waves in an isotropic viscoelastic medium as shown in Figure 1.6. Such vibration excites
two kinds of waves: shear waves propagating radially outward with a shear wave number
ks, and vertical compressional waves with a wave number kp. Motion of an infinitesimally
small volume inside the medium (shown in blue) with zero equivalent force is fully
described by the Navier’s equation (1.1) [19]:

(λ + 2 µ )∇(∇u ) − µ∇ × ∇ × u = ρ

∂2
u
∂t 2

(1.1).

Here, u represents the displacement field vector, ∇is the divergence operator, ∇ × is the
curl operator, ∇ is the gradient operator,

∂2
second partial derivative with respect to
∂t 2

time, ρ the material density, λ the first Lamé constant and µ the second Lamé
constant, commonly referred to as the shear modulus of elasticity. Equation (1.1) is
similar to Newton’s second law where the left-hand side is the sum of all forces acting on
the surface and body of the particle and the right-hand side is similar to the product of
mass and acceleration, except that the equation is written per unit volume so it is the
product of density and acceleration.
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Figure 1.6 – Shear (ks) and compressional (kp) waves in infinite isotropic viscoelastic
medium due to a mechanical actuator.
The Stokes-Helmholtz decomposition states that any displacement field can be
written as a sum of the gradient of a scalar ( φ ) and the curl of a vector potential (ψ )
(1.2). When we apply (1.2) to (1.1), the Navier’s equation (1.1) decomposes into two
independent equations (1.3) and (1.4):

u = ∇φ + ∇ ×ψ ,

(1.2)

1 ∂2
∇ 2φ =2 2 φ ,
c p ∂t

(1.3)

1 ∂2
∇ 2ψ =
ψ,
cs2 ∂t 2

(1.4)
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where cs and cp are the shear and compressional wave velocities defined in (1.5) and
(1.6). Note that the wave velocity c is related to the wave number, k, through k = ω/c, for
both cs and cp, where ω = 2πf, and f is the frequency of harmonic vibration in Hertz.

=
cp

(λ + 2 µ ) / ρ ,

cs = µ / ρ .

(1.5)

(1.6)

In purely elastic materials, since μ is the shear modulus of elasticity, one need to excite a
harmonic wave in the tissue of interest, measure the shear wave phase velocity, know the
tissue density (close to that of water) and use (1.6) to calculate the shear modulus of
elasticity. The advantage of measuring the shear modulus of elasticity μ is that it varies
from around 102 kPa to about 1010 Pa between fat and bone, providing a very good
imaging contrast [20].

1.3.2. Shear Wave Viscosity and Dispersion
Most biological materials are viscous. Studies suggest that in addition to
elasticity, one needs to measure the viscosity in order to fully characterize the mechanical
properties of the tissue [21-25]. Viscosity can be thought of as the loss of energy due to
cyclical motion (hysteresis) and, if ignored, can bias the estimates of elasticity. Presence
of viscosity in the tissue results in dispersion of the shear wave velocity (change of
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velocity as a function of frequency) meaning that more complete characterization of
tissue’s mechanical properties requires measuring shear wave velocity at several
frequencies.

Figure 1.7 – Shear wave velocity dispersion for materials with the elastic modulus μ1 = 5
kPa and viscous moduli μ2 = 0.5, 2.0 and 5.0 Pa*s.
Figure 1.7 shows shear wave dispersion for materials with the same elastic
modulus μ1 = 5 kPa and different viscous moduli μ2 = 0.5, 2.0 and 5.0 Pa*s. Materials
with higher viscosity are more dispersive so the 5.0 Pa*s (red line) material has a larger
change in velocity as a function of frequency that 0.5 Pa*s and 2.0 Pa*s. While there are
several rheological models relating the change of shear wave elasticity and viscosity as a
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function of frequency, the Kelvin-Voigt (or Voigt, for short) model will be used to
characterize frequency response of the materials used in this thesis. The Voigt model is a
rheological model of viscoelastic behavior of a material which assumes that the shear
modulus μ is complex and changes as a function of frequency so that μ = μ1 + iωμ2 [8].
The change in shear wave velocity (cs) as a function of frequency for a Voigt material is
defined by equation (1.7):

cs (ω ) =

(

2 ( µ12 + ω 2 µ22 )

ρ µ1 + µ12 + ω 2 µ22

)

(1.7).

1.3.3. Geometric Dispersion
Our group has previously reported the use of the Shearwave Dispersion
Ultrasound Vibrometry (SDUV) method to quantify mechanical properties of the liver by
measuring shear wave velocity dispersion over the frequency range 100-500 Hz and
fitting the Voigt model velocity equation (1.7) to estimate the elasticity (μ1) and viscosity
(μ2) [8, 9, 26].

The geometry of the liver allows one to assume that radiation force focused in the
middle of the organ (“far” from the edges) produces waves that do not reach the edges of
the organ and cannot reflect and create interference patterns. In the liver studies, one can
ignore the boundary conditions and assume that the horizontal component of the excited
wave is the shear wave.
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Figure 1.8 – Shear and Lamb wave velocity dispersion for plates of different thickness
(H), elasticity (μ1) and viscosity (μ2) surrounded by a fluid. Density of the fluid and the
plate are close to that of water.

In case of the myocardium, this is not the case. The geometry of the heart wall is
different since the wall thickness is 10-15 mm and the length of the radiation force focus
is 2-10 mm. Such excitation would result in “body” waves. In other words, radiation
force would likely move the entire wall, displacing both epicardial and endocardial
surface. The “body” wave form arises from the fact that the compressional wave reflects
between the boundaries and interferes with the shear wave. The velocity of this newly
created wave need not be the same as the shear wave velocity and requires mathematical
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modeling to relate the velocity of the “body” wave to the viscoelasticity of the
myocardium.
Figure 1.8 shows the shear and Lamb wave velocity dispersions for a
homogenous plate submerged in a fluid of density similar to that of water. The Lamb
wave dispersion is shown as full red lines and the shear wave dispersion as blue circles.
Note that the shear and Lamb wave dispersion velocities are different for all
combinations of μ1 and μ2. Also note that the Lamb wave velocity shows dispersion even
when the viscous term μ2 = 0. This phenomenon is known as the geometric dispersion.

1.3.4. Phase and Group Velocity
It is important to differentiate between the phase and the group velocity of a
propagated wave. Let us consider two sinusoidal wave forms, u1 and u2 (Figure 1.9(a)
and (b)), of slightly different angular frequencies, ω1 and ω2, and wave numbers k1 and
k2. The wave displacements for the two waves and their sum u = u1 + u2 (Figure 1.9(c)) is
as follows:
=
u1 sin(ω1t − k1 x) ,

(1.20)

=
u2 sin(ω2t − k2 x) ,

(1.21)

∆k
 ∆ω
u=
2sin [ωt − kx ] cos 
t−
2
 2


x ,


(1.22)
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where ω =

ω1 + ω2
2

, k=

k1 + k2
, ∆ω = ω1 − ω2 and ∆k = k1 − k2 . The newly formed wave
2

can be written as a product of two waves: a faster wave governed by sin [ωt − kx ] with
the angular frequency ω equal to the mean of ω1 and ω2 and the wave number k equal to
the

mean

of

k1

∆k
 ∆ω
by 2 cos 
t−
2
 2

and

k2

(Figure

1.9(e));

and

a

slower

wave

governed


x  , with the angular frequency equal to half the difference between


ω1 and ω2 and the wave number equal to the half the difference between of k1 and k2
∆k
 ∆ω
(Figure 1.9(f)). The wave component governed by 2 cos 
t−
2
 2

group velocity cg =


x  propagates at the


∆ω
and provides and envelope for the wave component governed by
∆k

sin [ωt − kx ] moving at the phase velocity c p =

ω
k

.

Differentiating between the phase and group velocity is important because the
phase velocity satisfies equations (1.4) and (1.6) and can be used to calculate the shear
modulus μ. The group velocity does not satisfy (1.4) and cannot be used to estimate μ.
Note that in case of harmonic excitation, ∆ω and ∆k are zero and the phase velocity
equals the group velocity.
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Figure 1.9 – Sum of two sinusoidal waves (a) u1 and (b) u2 of different angular
frequencies (ω) and wave numbers (k) results in a newly formed wave (c). The new wave
can be written as a product of two waves (d) where the slower wave (e) is an envelope
that carries the faster wave (f). The velocity of the wave in (e) is the group velocity. The
velocity of the wave in (f) is the phase velocity.
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1.4. CARDIAC ELASTOGRAPHY
The fields of positron emission tomography, x-ray computed tomography (CT) as
well as magnetic resonance imaging (MRI) have offered approaches for qualitative
assessment of diastolic function by employing various contrast agents to track the motion
of the myocardium [27-31]. For example, the principle behind tagged MRI is the use of a
magnetic field gradient in the radio frequency to ‘label’ certain parts of the tissue in the
MRI image by perturbing their magnetization prior to imaging. If the tissue is imaged
before the magnetic dipoles relax to the initial state, these areas of magnetization can
provide contrast against the background and can be used to reconstruct the motion of the
tissue in the given time interval [32-34].
Doppler tissue ultrasound imaging techniques utilize the Doppler effect in which
a wave transmitted at a moving target is reflected with a frequency shift dependent on the
velocity of the target. Pulsed Doppler tissue imaging provides good time resolution of the
Doppler signal which allows for reliable estimates of tissue displacement, velocity and
acceleration, but has a poor spatial resolution and cannot differentiate different layers of
the ventricular wall [35]. Two-dimensional color Doppler tissue imaging has better
spatial resolution and is capable of measuring velocities in various myocardial layers. In
addition, it is capable of making simultaneous measurements in various parts of the
ventricle. It is, however, limited by poor temporal resolution [35].
Another ultrasound-based modality that has been used to explore tissue elasticity
is Strain and Strain Rate Echocardiography. If we can consider an isotropic material and
apply a one-dimensional stress σ (force per unit area) along the x-direction, the object
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deforms by a strain ε where ε = Δx/x0 and Δx is the change in length due to stress and x0
the initial length of the object. Stress and strain are related through the relationship σ =
Eε, where E is the Young’s modulus of material elasticity along the x-direction. Strain
rate imaging relies on using the Doppler effect to measure the displacement of a pixel of
the tissue as a function of time by detecting the change in frequency between the emitted
and received pulse to calculate the displacement and velocity of the pixel. The intrinsic
motion of the heart provides the stress and ultrasound imaging is used to detect the strain
of each pixel of the myocardial tissue in the field of view of the ultrasound transducer.
This method has been used for qualitative assessment of myocardial stiffness [36-40].
While strain rate echocardiography can be used to detect local changes in myocardial
stiffness (i.e. local myocardial ischemia), the technique relies on the background tissue
for contrast and is not effective in diagnosing diseases accompanied by global changes in
tissue stiffness.
Positron emission tomography, x-ray CT, MRI, Doppler tissue imaging and strain
and strain rate imaging techniques have provided useful tools to measure tissue motion
and estimate the strain, but the physical inability to produce accurate measurements of
stress is a major limitation of these techniques. Knowledge of both stress and strain is
necessary for evaluation of the elastic modulus of the tissue.
In the past several decades, the fields of ultrasound and magnetic resonance
elastography have offered various methods for noninvasive measurement of myocardial
elasticity and viscoelasticity.
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Magnetic resonance elastography (MRE) is a technique for quantifying elasticity
of organic and inorganic materials by exciting waves in the medium of interest and
measuring the velocity of wave propagation using magnetic resonance imaging (MRI)
[41]. Among others, Kolipaka et al. [42, 43] have used the MRE technique to measure
the velocity of transverse wave propagation in vivo in open chest pigs. A pneumatic drum
driver was used to vibrate the left ventricle at 80 Hz and the wave velocity was measured
throughout the heart cycle. The body wave velocity was then assumed to be equal to the
shear wave velocity which led to estimates of shear modulus of elasticity (µ) ranging
from 6 to 10 kPa between systole and diastole. Left-ventricular catheterization showed
that the change in elasticity is accompanied by a change in the left-ventricular chamber
pressure, approximately 10-100 mmHg from diastole to systole. This study measures the
velocity of wave propagation at a single frequency and does not take attenuation into
consideration. Measuring wave velocity at multiple frequencies would allow one to
estimate tissue viscosity in addition to elasticity [8, 23], both of which can be affected by
pathophysiology [21, 22].
In another MRE study of the left-ventricular elasticity, Sack, et al., [44] excited
24.3 Hz waves in a closed chest in vivo human heart by placing a mechanical vibrator on
the chest wall. Amplitude of the wave displacement was tracked using MRE throughout
the heart cycle. The study shows that the wave amplitude in diastole is around 2.5 times
higher than in systole, consistent with the notion that the LV myocardium is softer in
diastole than in systole. The study also reports a maximal change in shear modulus ratio
by a factor of 37.7 in one heart cycle. In a separate in vivo pig study [45], the same group
reports changes in amplitude ratio between systole in diastole proportional to the chamber
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pressure changes during a heart cycle. This study also reports changes in wave
amplitudes around 100 ms before changes in wall thickness in systole and around 175 ms
in diastole. A major limitation of this study is the lack of quantitative estimates of
elasticity and viscosity of the myocardium.
Konofagou, et al., [46] have also developed a myocardial elastography technique
that uses intrinsic motion of the heart to estimate the strain in the human heart in vivo. In
addition, this method is capable of producing two dimensional strain maps of the
myocardium [47]. This myocardial elastography technique showed promising results at
detecting infracted tissue in mice at both high temporal and spatial resolution [48]. A
disadvantage of this method is that, similar to strain imaging techniques, it does not
quantify the elasticity of the myocardium.
Supersonic shear imaging (SSI) is an ultrasound-based imaging technique
developed by Bercoff, et al., [49] that uses focused radiation force to generate mechanical
waves in the tissue of interest. The source of vibration is moved at a supersonic speed
along the desired line of excitation, creating a wave front, analogous to the sonic boom
created by supersonic aircrafts moving at Mach speeds. The excited waves are imaged at
about 5000 frames/second with an ultrafast ultrasound imaging technique, allowing for a
quick visualization of the propagated wave. Various inversion algorithms are used to
estimate the shear wave velocity and tissue elasticity. Couade, et al., [50] used SSI for in
vivo measurements of shear wave velocity in open chest sheep throughout the heart cycle.
The average speeds in systole and diastole were 4.8 ± 1.4 m/s and 1.45 ± 0.32 m/s along
the long axis, and 6.2 ± 1.9 m/s and 1.85 ± 0.22 m/s along the short axis. This
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corresponds to changes in the shear modulus of elasticity (µ) from ~2 to ~30 kPa between
diastole and systole, respectively. This study reports important progress in measuring
wave velocity throughout the heart cycle using ultrasound. The drawback of this study is
the assumption that the group and phase velocity of an impulse are the same, which is not
the case. In order to estimate the elastic modulus from the velocity, one must measure the
shear wave velocity, which is often related to the measured velocity through some form
of a mathematical model [23, 24]. This study also ignores the viscosity of the
myocardium.
In an in vivo open chest study of canine hearts, Bouchard, et al., [51] used Shear
Wave Elasticity Imaging (SWEI) to track shear waves excited using Acoustic Radiation
Force Impulse (ARFI) in the left-ventricular myocardium. The speed was measured at
several positions and depths in the LV free wall and the reported speeds range from 0.82
to 2.65 m/s. In a study by Hsu, et al. [52], ARFI technique was used to track the
displacement of exposed canine LV free-wall myocardium throughout the heart cycle.
ARFI images of the displacement field show variation with respect to systole and
diastole. Following radio-frequency ablation, a lesion was formed on the epicardial
surface of the free wall. ARFI displacement images reported smaller displacements
around the lesion due to increased stiffness of the ablated region of the myocardium.
While the ARFI [52] and SWEI-ARFI [51] studies show results consistent with the
myocardial stiffness changes throughout the heart cycle, the methods do not report
elasticity and viscosity estimates of the myocardium.
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Pernot, et al., [53, 54] have proposed a method for quantifying elasticity of the
myocardium by recording intrinsic motion of the heart due to electromechanical waves
caused by physiological motion and current propagation. The motion is acquired using
successive radiofrequency frames. A band-pass filter with cut-off frequencies around 50
and 500 Hz was applied on the temporal component of the displacement data to remove
noise at high frequencies and physiological motion at low frequencies. Fourier analysis of
the signal was used to estimate the wave velocities at several frequencies between 80 and
250 Hz with the values ranging from 0.44 to 5 m/s. This technique has shown promising
results in obtaining high frame rate cardiac elastography measurements in anesthetized
mice [55]. This method has an important advantage in not requiring an external source of
vibration, but is limited to the areas of the heart with sufficient amplitude of intrinsic
motion.
Kanai, et al., [24] have reported the use of a high sensitivity ultrasound method to
detect wave propagation in the myocardial septum due to closure of the aortic valve. An
analytic Lamb wave model was fitted to the wave dispersion data to estimate myocardial
elasticity and viscosity in vivo. The elasticity values were estimated at 24-30 kPa and did
not change as a function of aortic valve closure. The viscosity estimates decreased rapidly
from 400 Pa⋅s to 70 Pa⋅s over 18 ms after aortic valve closure. In addition to these large
changes in measured viscosity of the myocardium, the method introduced by Kanai, et
al., can estimate material properties of the heart in the septum and around the aortic valve
in the frequency range 10-90 Hz.

26

1.5. THESIS DESCRIPTION

The aims of the thesis are as follows:

1. Study the types of waves excited in the myocardial wall using focused radiation
force and develop mathematical models relating the velocity of the waves and the
shear elasticity and viscosity of the myocardium.
a. Explore the feasibility of exciting Lamb (body) waves. Develop a Lamb
wave velocity dispersion equation model for a viscoelastic plate
submerged in a fluid and validate the model using finite element analysis
and an independent validation technique.
b. Explore the feasibility of exciting Rayleigh (surface) waves. Develop a
Rayleigh wave dispersion equation model for a viscoelastic plate
submerged in a fluid and validate the model using finite element analysis
and an independent validation technique.

2. Perform open chest in vivo measurements of the LV free wall myocardial
elasticity and viscosity using the techniques and models developed in Aim 1.

3. Show the feasibility of performing transthoracic in vivo measurements of the LV
free wall myocardial elasticity and viscosity using the techniques developed in
Aim 1.
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Chapter 2 summarizes the development of a mathematical model for the antisymmetric Lamb wave velocity dispersion equation in a plate surrounded by a fluid,
finite element analysis studies and embedded sphere technique studies aimed at
validating the Lamb wave Dispersion Ultrasound Vibrometry (LDUV) method. Chapter 2
also reports ex vivo measurements of viscoelasticity of an excised porcine LV free wall
myocardium. In Chapter 2, a Lamb wave-based approach for quantifying viscoelasticity
of the myocardium is developed and validated, completing Aim 1a.
Chapter 3 summarizes the development of a mathematical model for a Rayleigh
wave dispersion equation in a plate surrounded by a fluid. Chapter 3 demonstrates
analytical and experimental convergence of Lamb and Rayleigh waves in viscoelastic
plates surrounded by a fluid. Chapter 3 presents Lamb-Rayleigh convergence in finite
element analysis simulation, as well as in experiments involving gelatin phantoms and
excised spleen and LV free-wall samples. In Chapter 3, a Rayleigh wave-based approach
for quantifying viscoelasticity of the myocardium is developed and validated, completing
Aim 1b.
Chapter 4 presents a convenient mathematical “shortcut” relating the LambRayleigh dispersion velocity to the shear wave dispersion velocity. The advantage of this
“shortcut” is that it reduces computational costs of inverse fitting of the Lamb or
Rayleigh wave model when estimating elasticity and viscosity of the myocardium.
Chapter 4 simplifies the results of Aims 1a and 1b.
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Chapter 5 presents the use of the direct inversion algorithm for calculating Lamb
and shear wave velocities. The application of the curl operator is summarized. Chapter 5
provides an alternative method for estimating wave velocity used in Chapters 2 and 3.
Chapter 6 reports open-chest in vivo measurements of myocardial elasticity and
viscosity in anesthetized pigs. A mechanical actuator and focused radiation force were
used to excite waves. Chapter 6 also reports closed-chest in vivo measurements of
myocardial elasticity and viscosity through a cardiac cycle in anesthetized pigs. Chapter 6
demonstrates feasibility of using the LDUV method to quantify viscoelasticity of the
myocardium in vivo, and completes Aim 2 and Aim 3.
Chapter 7 details the contribution of the dissertation work to the field of
elastography imaging and discusses directions of the future work. Finally, academic
accomplishments of this dissertation work are summarized.
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Chapter 2
Lamb Wave Dispersion Ultrasound Vibrometry (LDUV) Method for
Quantifying Mechanical Properties of Viscoelastic Solids

“It doesn't matter how beautiful your theory is, it doesn't matter how smart you are. If it
doesn't agree with experiment, it's wrong”
~ Richard P. Feynman (1918-1988)

The material presented in this chapter is based on: Ivan Z. Nenadic, Matthew W. Urban,
Scott A. Mitchell, James F. Greenleaf. Lamb wave dispersion ultrasound vibrometry
(LDUV) method for quantifying mechanical properties of viscoelastic solids. Physics in
Medicine and Biology, 2011: 7;56 (7):2245-64
________________________________________________________________________

2.1. ABSTRACT

Diastolic dysfunction is the inability of the left ventricle to supply sufficient
stroke volumes under normal physiological conditions and is often accompanied by
stiffening of the left-ventricular myocardium. A noninvasive technique capable of
quantifying viscoelasticity of the myocardium would be beneficial in clinical settings.
Our group has been investigating the use of Shearwave Dispersion Ultrasound
Vibrometry (SDUV), a noninvasive ultrasound based method for quantifying
viscoelasticity of soft tissues. The primary motive of this study is the design and testing
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of viscoelastic materials suitable for validation of the Lamb wave Dispersion Ultrasound
Vibrometry (LDUV), an SDUV-based technique for measuring viscoelasticity of tissues
with plate-like geometry. We report the results of quantifying viscoelasticity of urethane
rubber and gelatin samples using LDUV and an embedded sphere method. The LDUV
method was used to excite antisymmetric Lamb waves and measure the dispersion in
urethane rubber and gelatin plates. An antisymmetric Lamb wave model was fitted to the
wave speed dispersion data to estimate elasticity and viscosity of the materials. A finite
element model of a viscoelastic plate submerged in water was used to study the
appropriateness of the Lamb wave dispersion equations. An embedded sphere method
was used as an independent measurement of the viscoelasticity of the urethane rubber and
gelatin. The FEM dispersion data were in excellent agreement with the theoretical
predictions. Viscoelasticity of the urethane rubber and gelatin obtained using the LDUV
and embedded sphere methods agreed within one standard deviation. LDUV studies on
excised porcine myocardium sample were performed to investigate the feasibility of the
approach in preparation for open-chest in vivo studies. The results suggest that the LDUV
technique can be used to quantify mechanical properties of soft tissues with a plate-like
geometry.
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2.2. INTRODUCTION

According to the American Heart Association, the estimated economic burden of
treating heart failure in the United States in 2010 is close to $40 billion [56]. Between 30
and 50% of patients diagnosed with heart failure present with preserved systolic function,
suggesting that close to half of the heart failures in the United States are caused by
diastolic dysfunction [1-7]. Diastolic dysfunction can be caused by impaired ventricular
relaxation, reduced ventricular compliance and pericardial constriction. Decreased leftventricular (LV) compliance and relaxation can compromise the ability of the LV to fill
passively under physiological conditions and supply sufficient stroke volumes into the
system circulation. If left untreated, insufficient stroke volumes and increased filling
pressures can cause heart failure. A noninvasive technique capable of quantifying
material properties of the myocardium would improve clinicians’ ability to evaluate
diastolic function and would be highly beneficial in clinical settings.
Alterations in tissue tactile stiffness due to pathophysiological changes have been
known for centuries and have been an important part of medical examination. In recent
decades, significant effort has been directed towards producing a non-invasive technique
for quantifying material properties of soft tissues [57, 58]. These techniques are mostly
based on either magnetic resonance [32, 41, 42] or ultrasound imaging [8, 9, 20, 24, 46,
51, 54, 55, 59, 60], and some of them have been extended to use in myocardial stiffness
measurements [24, 41, 42, 46, 51, 54, 55]. Since the ultrasound methods typically use an
ultrasound transducer at the surface of the body close to the tissue of interest, they are
limited by the acoustic window and distance from the organ. While magnetic resonance
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methods generally do not suffer from this limitation, they are more expensive, subject to
high operational costs, often uncomfortable for patients and less likely to be widely
available.
The growing field of ultrasound elastography offers diverse approaches to
quantifying soft tissue elasticity [57]. Several of these approaches are based on measuring
shear wave propagation velocity, generated by either physiological motion [24, 46, 54,
55] or external radiation force [8, 9, 20, 42, 51, 59]. The advantage of shear wave
velocity is that it is directly related to the elastic modulus, and the shear moduli of
elasticity of body tissues such as muscle, liver, dermis, cartilage and bone differ by
several orders of magnitude [20].
Recent liver fibrosis studies [22, 61] demonstrate that viscosity serves as an
important indicator of tissue pathology and should be considered in addition to tissue
elasticity. Ignoring tissue viscosity gives incomplete information about material
properties of the tissue, and inherently underestimates the elasticity. A study by
Schmeling et al. [21] reports significant changes in myocardial viscosity resulting from
myocardial ischemia. The study reports an increase in myocardial viscosity due to
ischemia caused by coronary occlusion and return to control values following
reperfusion.
Recently, our group has proposed the use of Shearwave Dispersion Ultrasound
Vibrometry (SDUV) to quantify material properties of soft tissues. SDUV is a
noninvasive method that uses focused ultrasound radiation force to excite harmonic or
transient shear waves in the tissue of interest and a pulse-echo transducer to detect the
motion. SDUV is based on measuring shear wave velocity over several frequencies
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(shear wave dispersion) and fitting the shear wave dispersion equation to obtain elasticity
and viscosity of the given tissue [8, 9]. The successful use of SDUV for in vivo liver
studies [8] has motivated us to explore the feasibility of using SDUV to quantify
viscoelasticity of the myocardium.
The SDUV studies in the liver provided tools for exciting and detecting shear
waves in soft tissues. While successful use of the technique in the liver is encouraging,
the shear wave dispersion in the liver, vessels, kidneys, spleen, heart and other organs is
strongly influenced by the density, perfusion, physiological motion and boundary
conditions of each organ. SDUV in the liver usually excites shear waves in the regions far
from the surface of the organ, which allows one to neglect the boundary conditions and
treat the motion as shear wave propagation in infinite medium.
The thickness of the LV free wall myocardium is 10 – 20 mm which is on the
order of magnitude of the focal length of the ultrasound radiation force (2 – 10 mm), with
blood and pericardial fluid on either side. Thus, the free wall myocardium has been
approximated as a solid plate submerged in fluid rather than an infinite or semi-infinite
medium. A study by Kanai [24] has reported the use of a high sensitivity ultrasound
method to detect shear wave propagation in the septum due to closure of the aortic valve.
The motion of the septum was modeled by an anti-symmetric plane Lamb wave in an
infinite isotropic plate with incompressible fluid on both sides. This method was used to
measure shear wave dispersion in the frequency range 10 – 90 Hz and fit the Lamb wave
model to estimate septal elasticity and viscosity.
Our group has been investigating the use of the SDUV technique to excite and
measure dispersion of anti-symmetric Lamb waves in the myocardium in order to
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estimate elasticity and viscosity. Lamb waves are a type of shear waves, but the term
‘shear wave’ has been extensively used when discussing shear waves in infinite media
unaffected by boundary conditions. In this paper, we will refer to the use of SDUV in the
heart for the purpose of exciting Lamb waves as Lamb wave Dispersion Ultrasound
Vibrometry, or LDUV.
While LDUV has some similarities with the method proposed by Kanai [24], our
method has several important advantages. Due to high attenuation of Lamb waves in the
myocardium, sub-millimeter spatial and around 50 microsecond temporal resolution,
LDUV has the capacity to produce biopsy-like measurements of viscoelasticity of any
region of the myocardium accessible to ultrasound. In addition, LDUV includes an
excitation that is independent of the endogenous motion in the region of interest which
allows for more control over the excitation frequency.
In this paper, we present studies aimed at validating the use of Lamb wave
Dispersion Ultrasound Vibrometry to quantify elasticity and viscosity of the LV free-wall
myocardium. In addition, we briefly review the basic principles of the SDUV. A
mathematical model for anti-symmetric cylindrical Lamb wave dispersion in isotropic
plates submerged in a noncompressible fluid is derived. Finite element analysis (FEA) of
the described model is used to investigate the appropriateness of the model. The LDUV
method was used to quantify elasticity and viscosity of gelatin and urethane rubber plates.
An embedded sphere method [62] was used for comparison and validation of the LDUV
method. LDUV measurements of elasticity and viscosity in excised porcine myocardium
samples are also reported.
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2.3. METHODS

2.3.1. Principles of Shearwave Dispersion Ultrasound Vibrometry
In a basic implementation of SDUV, amplitude modulated (AM) ultrasound beam
from a push transducer is focused in the medium of interest to generate monochromatic
shear waves in the frequency range 50 - 500 Hz [8, 9]. A pulse-echo, or detect, transducer
is used to detect motion parallel to the excitatory beam (Figure 2.1) [9]. Ultrasound
pulses are transmitted at the location of interest at a pulse repetition rate of few kilohertz.
Each point in the time-domain of the returning echo signal corresponds to a specific
region of the tissue along the beam axis. Cross-spectral analysis of the echoes is used to
calculate tissue displacement as a function of time [63]. A specialized Kalman filter is
applied to the displacement versus time data to extract the motion at the excitation
frequency of the push transducer and estimate the shear wave amplitude and phase [64].
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Figure 2.1 – Principle of SDUV: a push transducer is the source of radiation force that
induces harmonic shear wave propagation in tissue; the motion is measured by a pulseecho (detect) transducer.

The beamwidth of the radiation force in the focal point is fairly narrow and
uniform so the resulting shear wave can be assumed to be cylindrical [9]. Particle
displacement due to monochromatic cylindrical shear waves is mostly along the z-axis
(Figure 2.1), which for homogenous viscoelastic media is approximated by:

i
u (r , t ) ≈
z
4

2

π hr

e

i ( hr − ω t + π / 4)

,

(2.1)
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where u z is the particle displacement, r is the distance away from the excitation source,
ω is the angular frequency of the shear wave, t is the time and h is the shear
wavenumber h = ρω 2 µ . Equation (2.1) shows that for large distance r (about one
tenth of the shear wavelength), the phase delay varies linearly with the distance from the
excitation point. Since ω = 2π f , one can estimate the shear wave speed by measuring the
phase shift ∆ϕ = ϕ 2 − ϕ1 over distance traveled ∆r :

cs = ω

∆r
.
∆ϕ

(2.2)

Equation (2.2) requires phase measurements at two or more locations, with more
locations improving the quality of the shear wave velocity estimates.

2.3.2. Anti-symmetric Cylindrical Lamb wave Dispersion in Plates
We are treating the plate as an incompressible, homogenous, isotropic solid
submerged in an incompressible nonviscous fluid. The basic wave equations, equilibrium
relations and displacement field theorems (i.e., starting point of this derivation), (2.3) –
(2.13) can be found in any of the book chapters [19, 65-67]. The Stokes-Helmholtz
decomposition theorem states that a displacement field can be written as a sum of the
gradient of a scalar and the curl of a vector potential (2.4) [19]. Applying this to the
Navier’s equation with zero equivalent body force (2.3) [19] allows for separation of
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variables resulting in two wave equations, one for the compressional (2.5) and one for the
shear wave (2.6):

(λ + 2 µ )∇(∇u ) − µ∇ × ∇ × u = ρ

∂2
u,
∂t 2

(2.3)

u = ∇φ + ∇ ×ψ ,

(2.4)

∂2
(λ + 2 µ )∇ 2φ =
ρ 2φ,
∂t

(2.5)

∂2
µ∇ ψ =
ρ 2ψ ,
∂t

(2.6)

2

Here, u represents the displacement field vector, ∇the divergence operator, ∇ × the curl
operator, ∇ the gradient operator and

∂2
second partial derivative with respect to time.
∂t 2

A more convenient way of expressing (2.5) and (2.6) is in terms of the compressional and
shear wave velocities c p and cs :

1 ∂2
∇ 2φ =2 2 φ ,
c p ∂t

(2.7)

1 ∂2
∇ 2ψ =
ψ,
cs2 ∂t 2

(2.8)
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=
cp

(λ + 2 µ ) / ρ ,

cs = µ / ρ ,

(2.9)

(2.10)

where ρ is the material density, λ the first Lamé constant and µ the second Lamé
constant, commonly referred to as the shear moduli of elasticity.

Figure 2.2 – The mechanical system consisting of the LV free wall myocardium
surrounded by blood on one side and the pericardial fluid on the other was modeled as an
isotropic viscoelastic plate submerged in a noncompressible fluid undergoing
antisymmetric motion.

The LV free-wall myocardium surrounded by blood and pericardial fluid was
modeled as a homogenous solid plate submerged in a noncompressible fluid of mass
density similar to that of blood (Figure 2.2). The frequency response of the myocardium
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was assumed to be that of a Voigt material, so the shear modulus ( µ ) is expressed
as µ
= µ1 + iωµ 2 , where µ1 and µ 2 are the shear elastic and viscous moduli, respectively.
The Voigt model has been extensively used to model the behavior of the myocardium and
other soft tissues [8, 9, 24].
Because the shear waves propagating in the myocardium are cylindrical and the
solid is assumed to be isotropic, the condition of axial symmetry allows us to consider the
motion independent of the angle θ , so that uθ =∂ / ∂θ =0 . To clarify, the angle θ is the
angle of rotation of the r-axis around the z-axis in Figure 2.2. Expressing the gradient and
the curl operators in cylindrical coordinates and introducing this simplification into (2.4),
the following equations are obtained:

∂ 2ψ 2 1 ∂ψ 2 ∂ 2ψ 2 ψ 2 1 ∂ 2
+
+
− 2 =
ψ2,
∂r 2 r ∂r
∂z 2
r
cs2 ∂t 2

(2.11)

∂ 2φ2 1 ∂φ2 ∂ 2φ2 1 ∂ 2
+
+ 2 =
φ2 ,
∂r 2 r ∂r
∂z
c 2p ∂t 2

(2.12)

∂ 2φ1 1 ∂φ1 ∂ 2φ1 1 ∂ 2
+
+
= φ1 ,
∂r 2 r ∂r ∂z 2 cF2 ∂t 2

(2.13)

where c p and cs are the compressional and shear wave speeds in the solid, and cF is the
speed of the compressional wave in the fluid. Subscripts 1 and 2 refer to the fluid and the
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solid, respectively. Shear waves do not propagate in fluids so the vector potential for the
fluid is ignored.
The boundary conditions for the Lamb wave model at z = ± h are σ

σ

rz 2

= 0 and u

z1

=u

z2

zz1

=σ

zz 2

,

, where the displacements ( u ) and stresses ( σ ) are defined as

follows:

ur 1 =

∂φ1
,
∂r

(2.14)

u=
r2

∂φ2 ∂ψ 2
,
−
∂r
∂z

(2.15)

u z1 =

∂φ1
,
∂z

(2.16)

u=
z2

∂φ2 1 ∂ (rψ 2 )
,
+
∂z r ∂r

(2.17)

σ zz =
(λ + 2 µ )

∂u z λ ∂ (rur )
,
+
∂z r ∂r

 ∂u ∂u 
=
σ zr µ  r + z  .
∂r 
 ∂z

(2.18)

(2.19)
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In order to proceed, we need to solve for potential functions ϕ1 , ϕ2 and ψ in
equations (2.11)-(2.13). These differential equations are not easy to solve in the real time
and space domain, so following Zhu et al [68], we perform the Laplace transform with
respect to time and Hankel transform with respect to the radial component.

∞

f ( p ) = ∫ f (t )e

− pt

dt

(2.20)

0

∞

f H n (ξ ) = ∫ f (r ) J n (ξ r )rdr

(2.21)

0

One-sided Laplace (2.20) and nth order Hankel transforms (2.21) were used to transform
the differential equations (2.11) – (2.13) into the Laplace – Hankel domain. In (2.20) and
(2.21), f (t ) and f (r ) are functions time ( t ) and distance ( r ) and J n is the Bessel function
of first kind. More details on Hankel transforms and transform tables can be found in
[69]. Following the Hankel and Laplace transforms equations (2.11) – (2.13) become:

H0
∂ 2 H0
2
,
=
φ
α
φ
1
1
1
∂z 2

(2.22)

H0
∂ 2 H0
φ = α 22 φ2 ,
2 2
∂z

(2.23)
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H1
H1
∂2
ψ 2 = β 2ψ 2 ,
2
∂z

2
where α1 , α 2 and β are defined as α=
1

(2.24)

p2
p2
p2
2
2
2
2
,
and
+
ξ
=
+
α
ξ
β
=
+ξ2 ,
2
2
2
2
cF
cP
cs

where p and ξ are, respectively, the variables of the Laplace and Hankel domains.
The solutions of the potential functions in the Hankel-Laplace space (2.22) –
(2.24) are of the following form:

φ1

H0

= Φ11 (ξ , p )eα1z + Φ12 (ξ , p)e −α1z ,

(2.25)

φ2

H0

= Φ 21 (ξ , p )eα 2 z + Φ 22 (ξ , p )e −α 2 z ,

(2.26)

ψ2

H1

= Ψ 21 (ξ , p )e β z + Ψ 22 (ξ , p)e − β z .

(2.27)

Due to geometry, we have to consider the potentials for the fluid above and below the
solid separately. In addition, we use definitions of hyperbolic sine and cosine functions
2sinh( =
x) (e x − e − x ) and 2 cosh( =
x) (e x + e − x ) to rewrite equations (2.26) and (2.27).
The following equations are obtained:
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H0

= Φ 21eα 2 z + Φ 22 e −α 2 z = A sinh(α 2 z ) + B cosh(α 2 z ) ,

(2.28)

H1

= Ψ 21e β z + Ψ 22 e − β z = C sinh( β z ) + D cosh( β z ) ,

(2.29)

φL

H0

= Φ L1eα1z + Φ L 2 e −α1z = Neα1z ,

(2.30)

φU

H0

= ΦU 1eα1z + ΦU 2 e −α1z = − Ne −α1z .

(2.31)

φ2

ψ2

The potential functions must be stable in the region of interest (i.e. cannot approach
infinity), so the unstable solutions are discarded. Subscripts L and U represent the lower
and upper fluid on either side of the solid. In order to use (2.28) – (2.31), the
displacements and stresses have to be expressed in the Hankel-Laplace domain:

ur 1

H1

u z1

H0

= −ξφ1

H0

,

H0

∂φ
= 1 ,
∂z

(2.33)

H0

H1
∂φ2
u=
+ ξψ ,
z2
∂z
H0

(2.32)

(2.34)
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ur 2

H1

H0
∂ψ
=
−
− ξφ2 ,
∂z

H1

σ zz 2

H0

σ zz1

H0

σ zr 2

H1

H1
  p2
H0
∂ψ
2
=µ2   2 + 2ξ  φ2 + 2ξ
 c
∂z

 s

= ρ1 p 2 φ1

H0

(2.35)


,



,

 ∂φ H 0  p 2
 H1 
=
− µ2  2ξ 2 +  2 + 2ξ 2 ψ  .


∂z
 cs




(2.36)

(2.37)

(2.38)

In anti-symmetric Lamb wave motion (Figure 2.2), the displacement of the solid in the zdirection is anti-symmetric relative to the r-axis, so the potential functions for the antisymmetric Lamb wave are as follows:

φ2

H0

= A sinh(α 2 z ) ,

(2.39)

H1

= D cosh( β z ) ,

(2.40)

H0

= Neα1z ,

(2.41)

ψ2

φL
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φU

H0

= − Ne −α1z .

(2.42)

Introducing the potential functions (2.39) – (2.42) into the boundary conditions expressed
in the Hankel – Laplace domain results in three equations with three unknowns. This can
be expressed as a 3 x 3 matrix multiplied by a 3 x 1 vector containing the unknowns. The
determinant of the matrix must be equal to zero in order for the system of equations to
have a nontrivial solution which yields the following expression:







2

p 4α ρ
p2
2 1 cosh( β h) cosh(α h) (2.43)
+ 2ξ 2  sinh(α h) cosh( β h) − 4ξ 2 βα cosh(α h) sinh( β h) =

2
2
2
2
2
4

c
c α ρ
s
s 1 2


This is the dispersion relationship for cylindrical anti-symmetric Lamb waves of a
viscoelastic solid submerged in a noncompressible fluid. Note that the bilateral Laplace
transform (2.44) is similar in form to the Fourier transform (2.45) and the two transforms
differ by p = iω factor.

FBL=
( p ) f=
( p)

∞

∫

f (t )e − pt dt

(2.44)

−∞

F (ω ) =

∞

∫

f (t )e − iωt dt

(2.45)

−∞
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By introducing the substitution ξ = η p and recognizing that η = ± i cL , where cL is the
Lamb wave velocity ([68, 70]), equation (2.43) becomes (2.46).

ρ1η ks4
4k L2ηβ cosh(η h) sinh( β h) − (2k L2 − ks2 ) 2 sinh(η h) cosh( β h) =
cosh(η h) cosh( β h) (2.46)
ρ 2η f

In (2.46),=
β

k L2 − ks2 ,=
η

ηf
k L2 − k p2 , =

k L2 − k 2f and k f is the wave number of the

compressional wave in the fluid. For the case of tissue and blood, the compressional
wave numbers ( k p and k f ) are very similar and about 4 orders of magnitude smaller than
the shear wave number ( ks ) which is similar to the Lamb wave number ( k L ). Applying
these assumptions, we can write η f ≈ η=

k L2 − k p2 ≈ k L . Since the densities for the blood

and tissue are fairly similar, the dispersion equation (2.44) can be expressed as follows:

4k L3 β cosh( k L h) sinh( β h) − ( k s2 − 2k L2 ) 2 sinh( k L h) cosh( β h) =
k s4 cosh( k L h) cosh( β h) (2.47)

In (2.45) k L = ω cL is the Lamb wave number, ω is the angular frequency, cL is the
frequency dependent Lamb wave velocity, k s = ω ρm µ is the shear wave number, ρ m is
the density of the sample and h is the half-thickness of the sample. Here, the shear
modulus ( µ ) is written in terms of the elastic ( µ1 ) and viscous ( µ2 ) components so
that µ= µ1 + iωµ2 . Equation (2.47) is fit to the experimentally measured Lamb wave
dispersion curves (velocity versus frequency) to obtain elasticity and viscosity
coefficients µ1 and µ 2 . Note that equation (2.47) is model-independent and that any
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rheological model can be used to fit the dispersion data by expressing the shear modulus
( µ ) in terms of that model.

2.3.3. Finite Element Analysis of a Plate in a Fluid
A finite element model of a solid viscoelastic plate (0.5 m x 0.5 m x 2 cm)
submerged in an incompressible fluid was designed using ABAQUS 6.8-3 (SIMULIA,
Providence, RI). The fluid surrounding the plate was represented with acoustic elements
with a bulk modulus of 2.2 GPa and density of 1 g/cm3. The material properties of the
plate were as follows: density of 1.08 g/cm3, Poisson’s ratio of 0.495, Young’s modulus
of 90 kPa and the mechanical properties defined in terms of the two parameter Prony
series where g1 = 0.5 and τ1 = 10-5. The two parameter Prony series is directly related to
the generalized Maxwell model with three parameters, a spring, G∞, in parallel with a
Maxwell element (spring, G1, and dashpot, η1, in series) [71]. Using the values in the
Prony series and the theory presented by Vappou, et al., the values for the two springs
were set to G∞ = G1 ≈ 30.1 kPa. The dashpot was set to η1 = 0.301. A line source through
the entire thickness of the plate was used as a source of vibrations. Amplitudes of the
vibrations were around 10 μm. Motion characteristic of anti-symmetric Lamb waves was
produced by oscillating the line source with four cycles of sinusoidal waves in the
frequency range 25 – 600 Hz with the maximal displacements on the order of tens of
micrometers. Shear wave displacements were recorded at 40 points, 1 mm apart, along a
line away from the source in the middle of the plate. Displacement was recorded in the
direction parallel to the excitation at several depths of the sample. The data were used to
calculate the Lamb wave velocity at each frequency (dispersion). The dispersion data
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were compared to theoretical predictions to study the validity of the Lamb wave
equations.

2.3.4. Materials
Urethane rubber samples were prepared by mixing 25% of Part A, 25% of Part B
of Reoflex 20 (Smooth-On, Inc., Easton, PA), and 50% of softener (So–Flex Flexibilizer,
Smooth-On Inc., Easton, PA), all by mass. In order to provide ultrasound scatterers, 3%
by mass of Sigmacell Cellulose Type 20 (Aldrich Chemical Company, Inc., Milwaukee,
WI), was added to the mixture. Gelatin samples consisted of 75% water, 10% glycerol
and 15% of 300 Bloom gelatin (all manufactured by Sigma-Aldrich, St. Louis, MO), all
by volume. Plate phantoms were prepared by pouring the mixtures into an 11 cm x 8 cm
x 1.2 cm plastic mold and allowed to cure for 24 hours. Embedded sphere phantoms were
prepared by pouring the mixtures into cylindrical molds (2.5 cm in radius, 5 cm in height)
with a solid stainless steel sphere, 0.75 mm in radius, suspended in the middle of the
sample. Pig hearts were obtained from a local butcher shop. The hearts were obtained a
few hours after the animals were sacrificed. Left ventricular free wall myocardium was
excised from the pig hearts in our laboratory. The porcine myocardium sample was
embedded in gelatin and stored overnight in a refrigerator before use.
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2.3.5. Experimental Setup for LDUV
The following procedure was followed for urethane rubber plates, gelatin plates
and excised porcine LV free-wall myocardium samples. The samples were embedded in a
gelatin mixture (80% water, 10% glycerol, 10% 300 Bloom gelatin, all by volume and 10
g/L potassium sorbate preservative, all manufactured by Sigma-Aldrich, St. Louis, MO)
inside a plastic container. The container was mounted on a stand (not shown) in a water
tank (Figure 2.3a). A window was cut out on the bottom of the container to allow for
pulse-echo ultrasound measurements for motion detection. The gelatin was used as a
stabilizer and was contained to the edges to minimize the affect of mechanical coupling.
A mechanical shaker (V203, Ling Dynamic Systems Limited, Hertfordshire, UK) was
used instead of a push transducer (Figure 2.3a) in order to ensure large motion and avoid
ultrasound wave interference. A glass rod coupled with the shaker was glued to the hole
bored through the thickness of the sample. Four cycles of sinusoidal waves were used to
drive the shaker at different frequencies ranging from 40 to 500 Hz to induce cylindrical
shear waves in the samples. More Lamb wave speed measurements were made below 200
Hz since the Lamb wave curve plateaus at higher frequencies and the lower frequencies
provide more insight into the curvature of the Lamb wave dispersion. The motion of the
shaker was parallel to the rod and the maximum amplitude of the displacement was on
the order of tens of micrometers near the rod and exponentially decaying with distance
(Figure 2.3a). At each excitation frequency, motion along the z-axis was measured at 31
points, 0.5 mm apart along the r-axis where
=
r

x 2 + y 2 , using a 5 MHz pulse-echo

transducer with a pulse repetition rate of 4 kHz. Phase measurements at these points were
used to fit a regression curve and calculate the Lamb wave speed at each frequency, as
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described in the SDUV methods [8, 9]. The pulse-echo transducer was mounted on a
robotic arm capable of micrometer size steps in three Cartesian directions. The robotic
arm was used to move the transducer in four orthogonal directions in the r-plane at each
excitation frequency (Figure 2.3a). For simplicity, we will refer to the four orthogonal
directions in the r-plane at 0, π/2, π and 3π/2 radians as +x, +y, -x and –y directions. The
long axis of the plate shaped samples was aligned parallel to the x-axis.

Figure 2.3a – Experimental setup for the LDUV approach (not to scale): a mechanical
actuator (shaker) was used to excite Lamb waves in the sample; pulse echo transducer
was used to detect the motion. The gelatin was used as a stabilizer.
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Figure 2.3b – Experimental setup for the embedded sphere approach: a focused
ultrasound transducer (push) transducer is used to apply constant force on a solid sphere
embedded in the medium of interest at varying frequencies. A pulse echo transducer was
used to detect the motion.

2.3.6. Embedded Sphere Method
The embedded sphere method is a technique developed by our group for
measuring viscoelastic properties of organic and inorganic materials [62]. The method
estimates the shear elasticity and viscosity of a given medium by measuring the response
of a solid sphere in the middle of the phantom under harmonic radiation force (Figure
2.3b). The motion of an oscillating sphere is governed by its radiation impedance, which
is governed by the mechanical properties of the surrounding medium. The magnitude of
the vibrating sphere depends on the resonant frequency of the sphere in the surrounding
material and since each material/sphere combination has a specific resonance, this
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approach provides a “fingerprint” for each medium. The ultrasound radiation force from
the push transducer is used to oscillate the sphere at different frequencies. The vibration
magnitude is measured at each frequency of vibration by the pulse-echo transducer. The
measurements are then combined with the vibration theory to solve for the complex
stiffness of the medium. The approach used in this study assumes that the frequency
response of the tested material can be represented by the Voigt model, but is readily
modified for other models and model-free approaches. The typical percent error of the
embedded sphere method compared to the dynamic mechanical testing is around 5% so
this method has been used as an independent validation of the estimates of elasticity and
viscosity obtained using the LDUV approach [62].

2.4. RESULTS
A finite element model of a viscoelastic isotropic plate submerged in a water-like
fluid was used to study the deformation of an infinite plate due to harmonic excitation
from a line source perpendicular to the plate (z-axis in Figure 2.2). A typical
displacement as a function of time of several points due to harmonic excitation at 200 Hz
is shown in the motion map in Figure 2.4a. The phase gradient as a function of distance
from the excitation was used to calculate the Lamb wave velocity at each frequency using
(2.2). Prior to calculating the Lamb wave velocity, a discrete Fourier transform of the
displacement as a function of time of each point was used to create a 2D k-space of the
displacement field. The coordinates of the k-space are frequency and wave number (1/λ).
The absence of peaks in quadrants I and III in Figure 2.4b confirmed absence of
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reflections from the boundaries [72]. This procedure was followed for all the excitation
frequencies. Conveniently, the velocity of the propagated wave can be also obtained by
dividing the frequency and wave number coordinate, =
i.e. c f=
/ k x f λ , for the peaks at
the appropriate frequency. The two methods produce nearly identical results. This
process was repeated for several frequencies between 25 and 600 Hz. The Lamb wave
velocity at each excitation frequency is shown as red circles in Figure 2.5.

Figure 2.4a – FEM simulation of a viscoelastic plate submerged in water due to
cylindrical anti-symmetric Lamb wave excitation at 200 Hz: displacement map of a Lamb
wave propagating away from the point of excitation at (x,t) = (0,0).
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Figure 2.4b – 2D FFT of the propagation data reveals strong peaks at 200 Hz, which can
be used to calculate the Lamb wave speed by measuring the phase gradient and Equation
(1). Another way to calculate the speed is by multiplying the frequency (f) and wave
number (1/kx) coordinates of the peak in the 2D FFT plot.

The Prony series parameters used to define material properties of the plate were
inserted into the Lamb wave dispersion equation (2.47) and compared to the FEM Lamb
wave velocities at different frequencies. The blue line in Figure 2.5 is the analytical Lamb
wave dispersion based on the Prony series parameters and is in excellent agreement with
the FEM plate model velocities shown as red circles.

56

Figure 2.5 – Lamb wave dispersion equation in blue is fit to the finite element simulation
dispersion data shown in red. Parameters defining the material properties of the solid
were used to produce the dispersion curve based on the analytic expression in Eq. 2.47.

The LDUV experimental setup described in the Methods section (Figure 2.3a)
was used to measure Lamb wave velocity of gelatin plates at different frequencies. The
speed was measured at each millimeter of thickness and averaged throughout the
thickness of the sample. The Lamb wave velocities at different frequencies in four
orthogonal directions in the r-plane are shown as red circles in Figure 2.6b. Figure 2.6a
shows the phase throughout the thickness of the plate (z-axis) and at different distances
from the excitation point (r-axis) for three different frequencies in the +x direction. The
preserved phase throughout the thickness of the sample is characteristic of the zeroth
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mode anti-symmetric (A0) Lamb wave. The A0 Lamb wave motion in a plate can be
thought of as bulk motion, i.e., the entire plate moves up and down, as shown in Figure
2.2. The phase gradient as a function of distance along the r-axis is used to calculate the
velocity of the propagated wave. Other frequencies and directions show a similar pattern.
The Lamb wave dispersion equation (2.47) was fit to the experimental velocity versus
excitation frequency data to estimate the material properties of the gelatin plate in each of
the four directions. Shear modulus μ was expressed in terms of elasticity (μ1) and
viscosity (μ2) and (2.47) was evaluated numerically for values of μ1 in the range 0-200
kPa and μ2 in the range 0-100 Pa∙s; the mean square error (MSE) between the
experimental data and the numerical solutions of (2.47) was the criterion in the curve
fitting process. The Lamb wave fit is shown as the blue line in Figure 2.6b with the
results of the fit shown above the figures for each direction.
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Figure 2.6a – Phase map of the gelatin plate sample for the given excitation frequencies
monochromatic Lamb wave propagates in the x-direction. The phase is fairly constant in
throughout the thickness of the sample (z-direction), characteristic of the zeroth mode of
the anti-symmetric (A0) Lamb wave.

59

Figure 2.6b – Lamb wave dispersion in a gelatin plate: experimentally obtained shear
wave dispersion curves are shown as red circles. Lamb wave model (blue line) was fit to
the data to obtain the values of elasticity and viscosity μ1 and μ2. Dispersion
measurements were made in four orthogonal directions in the r-plane and panels A, B, C
and D correspond to +x, -x, +y and –y directions.

The LDUV method was also used to quantify the material properties of a urethane
rubber plate. The protocol used for measuring viscoelasticity of gelatin plates was
followed. For simplicity, Figure 2.7 shows the average experimental Lamb wave
velocities in all directions with the average elasticity and viscosity parameters. The phase
map pattern seen in the gelatin plates (Figure 2.6a) was also seen in the urethane rubber
(not shown).
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Figure 2.7 – Lamb wave dispersion in a urethane rubber plate: experimentally obtained
shear wave dispersion curves are shown as red circles. Lamb wave model (blue line) was
fit to the data to obtain the values of elasticity and viscosity μ1 and μ2.

The embedded sphere method was used as an independent measurement of
viscoelasticity of the gelatin and urethane rubber mixtures. The results are summarized in
Table 2.I with the mean and standard deviations. The values of elasticity and viscosity of
gelatin and urethane mixtures obtained using the Lamb wave Dispersion Ultrasound
Vibrometry (LDUV) in plates and the embedded sphere method agree within one
standard deviation.
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TABLE I
ELASTICITY AND VISCOSITY OF GELATIN, URETHANE RUBBER AND EXCISED
PORCINE LEFT-VENTRICULAR MYOCARDIUM
Measurement Method

Elasticity (μ1) (kPa)

Viscosity (μ2) (Pa∙s)

Gelatin, LDUV
Gelatin, Embedded Sphere
Urethane, LDUV
Urethane, Embedded Sphere

15.9 ± 0.5
16.6 ± 0.3
45.1 ± 1.4
46.6 ± 3.2

0.7 ± 0.4
0.5 ± 0.02
6.5 ± 0.8
5.7 ± 0.8

Excised Porcine Myocardium

16.5 ± 1.3

6.0 ± 0.8

Table 2.I – Elasticity and viscosity of urethane rubber and gelatin phantoms were
obtained using the Lamb wave Dispersion Ultrasound Vibrometry (LDUV) method and
the embedded sphere method. The LDUV values are reported as the mean ± the standard
deviation of measurements made in four orthogonal directions. The embedded sphere
uncertainty was based on the percent error of the technique as described in the Methods
section. Elasticity and viscosity of an excised porcine LV free-wall myocardium are
shown for comparison.

This result gave us the confidence to investigate the use of LDUV in excised
porcine LV free wall myocardium. The phase map at several different frequencies
(Figure 2.8a) shows that the phase is fairly preserved throughout the thickness of the
sample. Figure 2.8a represents typical phase maps at 100, 150 and 200 Hz. This pattern
persists for other frequencies and other directions. Relatively preserved phase throughout
the thickness suggests that the anti-symmetric Lamb wave propagates through the excised
free wall myocardium. Thus, the Lamb wave dispersion equation is appropriate to fit the
experimental data to estimate the elastic and viscous moduli. The results are shown in
Figure 2.8b.
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Figure 2.8a – Phase map of an excised porcine LV free wall myocardium sample for the
given excitation frequencies. Monochromatic Lamb wave propagates in the x-direction.
The phase is fairly constant in throughout the thickness of the sample (z-direction),
characteristic of the zeroth mode of the anti-symmetric (A0) Lamb wave.
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Figure 2.8b – Lamb wave dispersion in the excised porcine LV free wall myocardium:
experimentally obtained shear wave dispersion curves are shown as red circles. Lamb
wave model (blue line) was fitted to the data to obtain the values of elasticity and
viscosity μ1 and μ2. Dispersion measurements were made in four orthogonal directions in
the r-plane and panels A, B, C and D correspond to +x, -x, +y and –y directions.
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2.5. DISCUSSION

The FEM simulations of the Lamb wave dispersion of a viscoelastic plate
submerged in water are in good agreement with the theoretically predicted results. This
gives us confidence in the dispersion equation and the ability to measure viscoelasticity
of a plate-like solid. The vertical displacements in our LDUV experiments on urethane
and gelatin plates were on the order of tens of microns. Due to large attenuation, the
waves died out (sub-micron displacements) within 2 cm from the excitation point. This
pattern was observed in gelatin plates, urethane rubber plates and excised myocardium
samples. Shear wave attenuation is often due to viscosity of the material, but in case of
Lamb waves, the geometric dispersion is also large. The small propagation distance
compared to the dimensions of the plates and LV free-wall myocardium is an advantage
because we can ignore the possible reflections from the boundaries and interference
pattern formation. In essence, this allows us to assume that the LDUV samples can be
treated like infinite plates. While in vivo LV free-walls present with curvature, that
curvature is small on the scale over which these measurements were made (1-2 cm) and
can be largely neglected because of the high attenuation of the shear waves. Complete 3D
heart models obtained by meshing CT scans of an in vivo heart will be used for FEM
exploration of Lamb wave propagation in a more realistic environment in future studies.
Lamb wave dispersion and elasticity and viscosity of the gelatin samples are fairly
similar in all four directions. This is to be expected given that the gelatin plate is an
isotropic material. The urethane rubber plate displayed similar behavior. The uniform
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phase throughout the thickness of the samples suggests that the A0 mode carries most of
the wave energy.
The results of quantifying elasticity and viscosity of gelatin and urethane rubber
samples using the LDUV and the embedded sphere methods are in good agreement
(Table 2.I). This result suggests that the LDUV method has the potential to be used as a
method for quantifying material properties of solid viscoelastic materials; further studies
on different materials with varying viscoelastic properties would be necessary.
It is important to note that the frequency response of the gelatin and urethane
rubber was assumed to obey the Voigt model. The Voigt model is widely used to model
the frequency response of soft tissues and gelatin phantoms [9, 73], but its
appropriateness for the urethane rubbers has not been extensively studied. The Voigt
model consists of an elastic term and a frequency dependent viscous term. More complex
generalized Maxwell models with multiple parameters could be used to describe the
frequency response of any material and the Voigt model is a two parameter simplification
of such models. In the future, we will be investigating a model free approach; this would
require us to measure the attenuation as a function of frequency and relate the material
properties to the Lamb wave velocity and attenuation. In addition, we are currently
investigating the use of direct inversion algorithms on the displacement data in order to
obtain the Lamb wave velocity and attenuation.
The LDUV method was used to study the elasticity and viscosity of the excised
myocardium. It is important to note that the phase is relatively preserved throughout the
thickness of the sample (z-direction) and changes in a linear fashion in the x-direction as
predicted by (1). Phase maps at other excitation frequencies are similar to the ones shown
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in Figure 2.8a. This trend persists in all four directions and throughout experiments on
different samples of LV myocardium. Thus, the anti-symmetric Lamb wave model was
fit to the dispersion data to estimate viscoelastic coefficients μ1 and μ2.
Our method is similar to that of Kanai [24] used to measure dispersion velocities
in the heart septum due to closure of the aortic valve in the frequency range 10 – 90 Hz.
Our method is capable of measuring Lamb wave dispersion over a larger frequency
range, 40–500 Hz, and has the potential to make measurements at any point in the
myocardium accessible to radiation force. Elasticity and viscosity of the LV myocardium
vary during a heart cycle. While we are reporting ex vivo results, we expect our method to
be capable of detecting variations in myocardial viscoelasticity periodic with a heart
cycle. At this point, we are unsure of the effect a region of ischemic or necrotic tissue
would have on myocardial viscoelasticity. This question will be addressed in future
research.
The LDUV method has the ability to measure the Lamb wave velocity at different
layers and directions, and evaluate the velocity as a function of fiber orientation in
different layers of the heart wall. In this paper, we averaged the Lamb wave speeds
through the thickness of the gelatin and rubber plates as well as the myocardium sample.
While this is valid for the gelatin and rubber plates, this averaging may not be entirely
accurate for the myocardium. Shear wave measurements in skeletal muscle have shown
different wave speed dispersion based on the orientation of the fibers [8, 74-76]. A
similar type of measurements has been made in an explanted sheep heart, which showed
a variation of measured wave speeds through the thickness of the myocardial wall [77].
We performed this present study to assess the feasibility of using Lamb wave speed
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dispersion to assess the viscoelastic properties of the LV free wall. Analysis of the
anisotropy and its effects on Lamb wave speed dispersion are beyond the scope of this
study but is a subject of ongoing work.
The smallest vibration our method can detect in an ex vivo water bath
environment is a sinusoidal signal with an amplitude of 100-200 nm [78]. The threshold
might be higher in vivo, but we do not expect a drastic difference. We used a mechanical
actuator to excite Lamb waves in different materials. Use of a mechanical actuator to
excite shear waves in the heart has been reported before in cardiac MRE studies [60]. In
the future, we plan to test the use of radiation force for shear wave excitation. This
approach would mimic the SDUV method and that of Bouchard et al. [51] and would be
necessary for clinical use.
Due to the lack of reported measures of viscoelasticity of excised myocardium, it
is difficult to compare our results to those obtained by other groups with different
methods. To the best of our knowledge, there are no reports of estimates of viscoelasticity
of the excised free-wall using the Voigt model in the frequency range 40 – 500 Hz. Kanai
[24] reported in vivo estimates the elasticity and viscosity of the human ventricular
septum using Lamb wave theory applied to endogenous heart motion in the frequency
range 10 – 90 Hz with the values μ1 = 30 kPa and μ2 = 70 – 400 Pa⋅s. The values of μ2 are
fairly high which is due to the narrow frequency band. Kolipaka et al. [43] reported in
vivo changes of pig myocardial elasticity using MRE throughout the heart cycle in range
5 – 10 kPa. Couade et al. [77] reported similar in vivo measurements in sheep hearts
using Supersonic Shear Imaging [49] with the elasticity ranging from 2.17 kPa to 38.7
kPa throughout the heart cycle and along the short and long axis. All these methods have
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one thing in common: they induce guided waves in the myocardium and measure the
speed of propagation. The estimates of elasticity or viscoelasticity of the heart based on
the speeds depends on the employed mathematical model. Thus, it is more appropriate to
compare the wave velocities obtained in our study to those in [24], [43] and [77]. The
velocities obtained in excised porcine myocardium sample using the LDUV method are 2
– 5 m/s in the range 40 – 500 Hz. Kanai [24] reported velocities of 1 – 6 m/s in the range
10 – 90 Hz. Kolipaka, et al. [43] reported velocities of 2.2 – 3.2 m/s at 80 Hz. Couade, et
al. [77] reported velocities of 1.45 – 4.8 m/s along the long axis and 3.5 – 6.2 m/s along
the short axis of the heart in the frequency range 100 – 400 Hz.

2.6. CONCLUSION

Lamb wave Dispersion Ultrasound Vibrometry (LDUV) method for quantifying
elasticity and viscosity of solids has been proposed. The approach has been compared to
independent measurements made using an embedded sphere method in urethane rubber
and gelatin phantoms. The measurements of elasticity and viscosity using LDUV are in
good agreement with those obtained using the embedded sphere method. We also
reported studies aimed at investigating the feasibility of using LDUV to quantify material
properties of the left ventricular free wall myocardium.
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Chapter 3

On Lamb and Rayleigh Wave Convergence in Viscoelastic Tissues

“In heaven, all the interesting people are missing.”
~ Friedrich Wilhelm Nietzsche (1844-1900)

The material presented here is based on: Ivan Z. Nenadic, Matthew W. Urban, Sara
Aristizabal, Scott A. Mitchell, Tye C. Humphrey, James F. Greenleaf. On Lamb and
Rayleigh Wave Convergence in Viscoelastic Tissues. In preparation for submission to
Physics in Medicine and Biology
________________________________________________________________________
3.1. ABSTRACT
Characterization of the viscoelastic material properties of soft tissue has become
an important area of research over the last two decades. Our group has been investigating
the feasibility of using Shearwave Dispersion Ultrasound Vibrometry (SDUV) method to
excite Lamb waves in organs with plate-like geometry to estimate the viscoelasticity of
the medium of interest. The use of Lamb wave Dispersion Ultrasound Vibrometry
(LDUV) to quantify mechanical properties of viscoelastic solids has previously been
reported. Two organs, the heart wall and the spleen, can be readily modeled using platelike geometries. The elasticity of these two organs is important because they change in
pathological conditions. Diastolic dysfunction is the inability of the left ventricle (LV) of
the heart to supply sufficient stroke volumes into the systemic circulation and is
accompanied by the loss of compliance and stiffening of the LV myocardium. It has been
shown that there is a correlation between high splenic stiffness in patients with chronic
71

liver disease and strong correlation between spleen and liver stiffness. Here, we
investigate the use of the SDUV method to quantify viscoelasticity of the LV free-wall
myocardium and spleen by exciting Rayleigh waves on the organ’s surface and
measuring the wave dispersion (change of wave velocity as a function of frequency) in
the frequency range 40-500 Hz. An equation for Rayleigh wave dispersion due to
cylindrical excitation was derived by modeling the excised myocardium and spleen with
a homogenous Voigt material plate immersed in a nonviscous fluid. Boundary conditions
and wave potential functions were solved for the surface wave velocity. Analytical and
experimental convergence between the Lamb and Rayleigh waves is reported in a finite
element model of a plate in a fluid of similar density, gelatin plate and excised porcine
spleen and left-ventricular free-wall myocardium.

3.2. INTRODUCTION
Characterization of the viscoelastic material properties of soft tissue has become
an important area of research over the last two decades. Recently, our group has reported
the use of Lamb wave Dispersion Ultrasound Vibrometry, or LDUV, to quantify
viscoelasticity of soft tissues with plate-like geometry [23, 79]. LDUV uses focused
ultrasound radiation force or a mechanical actuator to excite anti-symmetric Lamb waves
in the region of interest and pulse-echo ultrasound to measure Lamb wave velocity at
multiple excitation frequencies (Lamb wave dispersion). The Lamb wave dispersion
equation is fit to the Lamb wave velocity dispersion to estimate viscoelasticity of the
tissue. LDUV method was used to measure viscoelasticity of gelatin and urethane plates
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as well as excised porcine left ventricular (LV) free-wall myocardium and the results are
reported in Nenadic, et al. [23].
Diastolic dysfunction is associated with the loss of left-ventricular compliance
and stiffening of the left-ventricular myocardium [2-4] and accounts for close to half of
heart failures in the United States [2, 56]. Changes in myocardial stiffness due to
pathophysiology have prompted significant effort towards producing a method for noninvasive measurement of myocardial stiffness, mostly using ultrasound [24, 46, 50-52,
55, 79] or magnetic resonance elastography [43-45].
In addition, recent studies of splenic elasticity have shown correlation between
high splenic stiffness in patients with chronic liver disease and strong correlation between
spleen and liver stiffness [80-82].
The myocardium and spleen can be modeled as plate-like viscoelastic materials.
Thus, a method for quantifying viscoelasticity of plate-like tissues like LDUV could
provide clinicians with a valuable diagnostic tool.
In vivo measurements of tissue viscoelasticity using LDUV would require
excitation of anti-symmetric Lamb waves in the middle of the organ. Focusing radiation
force in the middle of moving myocardial tissue could prove to be difficult due to
physiological periodical motion of the heart and higher power necessary to move the
entire heart wall. The epicardial surface, however, is highly reflective and is readily
visible on the echocardiogram. Focusing the radiation force on the outer surface of the
left-ventricular myocardium would not only be easier, but would also increase the
radiation force [83].
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Vibrating the organ surface with a mechanical actuator or radiation force would excite
surface, or Rayleigh waves, whose geometry, motion and dispersion are different than in
Lamb waves.
In this paper, we investigate the differences between Lamb and Rayleigh wave
velocity dispersion and different waves formed due to excitation on the surface versus the
interior of the organ. Theoretical solutions for Lamb and Rayleigh wave velocity
dispersion were derived. Finite element analysis of Lamb and Rayleigh wave propagation
in viscoelastic plates submerged in an incompressible fluid was used to validate the
theory. Experimental setups for Lamb wave Dispersion Ultrasound Vibrometry (LDUV)
and Rayleigh wave Ultrasound Vibrometry (RDUV) are presented. Lamb and Rayleigh
wave studies in gelatin, excised porcine myocardium and spleen samples are reported.

3.3. METHODS

3.3.1. Rayleigh and Lamb wave Dispersion in Plates
What follows is the derivation of the Rayleigh wave dispersion equation due to
axisymmetric waves in a homogenous medium. The derivation follows the Lamb wave
dispersion derivation presented in Chapter 2 from equation (2.3) to (2.27) and continues
with equation (3.1). Brief summary of the Lamb wave dispersion equation will be
presented in order to demonstrate the analytical convergence of Lamb and Rayleigh
waves.
Rayleigh waves are surface waves not affected by the lower boundary of the solid
and can therefore be considered shear waves in a semi-infinite medium. A Rayleigh wave
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in a plate of finite thickness 2h excited by a point source on the surface of the plate at z =
H does not “see” the bottom surface at z = 0 and has no contribution from wave reflection
from that surface (Figure 3.1(b)). In other words, the excitation wave is completely
attenuated before it reaches the lower boundary.

Figure 3.1 – Motion of viscoelastic solids. (a) Anti-symmetric Lamb wave motion, (b)
Rayleigh wave motion.

The potential functions must be stable in the region of interest (i.e. cannot
approach infinity) so (3.1)-(3.3) simplify as follows:
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φ1

H0

=
Φ11 (ξ , p )eα1z =
Φ1eα1z ,

(3.1)

φ2

H0

=
Φ 22 (ξ , p )e −α 2 z =
Φ 2 e −α 2 z ,

(3.2)

=
Ψ 22 (ξ , p )e − β z =
Ψ 2e− β z .

(3.3)

ψ2

H1

Introducing the potential functions (3.1)-(3.3) into the definitions of stress and
displacement in equations (2.32)-(2.38) yields the following expression:
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(3.4)

This is the dispersion relationship for axisymmetric Rayleigh waves in a viscoelastic
solid submerged in a water-like fluid. Note that the difference between the bilateral
Laplace (3.5) and Fourier transform (3.6) is the variable p = iω .

FBL=
( p ) f=
( p)

∞

∫

f (t )e − pt dt

(3.5)
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F (ω ) =

∞

∫

f (t )e − iωt dt

(3.6)

−∞
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By introducing the substitution ξ = η p and recognizing that η = ± i cR , where cR is the
Rayleigh wave velocity [68, 70], equation (3.4) becomes the Rayleigh wave dispersion
equation for the case of axially symmetric motion (3.7):

4k R2ηβ − (2k R2 − k s2 ) 2 −

Here,=
β

k R2 − ks2 ,=
η

ρ1η ks4
=
0.
ρ 2η f

k R2 − k p2 , =
ηf

(3.7)

k R2 − k 2f and k f is the compressional wave number

for the fluid. The compressional wave numbers for the tissue and blood ( k p and k f ) are
similar and about four orders of magnitude smaller than the shear wave number ( ks )
which is similar to the Rayleigh wave number ( k R ). Thus, η f ≈ η=

k R2 − k p2 ≈ k R . In

addition, the density of the blood is similar to that of myocardium, so the Rayleigh wave
dispersion equation (3.7) can be expressed as follows:

4k R3 β − ( k s2 − 2k R2 ) 2 − k s4 =
0,

(3.8)

where k R = ω cR is the Rayleigh wave number, ω is the angular frequency, cR is the
frequency dependent Rayleigh wave velocity, k s = ω ρm µ is the shear wave number,
and ρ m is the density of the sample.
The boundary conditions for anti-symmetric Lamb wave motion are the same as
for the Rayleigh wave motion, but they have to be satisfied on both surfaces of the plate,
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i.e. at z = ± h . Solving for the boundary conditions yields the anti-symmetric Lamb wave
dispersion equation due to cylindrical waves:
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2 1 cosh( β h) cosh(α h) , (3.9)
sinh(α h) cosh( β h) − 4ξ βα cosh(α h) sinh( β h) =
+ 2ξ
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2
2
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2
4

c
c α ρ
s
s 1 2


which can be shown to be identical to the plane Lamb wave dispersion relationship as
shown in (3.10).

ρ1η ks4
4k L2ηβ cosh(η h)sinh( β h) − (2k L2 − ks2 ) 2 sinh(η h) cosh( β h) =
cosh(η h) cosh( β h) (3.10)
ρ 2η f

In (3.10), =
β

,η
k L2 − ks2 =

k L2 − k p2 , =
ηf

k L2 − k 2f , k f is the wave number of the

compressional wave in the fluid, k L = ω cL is the Lamb wave number, ω is the angular
frequency, cL is the frequency dependent Lamb wave velocity, k s = ω ρm µ is the shear
wave number, ρ m is the density of the sample, h is the half-thickness of the sample and

µ is shear modulus. In case of tissue submerged in blood or water, it can be shown that
(3.10) simplifies to (3.11) [23], which can be divided by cosh(k L h) cosh( β h) , yielding
(3.12):

4k L3 β cosh( k L h) sinh( β h) − ( k s2 − 2k L2 ) 2 sinh( k L h) cosh( β h) =
k s4 cosh( k L h) cosh( β h)

(3.11)
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4k L3 β tanh( β h) − ( k s2 − 2k L2 ) 2 tanh( k L h) =
k s4

(

tanh( β h) tanh hω cL−2 − cs−2
=

(

tanh( k L h) = tanh hω cL−1

)

)

(3.12)

(3.13)

(3.14)

Since lim tanh( β h), tanh( k L h) → 1 and the sample thickness is constant, Lamb wave
ω →∞

dispersion equation (3.12) converges to the Rayleigh wave dispersion equation (3.8) as
the frequency increases.

3.3.2. Finite Element Analysis (FEA) of a Plate in a Fluid
A finite element model of a solid viscoelastic plate (0.5 m x 0.5 m x 2 cm)
submerged in an incompressible fluid was designed using ABAQUS 6.8-3 (SIMULIA,
Providence, RI). The fluid surrounding the plate was represented with acoustic elements
with a bulk modulus of 2.2 GPa and density of 1 g/cm3. The material properties of the
plate were as follows: density of 1.08 g/cm3, Poisson’s ratio of 0.495, Young’s modulus
of 90 kPa and the material properties defined in terms of the two parameter Prony series
where g1 = 0.5 and t1 = 10-6. The two parameter Prony series is directly related to the
generalized Maxwell model with three parameters [71]. A line source through the entire
thickness of the plate was used to excite anti-symmetric Lamb waves. A point source on
the surface of the plate was used to excite Rayleigh waves. Motion characteristic of the
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Rayleigh waves and anti-symmetric Lamb waves was produced by oscillating the
respective sources with four cycles of sinusoidal waves in the frequency range 25–600
Hz with the displacements in tens of micrometers. Shear wave displacements were
recorded at 40 points, 1 mm apart, along a line away from the source in the middle of the
plate. Phase was calculated at each point and equation c = ω(∆r/∆φ) was used to calculate
the Rayleigh and Lamb wave velocities at each frequency. The dispersion data was
compared to theoretical predictions to study the validity of the Lamb and Rayleigh wave
dispersion equations.

3.3.3. Materials
Gelatin plate samples consisted of 70% water, 15% glycerol and 15% of 300
Bloom gelatin (all manufactured by Sigma-Aldrich, St. Louis, MO), all by volume. Plate
phantoms were prepared by pouring the mixtures into an 11 cm x 8 cm x 1.2 cm plastic
mold and allowed to cure for 24 hours. Pig heart and spleen samples were obtained from
a local butcher shop. The organs were obtained a few hours after the animals were
sacrificed. Left ventricular free-wall myocardium was excised from the pig hearts in our
laboratory. The spleen samples used in our study were excised from the middle third of
the spleen in our laboratory. Both the porcine spleen and myocardium samples were
embedded in gelatin and stored overnight in a refrigerator before testing.
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3.3.4. Experimental Setup
The following procedure was followed for gelatin plates, excised porcine spleen,
and excised porcine LV free-wall myocardium samples. The samples were embedded in a
gelatin mixture (70% water, 10% glycerol, 10% 300 Bloom gelatin, 10% potassium
sorbate preservative, all by volume and all manufactured by Sigma-Aldrich, St. Louis,
MO) inside a plastic container. The container was mounted on a stand in a water tank
(Figure 3.2). A window was cut out on the bottom of the container to allow for motion
detection. The gelatin was used as a stabilizer and was contained to the edges to minimize
the affect of mechanical coupling. A mechanical shaker (V203, Ling Dynamic Systems
Limited, Hertfordshire, UK) was used to excite Rayleigh and Lamb waves. A glass rod
coupled with the shaker was glued to the hole bored through the thickness of the sample
to excite anti-symmetric Lamb waves (Figure 3.2(a)). A ballpoint rod coupled with the
shaker was attached to the surface of the samples to excite Rayleigh waves (Figure
3.2(b)). Four cycles of sinusoidal waves were used to drive the shaker at different
frequencies ranging from 50 to 500 Hz to induce cylindrical shear waves in the samples.
Motion was measured at each frequency along the line of propagation using a 7.5 MHz
pulse-echo transducer with a pulse repetition rate of 4 kHz. Motion was recorded at 31
points along a line, 0.5 mm apart. Phase estimates at these points were used to fit a
regression curve and calculate the shear wave speed at each frequency, as described in
the SDUV method [8].
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Figure 3.2 – Experimental setups for Lamb and Rayleigh wave experiments. (a)
Experimental LDUV wave excitation: A glass rod coupled with a mechanical actuator
(shaker) was glued to the hole in the middle of the samples in order to excite Lamb
waves. A pulse-echo transducer was used to track the motion at several points away from
the excitation. (b) Experimental RDUV excitation: A ballpoint rod coupled with a
mechanical actuator (shaker) was attached to the surface of the samples in order to excite
Rayleigh (surface) waves. A pulse-echo transducer was used to track the motion at
several points away from the excitation.
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3.4. RESULTS
Equations (3.8) and (3.11) were used to plot Lamb and Rayleigh dispersion curves
for several thicknesses of the plate H and values of shear wave elasticity (μ1) and
viscosity (μ2) (Figure 3.3). Here, we are assuming that the medium has the frequency
response of a Voigt material so that the shear modulus μ = μ1 + iωμ2. The Lamb wave
dispersion equation (3.11) is shown in red and the Rayleigh wave (3.8) in blue.

Figure 3.3 – Analytical dispersion curves for the Lamb (red) and Rayleigh (blue) wave
dispersion for a plates of thickness H = 10, 14 and 18 mm, μ1 = 10, 20 and 30 kPa and μ2
= 0, 6 and 12 Pa⋅s.
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A finite element model of a viscoelastic isotropic plate submerged in a fluid of
similar density was used to compare the wave dispersion velocity due to Lamb and
Rayleigh wave excitation. Lamb and Rayleigh excitation methods were used to excite
harmonic waves in the range 25-600 Hz. The phase gradient equation (2.2) was used to
calculate the velocity at each frequency for each method of excitation. Figure 3.4 shows
the wave velocity dispersion in an FEA simulation obtained using the Lamb wave
excitation method as green circles and Rayleigh as black squares.
The mechanical properties of the plate in the FEA simulation were inserted into
the shear wave modulus µ in the Rayleigh (3.8) and Lamb wave dispersion equations
(3.11). The Rayleigh dispersion equation (3.8) is plotted in blue and the Lamb dispersion
equation (3.11) in red in Figure 3.4.
LDUV and RDUV experimental approaches were used to measure wave
dispersion in a gelatin phantom and excised porcine spleen and heart samples. Figure
3.5(a)-(c) shows the experimental dispersion data obtained using the LDUV (○) and the
RDUV approaches (□) for a gelatin plate in 3.5(a), excised porcine spleen in 3.5(b) and
excised porcine LV myocardium in 3.5(c). The wave dispersion was measured for each
millimeter of sample thickness and the mean and standard deviation through the thickness
are reported for each frequency.
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Figure 3.4 – FEA dispersion data obtained using the LDUV (○) and RDUV (□) excitation
methods are in good agreement with the theoretical Lamb wave dispersion curve (3.11)
for a plate with the mechanical properties defined in the simulation.
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Figure 3.5 – Lamb (○) and Rayleigh (□) wave dispersion velocity in: (a) gelatin plates,
(b) excised porcine spleen and (c) excised porcine left-ventricular free wall myocardium.
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Figure 3.6 – LDUV (○) and RDUV (□) data were fitted with the Lamb wave dispersion
equation to estimate elasticity (µ1) and viscosity (µ2) of the materials (a) LDUV gelatin,
(b) RDUV gelatin, (c) LDUV spleen, (d) RDUV spleen, (e) LDUV heart, (f) RDUV
heart. The Lamb wave dispersion equation (3.11) is shown in red. The Rayleigh wave
dispersion equation (3.8) is shown in blue for comparison.

Dispersion data obtained using the LDUV and RDUV methods were fitted with
the Lamb wave dispersion equation (3.11) in order to estimate elasticity (µ1) and
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viscosity (µ2) using two methods. Figures 3.6(a) and 3.6(b) show the gelatin dispersion
data due to LDUV and RDUV excitation, respectively. The estimated elasticity (µ1) and
viscosity (µ2) are shown above each panel. Figures 3.6(c) and 3.6(d) show the LDUV and
RDUV measurements for the spleen sample while 3.6(e) and 3.6(f) show the same results
for the excised pig heart sample.

3.5. DISCUSSION
Finite element analysis of Lamb and Rayleigh wave dispersion in a viscoelastic
plate submerged in a fluid of similar density shows similarity between the two types of
dispersion (○ and □ in Figure 3.4). The Lamb wave dispersion equation (3.11) for a plate
with mechanical properties defined in the simulation is in a good agreement with the FEA
data suggesting validity of the Lamb wave model for both the LDUV and RDUV
excitation methods (Figure 3.4). Rayleigh wave dispersion equation (3.8) was plotted in
Figure 3.4 for comparison and does not agree with the dispersion data for frequencies
below 300 Hz.
At low excitation frequencies, the wavelengths of excitatory waves are fairly large
and have low attenuation. Thus, low frequency surface tapping waves propagate through
the thickness of the plate, reflect from the bottom surface and establish an interference
pattern, much like in Lamb waves. In other words, surface excitation at “low” frequencies
can “feel” the lower boundary of the plate, resulting in an anti-symmetric Lamb wave.
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The cutoff frequency at which surface excitation establishes Rayleigh waves depends on
the thickness and the mechanical properties of the plate, as shown in (3.11)-(3.14).
Thus, both LDUV and RDUV excitation methods produce Lamb wave motion at
lower frequencies. At higher excitation frequencies where the Rayleigh waves cannot
“feel” the bottom surface, Lamb and Rayleigh dispersion curves have already converged
and the velocities are again similar. Thus, both the LDUV and RDUV excitation methods
produce similar velocities and both can be fitted using the Lamb wave dispersion
equation.
The experimental measurements of wave dispersion using LDUV and RDUV
approaches agree within one standard deviation for gelatin, excised spleen and excised
heart samples (Figure 3.5(a)-(c)) suggesting that either method can be used to obtain
wave dispersion curve data in plate-like tissues.
The Lamb wave dispersion equation fits the LDUV and RDUV experimental data
well (Figure 3.6(a)-(f)). The estimated values of elasticity (µ1) and viscosity (µ2) for the
gelatin, spleen and heart samples using two excitation methods are in good agreement.
These results suggest that surface excitation of Lamb-Rayleigh waves is a feasible
method for quantifying viscoelasticity of soft materials with a plate-like geometry,
including the left-ventricular free-wall myocardium and spleen.
The dispersion measurements in the spleen using both the LDUV and RDUV
methods were limited by the low wave amplitude at frequencies above 300 Hz. This
might be due to the spleen tissue being somewhat softer than the gelatin and excised
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myocardium as evident in the estimates of elasticity (µ1) and viscosity (µ2) (Figure 3.6).
Due to the softness of the material, the spleen is more attenuative for shear waves and the
waves did not propagate as far, especially at higher frequencies [75].
The in vivo use of the RDUV method in open-chest pigs has been reported by our
group [79] and has shown promising results in estimating viscoelasticity of a beating
heart. Clinical application of the Shearwave Dispersion Ultrasound Vibrometry (SDUV)
method to quantify viscoelasticity of the human heart is a subject of current investigation.
One of the limitations of this method is the inability to use the mechanical
actuator for in vivo patient measurements. In vivo open chest studies in porcine left
ventricle have been reported by our group [79]. While the focus of this paper is validation
of the RDUV approach, future research will be focused on using focused radiation force
to excite Lamb and Rayleigh waves.

Radiation force can be weak in heart, especially when the ultrasound has to
propagate long distances through the intercostal space. The spleen is around 2-8 cm away
from the skin surface (depending on the size of the patient) and the radiation force may
be weak and the wave propagation may be difficult in larger patients due to amplitude
attenuation. While the physiological motion of a beating heart is likely to present unique
problems in exciting the waves, the surface excitation of the RDUV method may be less
sensitive since it does require focusing of the radiation force in the middle of the
myocardial wall.
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3.6. CONCLUSION
Lamb and Rayleigh wave dispersion equations for a viscoelastic plate submerged
in a nonviscous fluid of similar density are presented. The two dispersion equations show
analytical convergence at higher frequencies.

Experimental convergence was

demonstrated in a finite element analysis of a viscoelastic plate in a fluid. Results
showing similar dispersion velocities in gelatin plates and excised porcine spleen and left
ventricular free-wall myocardium samples using surface (Rayleigh) and body (Lamb)
wave excitation are presented. The Lamb wave dispersion equation was fitted to the
experimental dispersion data obtained using surface (Rayleigh) and body (Lamb) wave
excitation to estimate elasticity (µ1) and viscosity (µ2) of the samples. The results suggest
that surface and body wave excitation produce similar dispersion velocities and can be
used to obtain Lamb wave velocities and estimate elasticity (µ1) and viscosity (µ2) of leftventricular myocardium.
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Chapter 4
Shear Wave Dispersion Velocity and Lamb-Rayleigh Dispersion Velocity
Ratio in Plate-like Tissues Submerged in a Fluid

“To those who do not know mathematics it is difficult to get across a real feeling as to the
beauty, the deepest beauty, of nature ... If you want to learn about nature, to appreciate
nature, it is necessary to understand the language that she speaks in”.
~ Richard P. Feynman (1918-1988)

This chapter is based on: Ivan Z. Nenadic, Matthew W. Urban, Miguel Bernal, James F.
Greenleaf. Shear Wave Dispersion Velocity and Lamb-Rayleigh Dispersion Velocity
Ratio in Plate-like Tissues Submerged in a Fluid. Submitted to Journal of Acoustical
Society of America (letter to the editor)
________________________________________________________________________

4.1. ABSTRACT
In the past several decades, the fields of ultrasound and magnetic resonance
elastography have shown promising results in noninvasive estimates of mechanical
properties of soft tissues. These techniques often rely on measuring shear wave velocity
due to external or internal source of force and relating the velocity to viscoelasticity of
the tissue. Mathematical relationship between the measured velocity and material
properties of the myocardial wall, arteries and other organs with nonnegligible boundary
conditions is often complicated and computationally expensive. To this end, we
investigated a mathematical shortcut relating the Lamb-Rayleigh propagation velocity
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with the shear velocity in plate-like geometries submerged in water-like fluids. A simple
relationship between the Lamb-Rayleigh dispersion velocity and the shear wave
dispersion is derived for both the velocity and attenuation. Results of numerical
simulations are presented.

4.2. INTRODUCTION
In the past several decades, the field of elastography has offered various
techniques for measuring stiffness of different organs to evaluate presence of
pathophysiological conditions and aid treatment of diseases [57]. A majority of the
techniques rely on tracking the deformation of the tissue due to intrinsic motion or
external force, which is usually due to a mechanical driver or focused ultrasound
radiation force. Tissue undergoing displacement due to wave propagation is used to
estimate shear wave velocity which is directly related to the shear modulus of elasticity,
μ. Geometry of organs such as the liver, kidney and the breast allows one to assume that
propagating shear waves in the middle of the organ (“far” from the edges) would not be
affected by the boundaries. In the case of the liver, for example, the tissue can be
modeled as an infinite elastic or viscoelastic medium which allows for decomposition of
the excitatory wave into the compressional and shear components [8]. The advantage of
this approach is that the compressional and shear waves are separable and measuring the
shear wave velocity in the plane orthogonal to the excitation beam is sufficient to
estimate the shear modulus.
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Organs like the left ventricular (LV) free-wall of the heart (10-15 mm thick) and
arteries (~5 mm in diameter) can be approximated as plates since they are “thin”
compared to the excitation force beam (focal length of 2-4 mm). The use of radiation
force in plate like organs excites “body” waves which arise as a result of combining shear
and compressional waves. The use of the curl operator has shown promising results in
extracting the shear wave component alone [84, 85], but the curl operator requires
information about the tissue deformation in all three dimensions of motion, which is not
available in traditional ultrasound elasticity imaging techniques.
Various groups have reported the use of Lamb waves to model the motion and
deformation of the myocardial septum, LV free–wall and the arteries [23, 24, 86, 87].
These approaches are based on measuring the dispersion velocity and fitting the Lamb
wave dispersion equation model to the data to estimate elasticity and viscosity. This adds
computational costs to evaluating the mechanical properties of organs and also requires
validation of presence of Lamb-like motion in the given organ. The A0 mode of antisymmetric Lamb wave motion is characterized by preserved phase throughout the
thickness of the plate-shaped object, in this case the myocardial wall. Thus, in vivo
excitation of an anti-symmetric Lamb wave would require focusing ultrasound radiation
force in the middle of the LV free-wall. This might prove to be difficult due to
physiological periodic motion of the heart and higher power necessary to move the entire
heart wall.
We have previously reported the use of Lamb wave Dispersion Ultrasound
Vibrometry to quantify viscoelasticity of various materials [23], as well as advantages of
using Rayleigh wave excitation to obtain similar results [88]. Here, we present a
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simplification of the Rayleigh wave approach by showing its relationship to the “pure”
shear wave (shear wave in the infinite medium). This approach would decrease
computational costs and allow for more accurate estimation of shear wave velocity and
attenuation, and would lead to model-free measurements of mechanical properties of soft
tissues.

4.3. METHODS
The anti-symmetric Lamb wave dispersion equation for a viscoelastic plate
submerged in a fluid, assuming that the compressional wave number for the plate and
fluid are very small compared to the Lamb wave number and that the plate and fluid have
similar densities is as follows [23, 24, 65]:

4k L3 β L cosh( k L h) sinh( β L h) − ( k s2 − 2k L2 ) 2 sinh( k L h) cosh( β L h) =
k s4 cosh( k L h) cosh( β L h) , (4.1)

where=
βL

k L2 − ks2 , kL = ω/cL is the Lamb wave number, ω is the angular frequency, cL is

the frequency dependent Lamb wave velocity, k s = ω ρm µ is the shear wave number,

ρm is the density of the sample, h is the half-thickness of the sample and µ is the shear
modulus. Here, the shear modulus µ can be expressed in terms of the Voigt, generalized
Maxwell or other viscoelastic rheological model. By dividing both sides of (4.1)
by cosh(k L h) cosh( β h) , (4.1) is analogous to (4.2):
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4k L3 β L tanh( β L h) − ( k s2 − 2k L2 ) 2 tanh( k L h) =
k s4 .

(4.2)

Since lim tanh( x) = 1 for ∀x ∈  and since βL and kL increase as a function of frequency
x →∞

and the sample thickness is constant, equation (4.2) converges analytically to equation
(4.3), which is the Rayleigh wave dispersion equation for a viscoelastic plate in a fluid of
similar density. Here kR = ω/cR is the Rayleigh wave number, and cR is the frequency
dependent Rayleigh wave velocity [88].

k s4
4k R3 β R − ( k s2 − 2k R2 ) 2 =

By inserting the definition of =
βR

(4.3)

k R2 − ks2

into (4.3) and introducing the

substitution x = ks2 k R2 , where kR is the Lamb-Rayleigh wave number, the third order
polynomial (4.7) is obtained:

4k R3 k R2 − k s2 = 2k s4 − 4k R2 k s2 + 4k R4 ,

(4.4)

ks2 ks4
ks2
2 1− 2 = 4 − 2 2 + 2 ,
kR kR
kR

(4.5)

2 1 − x = x2 − 2 x + 2 ,

(4.6)

x3 − 4 x 2 + 8 x − 4 =
0.

(4.7)
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Equation (4.7) has one real solution and a pair of complex conjugate solutions that do not
2
2
have a physical meaning. The real solution,
=
x k=
0.704 , is of particular interest as it
s kR

gives a ratio between the Lamb-Rayleigh wave number and the shear wave number ks/kR
= 0.839 or kR/ks = 1.1915, where ks = ω/cs – iαs, kR = ω/cR – iαR, cs, cR, αs and αR being
the shear and Rayleigh wave speeds and attentuations, respectively.
The Rayleigh wave dispersion equation for a solid with vacuum or air loading is
similar to equation (4.7) except for the right hand side term:

4k R3 β R − ( k s2 − 2k R2 ) 2 =
0.

Similar treatment of (4.8) yields the ratio

(4.8)

k R ks =1.05 [89], which has been

experimentally determined by Zhang et al. [90].

4.4. RESULTS
The anti-symmetric Lamb wave dispersion equation for a plate submerged in a
water-like fluid (4.1) was used to calculate the Lamb wave velocities in the frequency
range 0-500 Hz. The frequency response of the plate was assumed to obey the Voigt
model so that the shear modulus μ is expressed as μ = μ1 + iωμ2, where μ1 and μ2 are the
elastic and viscous moduli respectively. Solid (red) lines in Figure 1 show Eq. (4.1)
plotted for various combinations of the plate thicknesses H = 2h, elasticity (μ1) and
viscosity (μ2).
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The shear wave speed cs for the same values of μ1 and μ2 was calculated
using k s = ω ρm µ , where μ = μ1 + iωμ2, and the real part of ks = ω/cs – iαs. Shear wave
speed divided by 1.1915 (cs/1.1915), also referred to as corrected shear wave speed, is
plotted as open circles (blue) for comparison. Note that the shear wave velocities divided
by 1.1915 and the Rayleigh wave velocities are mathematically analogous for the given
material densities so the latter converges to the former like the A0 Lamb wave mode
converges to the Rayleigh velocity, as previously reported by our group [88].

Figure 4.1 – Comparison between the Lamb wave dispersion (solid line) and corrected
shear wave dispersion (cs/1.1915) (open circles) for plates of various thicknesses and
values of elasticity and viscosity.
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With the known values of shear wave velocity and attenuation (complex shear
wave number) and the Lamb wave velocity, Eq.(4.1) was used to determine the Lamb
wave attenuation. The relationship between the shear wave and the Lamb wave
attenuation according to our theory is αs/αR = 1.1915. Figure 2 shows the values of
corrected shear wave attenuation (αs/1.1915) as open circles (blue) for various
combinations of plate thicknesses H = 2h, μ1 and μ2. Estimated Lamb wave attenuation
divided by 1.1915 (αs/1.1915) is shown as solid lines (red).

Figure 4.2 – Comparison between the Lamb wave attenuation (solid line) and corrected
shear wave attenuation (αs/1.1915) (open circles) for plates of various thicknesses and
values of elasticity and viscosity.
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Figure 4.3 shows a typical set of anti-symmetric Lamb wave dispersion curves for
an elastic plate 10 mm in thickness and shear modulus of 10 kPa submerged in a fluid of
equal density. Table I summarizes the convergence speeds at high frequencies of A0 and
A1 modes for various values of elasticity and thickness and the ratio of the two.

Figure 4.3 – Anti-symmetric Lamb wave dispersion curves for an elastic plate submerged
in a noncompressible fluid (thickness of the plate H = 10 mm, shear modulus μ = 10 kPa).
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μ (kPa)

H (mm)

A0 (m/s)

A1 (m/s)

A1/A0

10

10

2.645

3.153

1.1921

20

10

3.733

4.507

1.2073

30

20

4.580

5.475

1.1954

40

20

5.305

6.345

1.1960

Table 4.I – Summary of Rayleigh wave velocities (A0) and the shear wave velocities (A1)
for elastic plates submerged in a noncompressible fluid.

4.5. DISCISSION
Our theoretical data suggest that shear wave speed and attenuation can be
recovered by measuring the speed and attenuation of propagating Lamb-Rayleigh waves
without cumbersome and costly Lamb wave fitting.
A drawback to this approach is that the relationship need not hold for frequencies
less than the Lamb-Rayleigh convergence frequency. This is manifested in Figure 4.2,
where for H = 5 mm, the 50 Hz attenuation measurements are significantly different. The
attenuation estimates follow the trend of the Lamb and shear wave velocity values. To
our advantage, the LV free-wall myocardium is usually thicker than 10 mm for which the
Lamb and Rayleigh velocities converge at lower frequencies.
It is important to note that the relationship between the Lamb and shear wave
velocity and attenuation presented here is derived for a fixed value of the Poisson’s ratio
of ν = 0.5. In addition, it was assumed that the density of the fluid surrounding the plate is
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similar to that of the plate, a decent assumption when dealing with soft physiological
tissues such as the myocardium and arteries. In materials with a different Poisson’s ratio
and density this relationship need not hold and a more generalized expression could be
derived.
In a recent publication by Couade, et al.[86], the authors proposed an empirical
method for measuring shear wave modulus of elasticity of arteries by fitting a Lamb
wave dispersion model to the experimental dispersion speeds. The empirical model
includes a correction factor of

1

2 = 0.8409 = 1/1.19 which is the ratio between the

observed Lamb wave speed and the expected Lamb wave speed, suggesting that the
experimental Lamb wave speeds should be lower than the measured values. This might
be due to the fact that the ratio between the A1 and A0 modes is about 1.19 in water and
that the reported paper is tracking the convergence velocity of the An modes (n = 1, 2,…)
rather than the A0 mode. We have performed similar experiments in which we compared
the velocities of urethane rubber plates and tubes where the thickness of the plates and
diameters of tubes were the same, and have noticed that the same ratio holds. The results
of these studies are beyond the scope of this letter and will be reported in a separate
paper.
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4.6. CONCLUSION
An algebraic relationship between the shear wave and Rayleigh wave velocity of
a plate submerged in a fluid of similar density are derived. Due to convergence of Lamb
and Rayleigh waves and the use of Lamb waves to quantify mechanical properties of the
heart wall and arteries, this theory allows for simplification of equations and decreased
computational cost. Experimental results aimed at validating the presented theory are to
be presented in the future.
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Chapter 5

Direct Inversion and the Curl Operator on Lamb Waves in Shearwave
Dispersion Ultrasound Vibrometry

“Time held me green and dying,
Though I sang in my chains like the sea”
~Dylan Thomas (1914-1953)

The material presented in this chapter is based on: Ivan Z. Nenadic, Matthew W. Urban,
Scott A. Mitchell and James F. Greenleaf. Inversion of Lamb Waves in Shearwave
Dispersion Ultrasound Vibrometry (SDUV). in 2010 IEEE International Ultrasonics
Symposium (IUS). 2010. San Diego, CA, USA.
_______________________________________________________________________

5.1. INTRODUCTION
Our group has proposed a method to measure viscoelasticity of the heart by
exciting and tracking Lamb waves in the heart wall using Shearwave Dispersion
Ultrasound Vibrometry (SDUV) [8, 91]. In SDUV, Lamb wave velocity is estimated
using the phase gradient which assumes presence of a single mode of the anti-symmetric
Lamb wave, and absence of any reflections. The direct inversion algorithm is more robust
and calculates the complex wave number by performing the Laplacian operator and the
second order time derivative on the displacement versus time data [57, 72]. In this study,
we compare the values of Lamb wave velocity and attenuation of a gelatin plate, urethane
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rubber plate and an excised pig heart wall using two methods: 1) phase gradient and
amplitude decay, and 2) direct inversion. In addition, we investigate the feasibility of
using the curl operator to filter out the compressional wave contribution and calculate the
complex shear modulus using direct inversion of such a field.

5.2. METHODS

5.2.1. Principle of SDUV
Focused ultrasound radiation force or a mechanical actuator are used to excite
monochromatic shear waves in the frequency range 50–500 Hz, while the pulse-echo
transducer operating at a pulse repetition rate of few kHz acquires data for tracking the
motion at several points away from the excitation. In these measurements ω = 2πf, where
f is the frequency, one can estimate the shear wave speed (cs) by measuring the phase
shift Δφ = φ2 - φ1 as a function of distance Δr and cs = ω (Δr/Δφ) [8, 9].

5.2.2. Lamb wave Motion Equations
The extensive derivation of the anti-symmetric Lamb wave model has been
described in Chapter 2 and the relevant equations will be briefly summarized here.
Further, the theory will be simplified to analysis of a plane anti-symmetric Lamb wave so
that the motion perpendicular to x1 and x2 in Figure 5.1 can be ignored.
Motion of an infinitesimal particle inside a solid with zero equivalent body force
is governed by the Navier’s equation (5.1):
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(λ + 2 µ )∇(∇ ⋅ u ) − µ∇ × ∇ × u = ρ

∂2
u,
∂t 2

(5.1)

where u represents the displacement field vector, ∇ is the divergence operator, ∇ × is
the curl operator, ∇ is the gradient operator,

∂2
is the second partial derivative with
∂t 2

respect to time, ρ is the material density, λ is the first Lamé constant and µ is the
second Lamé constant, commonly referred to as the shear modulus of elasticity.

Figure 5.1 – The LV free wall myocardium surrounded by blood on one side and the
pericardial fluid on the other was modeled as an isotropic viscoelastic plate composed of
a Voigt material submerged in a noncompressible fluid.

Stokes-Helmholtz decomposition ( u = ∇φ + ∇ ×ψ ) of the displacement vector
yields two separable equations describing the motion of the compressional (5.2) and the
shear wave (5.3):
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∂2
(λ + 2 µ )∇ φ =
ρ 2φ,
∂t

(5.2)

∂2
∂t

(5.3)

2

µ∇ 2ψ =
ρ 2ψ ,

It has been shown that potential functions φ and ψ have the following solutions for the
case of anti-symmetric Lamb wave motion [65-67, 70]:

φ = A sinh(η x2 )eik x e − iωt ,

(5.4)

ψ = D cosh( β x2 )eik x e −iωt .

(5.5)

L 1

L 1

Considering the definitions of displacement vectors (5.6) and (5.7), the
displacement vectors in two directions in Figure 5.1 can be expressed in terms of the
potential functions φ and ψ as shown in (5.10) and (5.11):

u=
φ,1 +ψ ,2 ,
1

(5.6)

u=
φ,2 −ψ ,1 ,
2

(5.7)
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=
u1

=
u2

{ikL A sinh(η x2 ) + β D sinh( β x2 )} eik x e−iωt ,

(5.11)

{η A cosh(η x2 ) − ikL D cosh( β x2 )} eik x e−iωt ,

(5.12)

L 1

L 1

where=
β

k L2 − ks2 ,=
η

k L2 − k p2 , kL = ω/cL + iαL is the complex Lamb wave number, cL

and αL are the Lamb wave velocity and attenuation, ks = ω/cs + iαs is the complex shear
wave number, cs and αs are the shear wave velocity and attenuation, A and D are
constants, and commas followed by a number in the subscript in (5.6) and (5.7) represent
partial spatial derivatives with respect to the axis number.

Applying the boundary conditions to the solid and surrounding fluid in Figure 5.1
yields the anti-symmetric Lamb wave dispersion equation (5.13) [24, 65, 67, 70, 91]:

4k L3 β cosh( k L h) sinh( β h) − ( k s2 − 2k L2 ) 2 sinh( k L h) cosh( β h) =
k s4 cosh( k L h) cosh( β h) ,(5.13)

where h is the half-thickness of the plate solid.

5.2.3. Direct Inversion of the Lamb Wave Displacement Field
Under the assumptions of linearity, incompressibility and local homogeneity of
the medium, the divergence of the displacement field ∇ ⋅ u is close to zero and the
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Navier’s equation of motion simplifies to (5.14). By using the differential identity (5.15),
we obtain the Helmholtz equation (5.16) [72, 92]:

− µ∇ × ∇ × u = ρ

∂2
u,
∂t 2

(5.14)

∇ × ∇ × u = ∇(∇ ⋅ u ) − ∇ 2 u ,

(5.15)

∂2
u.
∂t 2

(5.16)

µ∇ 2 u =
ρ

Equation (5.16) is the equation for direct inversion and allows one to calculate the
complex shear modulus of elasticity µ
= µ s + i µl , where µ s is the storage modulus and

µl the loss modulus, by performing two spatial and two temporal partial derivatives of the
displacement field.
In SDUV, harmonic motion is tracked parallel to the line of excitation (x2 – axis
in Figure 5.1), so only component u2 of the displacement field u = {u1 , u2 } is known.
Performing the direct inversion on the u2 displacements along the x1 – axis yields the
complex Lamb wave number, not the shear wave number (5.17) – (5.23):

µ

∂2
∂2
u
=
ρ
u2 ,
2
∂x12
∂t 2

(5.17)

109

∂2
u =
−k L2 {η A cosh(η x2 ) − ik L D cosh( β x2 )} eikL x1 e − iωt ,
2 2
∂x1

(5.18)

∂2
u2 = −k L2u2 ,
∂x12

(5.19)

∂2
u =
−ω 2 {η A cosh(η x2 ) − ik L D cosh( β x2 )} eikL x1 e − iωt ,
2 2
∂t

(5.20)

∂2
u2 = −ω 2u2 ,
∂t 2

(5.21)

µ k L2u2 = ρω 2u2 ,

(5.22)

kL = ω

ρ
.
µ

Derivation of the expression for

(5.23)

∂2
u2 shows that the compressional wave number k p
∂x22

contributes to the Laplacian of the displacement vector u2 .
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5.2.4. The Curl of the Displacement Field
The curl operator has been used before to cancel out the contributions of the
compressional wave [93]. The curl operator of a three dimensional displacement field is
defined in (5.24). Assuming that the motion along u3 is negligible, (5.24) simplifies to
(5.25) and the determinant is evaluated as shown in (5.26):

 x1

∂
∇ × {u1 , u2 , u3 } = det 
 ∂x1

 u1

 x1

∂
∇ × {u1 , u2 , 0} = det 
 ∂x1

 u1

∇
=
×u

∂
∂
u2 −
u1 .
∂x1
∂x2

x2
∂
∂x2
u2

x2
∂
∂x2
u2

x3 

∂ 
,
∂x3 

u3 

x3 

0,


0 

(5.24)

(5.25)

(5.26)

The curl of the displacement field u can be derived by inserting (5.11) and (5.12)
into (5.26). A more convenient approach utilizes the Stokes-Helmholtz decomposition
u = ∇φ + ∇ ×ψ and notes that ∇ ⋅ψ = 0 and that the curl of a gradient is zero by

definition ( ∇ × ∇φ = 0 ). The curl of the displacement field is obtained as shown in (5.27)
– (5.34):
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∇ × u = ∇ × {∇φ + ∇ ×ψ } ,

.

∇ × {∇φ + ∇ ×ψ } = ∇ × ∇φ + ∇ × ∇ ×ψ ,

∇ × u = ∇ × ∇ ×ψ ,

(5.27)

.

.

∇ × u = ∇(∇ ⋅ψ ) − ∇ 2ψ ,

(5.28)

(5.29)

.

(5.30)

∇ × u = −∇ 2ψ , .

(5.31)

∇ 2ψ =
− ks2ψ ,
β 2ψ − k 2ψ =

(5.32)

∇ × u = ks2ψ ,

(5.33)

∇ × u = ks2 D cosh( β x2 )eikL x1 e − iωt .

(5.34)

The curl of the displacement field (5.34) is free of compressional waves and the direct
inversion of such a field yields the complex shear wave number ks :

 ∂2
∂2
∂2
∂2  2
∇
×
+
∇
=
×
+
u
u
k D cosh( β x2 )eikx1 e − iωt ,
 2
2  s
∂x12
∂x2 2
∂
∂
x
x
 1
2 

(5.35)
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∇ 2 (∇ × u ) = −k 2 (∇ × u ) + β 2 (∇ × u ) = −k s2 (∇ × u ) ,

(5.36)

∂2
(∇ × u ) = −ω 2 (∇ × u ) ,
2
∂t

(5.37)

ρ
(∇ × u ) ,
µ

(5.38)

× u) ω 2
ks2 (∇=

ks = ω

ρ
.
µ

(5.39)

5.2.5. Experimental Setup
Urethane rubber samples were prepared by mixing equal amounts of parts A, B
and softener (So–Flex Flexibilizer, Smooth-On Inc., Easton, PA), all by mass. In order to
provide ultrasound scatterers, Sigmacell Cellulose Type 20 (Aldrich Chemical Company,
Inc., Milwaukee, WI), was added to the mixture at 3% by mass. Gelatin samples
consisted of 60% water, 20% glycerol and 20% of 300 Bloom gelatin (all manufactured
by Sigma-Aldrich, St. Louis, MO), which were added by volume. Both phantoms were
poured into an 11 cm x 8 cm x 1.2 cm plastic mold and allowed to cure for 24 hours. Left
ventricular free wall myocardium was excised from the pig hearts obtained in a local
butcher shop. The LDUV experimental setup described in Chapter 2 was used to estimate
the phase and amplitude at each point away from the excitation. Phase estimates at these
points were used to fit a regression curve and calculate the Lamb wave speed at each
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frequency. The amplitude of the wave at each frequency was used to calculate the
attenuation by fitting a decaying exponential to the amplitude versus distance data.

5.3. RESULTS
The gelatin plate velocities and attenuations were calculated using the phase
gradient and amplitude decay (red squares in Figure 5.2(a) and (b)), and the direct
inversion (blue stars in Figure 5.2(a) and (b)). The Lamb wave dispersion equation (5.13)
was fitted to the phase gradient velocity dispersion to estimate the shear wave elasticity
(μ1) and viscosity (μ2).
The urethane rubber plate velocities and attenuations were calculated using the
phase gradient and amplitude decay (red squares in Figure 5.3(a) and (b)), and the direct
inversion (blue stars in Figure 5.3(a) and (b)). The Lamb wave dispersion equation (5.13)
was fitted to the phase gradient velocity dispersion to estimate μ1 and μ2.
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Figure 5.2 – Displacements from a gelatin plate submerged in water were used to
calculate velocity (5.2(a)) and attenuation (5.2(b)). Equation (5.13) was fit to the phase
gradient data in 5.2(a) to estimate the elastic and viscous coefficients μ1 = 13 kPa and μ2 =
3 Pa⋅s.
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Figure 5.3 – Displacements from a urethane plate submerged in water were used to
calculate velocity (5.3(a)) and attenuation (5.3(b)). The black line in 5.3(a) is the Lamb
wave dispersion equation (5.13) fit to the phase gradient data and estimated the elastic
and viscous coefficients μ1 = 90 kPa and μ2 = 11 Pa⋅s.
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Magnetic Resonance Elastography (MRE) [41] was used to obtain a 3D
displacement field of an excised porcine heart wall due to a propagating Lamb wave. The
curl operator (5.24) followed by the direct inversion algorithm (5.14) – (5.16) was used to
calculate the shear wave velocity (real part only) at different excitation frequencies. The
shear wave velocity dispersion was fit with a Voigt model to estimate elasticity (μ1) and
viscosity (μ2) (Figure 5.4). The LDUV experimental setup was used to measure Lamb
wave dispersion of the same excised heart sample. The dispersion equation (5.13) was
fitted to the experimental results to estimate elasticity and viscosity (Figure 5.5).

Figure 5.4 – Direct inversion of the curl of a 3D displacement field was used to calculate
the shear wave velocity dispersion. Shear wave dispersion velocity and standard
deviations are shown in blue. The Voigt model was fitted to shear wave dispersion
(shown in red) to estimate elasticity and viscosity with standard deviations: μ1 = 7.62 ±
4.15 kPa, μ2 = 10.44 ± 2.92 Pa⋅s.
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Figure 5.5 – Equation (5.13) was fit to the experimental Lamb wave dispersion in an
excised pig heart wall to estimate elasticity μ1 = 6.55 ± 2.23 kPa and viscosity μ2 = 11.75
± 1.81 Pa⋅s.
5.4. DISCUSSION
Direct inversion and phase gradient and amplitude decay methods give velocities
and attenuations that agree within one standard deviation in gelatin and urethane rubber
plates (Figures 5.2 and 5.3). The standard deviation in velocity and attenuation estimates
using direct inversion is larger than using phase gradient and amplitude decay. The curl
operator was successfully used on a 3D displacement field of a propagated Lamb wave
obtained using MRE to filter out the effects of the compressional wave. The remaining
displacement field only had the shear wave component. The remaining field was fit with a
Voigt model to estimate viscoelasticity of the heart sample, and the Voigt model fit the
data well. In a separate experiment, viscoelasticity of the same heart sample was measured
using the Lamb wave SDUV method. The Lamb wave model fit the experimental data
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well. The results obtained using the two approaches agreed within one standard deviation.
The appropriateness of the Voigt model to characterize the frequency response of the
gelatin, urethane rubber and pig heart wall has not been studied and a different rheological
model could be used in the future. The Voigt model ha been used here as an example
rheological model. Other models can be used as well.

5.5. CONCLUSION
Velocity and attenuation obtained using phase gradient and amplitude decay and
the direct inversion were compared in an FEA simulation of a viscoelastic plate
submerged in water, gelatin plate, urethane rubber plate and an excised pig myocardium.
The results agreed within one standard deviation, with the direct inversion having larger
standard deviations. The Lamb wave dispersion equation fits the experimental gelatin,
urethane rubber and heart data well. The Voigt model fits the curl of a Lamb wave
displacement field well, and the estimates of elasticity (μ1) and viscosity (μ2) agree with
the Lamb wave dispersion equation within a standard deviation.
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Chapter 6

In Vivo Quantification of Elasticity and Viscosity of the Myocardium

“Please forgive this very long and drawn out letter,
I did not have time to write a short one.”
~ Blaise Pascal (1623-1662)

________________________________________________________________________

Studies aimed at validating the use of Lamb wave Dispersion Ultrasound
Vibrometry (LDUV) for quantifying viscoelasticity of soft tissues are presented in
Chapter 2 [23]. This chapter summarizes the use of LDUV for in vivo quantification of
elasticity and viscosity in open and closed chest settings.
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6.1. In Vivo Open Chest Lamb wave Dispersion Ultrasound Vibrometry
(LDUV) for Quantifying Elasticity and Viscosity of Porcine Left-

Ventricular Free Wall Myocardium using Mechanical Excitation
Material presented in this section is based on [79]: Cristina Pislaru, Matthew W. Urban,
Ivan Nenadic, and James F. Greenleaf. Shearwave dispersion ultrasound vibrometry
applied to in vivo myocardium. Conf Proc IEEE Eng Med Biol Soc, 2009. 2009: p. 28914.
________________________________________________________________________________________________

6.1.1. Principles of Lamb wave Dispersion Ultrasound Vibrometry

The principle of Lamb wave Dispersion Ultrasound Vibrometry (SDUV) is to use
a push transducer or a mechanical actuator to excite harmonic waves in a plate-like tissue
of interest and a pulse-echo transducer to measure the phase gradient as a function of
distance. The phase velocity of such a wave is calculated using cs (f) = 2πf∆r/∆φ, where f
is the excitation frequency and ∆φ the change in phase as a function of distance ∆r. By
measuring the velocity at multiple frequencies, one can obtain the wave velocity
dispersion estimates.

6.1.2. Anti-symmetric Lamb wave Dispersion Equation
The mathematical model describing axially symmetric anti-symmetric Lamb
wave motion in a viscoelastic plate submerged in a nonviscous fluid of similar density
has been described in more detail in Chapter 2 [23]. The Lamb wave dispersion equation
is briefly described here.
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The frequency response of the free wall myocardium was assumed to obey the
Voigt model so that the shear modulus μ = μ1 + iωμ2, where μ1 and μ2 are material
elasticity and viscosity. Assuming that the bulk modulus is much larger than the shear
modulus, the anti-symmetric Lamb wave dispersion equation is as follows:

4 k L β cosh( k L h ) sinh( β h ) =
( k s − 2k L ) sinh( k L h ) cosh( β h ) + k s cosh( k L h ) cosh( β h ) ,
3

2

2

2

4

(6.1.1)

where kL = ω / cL is the frequency dependent Lamb wave number, ω is the angular
β
frequency, cL is the frequency dependent Lamb wave velocity, =
k s = ω ρ m ( µ1 + iωµ 2 )

kL − ks ,
2

2

is the shear wave number, ρ m is the density of the sample and h is

the half-thickness of the sample. Equation (6.1.1) is fitted to the Lamb wave dispersion
data to estimate myocardial elasticity (μ1) and viscosity (μ2) coefficients.

6.1.3. Experimental Approach
An open-chest protocol approved by our Institutional Animal Care and Use
Committee was used for in vivo studies of Lamb wave propagation in open chest pig
hearts. A mechanical actuator (shaker) with a ballpoint rod 6 mm in diameter was used
to excite harmonic waves by vibrating the epicardial surface of the LV free wall. The
shaker (V203, Ling Dynamic Systems Limited, Hertfordshire, UK) was driven with a
signal generator (33120A, Agilent, Santa Clara, CA) and an amplifier (XLS 202, Crown
Audio, Inc., Elkhart, IN). An Ultrasonix Sonix RP system with a linear array transducer
(Sonix RP, Ultrasonix Medical Corporation, Richmond, BC, Canada) was used to track
the change in phase using an M-mode type scheme with multiple lines 0.9 mm apart at
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frame rates around 2500 Hz. The transducer was wrapped in two layers of latex: the one
nearer to the transducer was filled with ultrasound gel, and the one farther from the
transducer with water to provide a standoff. The tip of the rod was centered in the Bmode imaging plane and the wave phase was measured along the length of the transducer
arrays. The rod was positioned on the mid-anterior left ventricular wall so that it did not
obstruct the main coronary arteries and branches. Wave excitation from the shaker was
triggered by the electrocardiographic (ECG) R-wave and the data were acquired for 3
seconds to capture multiple heart cycles. The phase velocities at different frequencies in
the range 50-350 Hz were calculated using the process described in 6.1.1. The Lamb
wave dispersion equation (6.1.1) was fitted to the dispersion data to estimate myocardial
elasticity (μ1) and viscosity (μ2).

6.1.4. Results
Figures 6.1.1 and 6.1.2 show the displacement and phase maps through the
thickness of the myocardium at four different lateral distances away from the excitation
point. The displacement at a single location is fairly constant throughout the repetition
cycles and decreases with distance. The phase is fairly constant throughout the thickness
of the myocardium (along the z-axis) at the four spatial points of measurement and
through time.
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Figure 6.1.1 – Displacement amplitude through heart cycle at 100 Hz at different lateral
distances (x) from the excitation point. (a) x = 0 mm, (b) x = 1.8 mm, (c) x = 3.6 mm, (d)
x = 5.4 mm.
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Figure 6.1.2 – Phase through heart cycle at 100 Hz at different lateral distances (x) from
the excitation point. (a) x = 0 mm, (b) x = 1.8 mm, (c) x = 3.6 mm, (d) x = 5.4 mm.

Figure 6.1.3(a) shows the phase velocity through the thickness (z-axis) of the
heart wall as a function of time (time-axis) at the excitation frequency of 100 Hz. A
median of the wave velocity through thickness at each time point at 100 Hz is shown in
Figure 6.1.3(b). At t = 0 ms, the heart is at the beginning of systole and from t ~ 400-800
ms in diastole.

The phase velocity increases in systole and decreases in diastole,

consistent with myocardial contraction and relaxation. The increase in velocity from
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diastole to systole is very rapid, while the decrease from systole to diastole is fairly
gradual.

Figure 6.1.3 – Phase velocity through several heart cycles at 100 Hz. (a) Spatiotemporal
distribution of phase velocity, (b) Median value through thickness at each time point.

Figure 6.1.4 shows the average and standard deviations of phase velocities during
systole and diastole for several frequencies over five acquisitions. The average values of
velocities were used to estimate the elasticity (µ1) and viscosity (µ2) of the myocardium
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in systole and diastole by fitting the anti-symmetric Lamb wave dispersion equation
(6.1.1) to the experimental data.

Figure 6.1.4 – Phase velocity dispersion in systole and diastole averaged over five
acquisitions. The respective dispersion data were fitted with the anti-symmetric Lamb
wave model to estimate elasticity (µ1) and viscosity (µ2).
6.1.5. Discussion
The results suggest that the LDUV method can be used to measure myocardial
elasticity (µ1) and viscosity (µ2) in vivo. The wave displacement and phase through the
thickness of the heart were fairly preserved (Figures 6.1.1 and 6.1.2) which is
characteristic of the A0-mode of anti-symmetric Lamb wave motion. The model fit the
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data well, except for the 50 Hz systole value (Figure 6.1.4). Since the tissue is stiffer in
systole, it is possible that we were exciting a higher mode of Lamb wave vibration at
such a low frequency. The Lamb wave velocity was higher in systole than in diastole,
consistent with the contraction and relaxation of the myofibrils in the heart wall. The
estimated values of shear wave elasticity (µ1) and viscosity (µ2) increased from diastole
to systole.
To the best of our knowledge, estimates of elasticity (µ1) and viscosity (µ2) of a
beating pig LV free wall myocardium in the frequency range 50 – 350 Hz have not been
reported. Estimates of myocardial elasticity (µ1) and viscosity (µ2) in the septum of a
beating human heart in the frequency range 10 – 90 Hz were reported by Kanai [24] with
the values μ1 = 30 kPa and μ2 = 70 – 400 Pa⋅s. In vivo MRE measurements of myocardial
elasticity in open chest pigs report the values in the range 5-10 kPa [43]. Couade et al.
[50] reported similar in vivo measurements in open chest sheep hearts with the elasticity
ranging from 2.17 kPa to 38.7 kPa throughout the heart cycle. The shaker LDUV
estimates of elasticity (µ1) and viscosity (µ2) changing from µ1 = 5.1 kPa and µ2 = 3.2
Pa∙s in diastole to µ1 = 19.1 kPa and µ2 = 6.8 Pa∙s in systole are within the range of the
values reported by most of the groups, except for the values of μ2 reported by Kanai [24].

6.1.6 Conclusion
The successful application of LDUV in an in vivo open chest setting is
encouraging. The drawback of the results reported in this section (6.1) is the use of a
mechanical actuator (shaker) to excite waves in the myocardium. In the next section
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(6.2), in vivo open chest measurements of porcine LV free wall myocardium using
radiation force to excite waves is presented.

129

6.2. In Vivo Open Chest Lamb wave Dispersion Ultrasound Vibrometry
(LDUV) for Quantifying Elasticity and Viscosity of Porcine LeftVentricular Free Wall Myocardium using Radiation Force

6.2.1. Introduction
Clinical application of the LDUV technique for quantifying viscoelasticity of the
myocardium would require the use of focused ultrasound radiation force to excite waves
in the left ventricle. Here, we present the use of the Verasonics (VSX) ultrasound
imaging modality that utilizes an array transducer to both excite and track wave
propagation. Studies comparing the Lamb wave dispersion measurements obtained using
VSX and the shaker-based LDUV are presented. VSX was used to estimate elasticity (µ1)
and viscosity (µ2) of LV porcine free wall myocardium in an open chest in vivo setting. A
Fourier space based approach was used to calculate the phase velocity dispersion from a
single impulse excitation. The Lamb wave dispersion equation (6.1.1) was fitted to the
dispersion data to estimate elasticity (µ1) and viscosity (µ2) of the LV free wall
myocardium in vivo.

6.2.2. Verasonics Ultrasound Imaging
Our group has obtained a programable ultrasound imaging platform that includes
an array transducer with 128 transmit and 64 receive elements produced by Verasonics,
Inc. Figure 6.2.1 compares the basic principle of the SDUV method and the Verasonics
machine. More details about the Verasonics machine can be found in [94]. In SDUV, a
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push transducer is used to excite shear waves and a detect transducer measures phase
gradient (φ2–φ1) over distance Δr to estimate the phase velocity at a single frequency
(Figure 6.2.1(a)). The VSX machine excites shear waves in the region of interest by
transmitting and detecting using a single probe (Figure 6.2.1(b)). First, several elements
transmit radiation force in the region of interest. Then, the elements switch into the detect
mode to track the motion of the propagated wave. Thus acquired data are stored and can
be processed off-line. Verasonics detect mode operates at a few MHz with frame rates of
2-8 kHz, allowing high resolution motion detection [94].
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Figure 6.2.1 – Traditional SDUV method (a) and the multiple-channel Verasonics
transducer (b) (taken from [95]).
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6.2.3. Fourier-space Dispersion Analysis
Harmonic vibration excites a single frequency wave whose velocity can be
estimated by measuring the phase gradient as a function of distance at that given
frequency. An impulse contains all the frequency components up to the inverse of the
time length of the impulse. This allows one to extract all phase velocities from a single
push. It is important to note that the impulse propagates at a group velocity that is
different from the velocities of individual frequency phase velocities. The dispersion
diagrams described here consist of the phase velocities, so it is possible to extract the
phase velocities at each frequency from the impulse displacement data. We performed a
two-dimensional discrete fast Fourier transform (2D FFT) on the displacement versus
time data using (6.2.1):

H (k , f ) =

+∞

+∞

∑ ∑ u ( x, t )e

m = −∞ n = −∞

z

− j 2π ( kmx + fnt )

(6.2.1)

were uz(x,t) is the motion of the heart wall perpendicular to the excitation beam (z-axis)
as a function of distance from the excitation beam (x) and time (t). Here, k is the wave
number and f is the temporal frequency of the wave. The coordinates of the k-space are
the wave number (1/λ) and the frequency (f), and since the wave velocity c = λf one can
calculate the phase velocity of each pixel in the k-space by dividing the frequency
coordinate by the wave number coordinate [87, 96].
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6.2.4. Experiment
The phase velocities obtained using the shaker LDUV method presented in
Chapter 2 and the k-space based VSX approach were compared in gelatin plates
submerged in water. In vivo VSX feasibility studies in open chest porcine heart were
approved by our institutional Animal Care and Use Committee. The Lamb wave
dispersion equation was fitted to the data to estimate elasticity (µ1) and viscosity (µ2) of
the beating LV myocardium.

6.2.5. Results
Figure 6.2.2 shows an image of a propagated shear wave in a gelatin plate
phantom. The radiation force produces a wave along the x = 0 line. Figure 6.2.2 shows
the wave propagation as a function of time and distance left and right from the excitation
point. Calculating the slope of the two lines allows us to measure the group velocity of
the wave.
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Figure 6.2.2 – Image of shear wave displacement in a gelatin phantom. Focused radiation
force excites a mechanical wave at x = 0. The wave propagation as a function of time and
distance left and right from the excitation point is shown. The group velocity of the wave
in each direction is estimated by calculating the slope of each line.
Fourier analysis of the rightward propagating wave is shown in Figure 6.2.3.
Figure 6.2.3(a) shows a displacement image of impulse propagation in the gelatin
phantom (group velocity). 2D-FFT of the displacement image gives the k-space of the
displacement (Figure 6.2.3(b)) where the x-axis represents frequency and the y-axis the
inverse wavelength (1/λ). The lowest mode of propagation is the A0 Lamb wave mode
and it has the highest energy.
The phase velocity at each frequency is calculated by finding the maximum
amplitude values for each frequency in k-space, recognizing that the wave velocity c = λf
and diving the frequency coordinate (f) by the wave number (1/λ) coordinate for each
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maxima [97]. For example, the k-space maximum at 300 Hz corresponds to the wave
number (1/λ) of approximately 100 m-1, as shown in Figure 6.2.3(b). Thus the phase
velocity at 300 Hz is around 3 m/s, as shown in Figure 6.2.3(c). This process was
repeated for frequencies 0–1000 Hz to obtain the dispersion curve shown in blue in
Figure 6.2.3(c). LDUV measurements of the Lamb wave dispersion in gelatin obtained
using the shaker method is shown in red for comparison. The LDUV method was used to
estimate the Lamb wave velocity at multiple frequencies for each millimeter of the
sample thickness. The mean and standard deviation of Lamb wave velocity through
sample thickness are reported.
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Figure 6.2.3 – Verasonics impulse excitation in a gelatin plate submerged in water. (a)
Impulse propagation in time and space, (b) k-space of the propagated impulse, (c) phase
velocities as a function of frequency due to impulse excitation (blue) compared to the
phase velocity obtained using the shaker LDUV method (red). The LDUV method was
used to estimate the Lamb wave velocity at multiple frequencies for each millimeter of
the sample thickness. The mean and standard deviation of those measurements are shown
in red.
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An image of wave displacement as a function of time in an open chest in vivo LV
porcine myocardium is shown in Figure 6.2.4.

Figure 6.2.4 – Image of wave displacement in an open chest in vivo left-ventricular free
wall myocardium. Focused radiation force excites a mechanical wave at x = 0 and the
wave propagates to the left and right from the excitation point as a function of time. The
group velocity of Lamb wave propagation in the beating heart is estimated by measuring
the slope of the wave propagation.
The rightward propagating wave in Figure 6.2.4 was used to calculate the phase
velocity dispersion as shown in Figure 6.2.5(a)-(c). The Lamb wave dispersion equation
(6.1.1) (red in 6.2.5(c)) was fitted to the phase velocities (blue in 6.2.5(c)) to estimate
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elasticity (µ1) and viscosity (µ2) of the myocardium. Estimates of elasticity (µ1) and
viscosity (µ2) were made in systole and diastole and are summarized in Table 6.2.I.

Figure 6.2.5 – Analysis of open chest pig heart data. (a) Measured displacement of
propagating wave, (b) 2D k-space of displacement, (c) Wave speed dispersion and Lamb
wave dispersion fit µ1 = 8.7 kPa and µ2 = 6.0 Pa⋅s.
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Cardiac Phase

Elasticity (μ1) (kPa)

Viscosity (μ2) (Pa⋅s)

Diastole

1.0

2.0

Systole

8.7

6.0

Table 6.2.I – Open chest in vivo measurements of porcine LV myocardial elasticity (µ1)
and viscosity (µ2) in systole and diastole.

6.2.6. Discussion
The Lamb wave dispersion velocities obtained using the shaker based LDUV and
the VSX LDUV approaches give similar values of phase velocity for each frequency of
comparison (Figure 6.2.3(c)). The VSX LDUV method was used to estimate elasticity
(µ1) and viscosity (µ2) of a beating pig heart in an open chest setting. The measured
group velocities of around 2 m/s in diastole and 4 m/s in systole are similar to the values
reported by Couade, et al.[50]. The pattern of changes of elasticity (µ1) and viscosity (µ2)
in systole and diastole (Table 6.2.I) seems appropriate. The values of elasticity (µ1) are
somewhat low compared to the open-chest shaker LDUV studies (Figure 6.1.4). This
could be due to low LV chamber pressure observed during the experiment. The k-space
analysis approach appears to be a powerful tool for obtaining dispersion curves and
estimating myocardial viscoelasticity.
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6.2.7. Conclusion
The results presented in section 6.2 show the feasibility of estimating elasticity
(µ1) and viscosity (µ2) of a beating heart using radiation force to excite waves in the
myocardium. These are important results in preparation for in vivo transthoracic
measurements. Summary of transthoracic measurements in anesthetized pigs is reported
in Section 6.3.
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6.3. In Vivo Closed Chest Lamb wave Dispersion Ultrasound Vibrometry
(LDUV) for Quantifying Elasticity and Viscosity of Porcine LeftVentricular Free Wall Myocardium using Radiation Force

6.3.1. Introduction
The Verasonics machine, k-space dispersion analysis, Lamb wave dispersion
equation and experimental protocols presented in Section 6.2 were applied for
transthoracic measurements of elasticity and viscosity of a beating LV free wall
myocardium. Estimates of group velocity, shear wave elasticity and viscosity through a
single heart cycle are reported.

6.3.2. Results
Figure 6.3.1(a) shows ECG R-wave gated transthoracic measurements of changes
in group velocity through a heart cycle in the LV free wall myocardium, left and right
from the point of excitation. The ECG recording is shown in Figure 6.3.1(b) for
reference.
The Fourier-space dispersion analysis method was used to obtain the Lamb wave
dispersion curves throughout a heart cycle. The Lamb wave dispersion equation (6.1.1)
was fit to the dispersion data to estimate LV elasticity (µ1) and viscosity (µ2). The values
of elasticity (µ1) and viscosity (µ2) through a single heart cycle are shown in Figure
6.3.2(a) and (b).
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Figure 6.3.1 – R-wave ECG gated transthoracic measurements of group velocity for a
rightward (blue) and leftward (red) propagating waves are shown as averages over 5-10
acquisitions (a). The ECG signal is shown for comparison in (b).
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Figure 6.3.2 – Transthoracic measurements of changes in porcine LV free wall
myocardial elasticity (a) and viscosity (b) through a heart cycle.

6.3.3. Discussion
In vivo open-chest studies show that the group velocity increases from diastole to
systole, consistent with the relaxation and contraction of the myocardium (Figure
6.3.1(a)). The changes in elasticity (µ1) and viscosity (µ2) in Figure 6.3.2 follow the
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phase of change in group velocity in Figure 6.3.1(a). Group velocity changed from
around 1.5 m/s in diastole to around 5 m/s in systole. Leftward and rightward propagating
waves follow the same general pattern and are fairly similar. The values of elasticity (µ1)
increased from ~ 2 to ~ 8 kPa, while the values of viscosity (µ2) increased from ~ 2 to ~
12 Pa*s from diastole to systole. These changes are similar to those observed in openchest studies reported in Table 6.2.I.
The R wave precedes the increase in group velocity by about 100 ms, consistent
with the delay between the ventricular depolarization and ventricular contraction (for
details regarding the ECG refer to section 1.2.2). The increase in group velocity at 550
ms could be attributed to the atrial kick (Figure 6.3.1(a)). The R wave after 600 ms
(Figure 6.3.1(b)) would support this hypothesis.
Our values compare well with the those reported in [24]: 1 – 6 m/s in the range 10
– 90 Hz, [43]: 2.2 – 3.2 m/s at 80 Hz and [77]: 1.45 – 6.2 m/s along the short axis of the
heart in the frequency range 100 – 400 Hz.
These encouraging results provide a steppingstone for further research aimed at
producing a clinical tool capable of transthoracic estimates of elasticity and viscosity of
the myocardium.

6.3.4. Conclusion
Verasonics ultrasound imaging platform was used for transthoracic study of
changes in porcine LV myocardial viscoelasticity through a heart cycle. Group velocity
increased from diastole to systole, consistent with myocardial contraction and relaxation.
The Lamb wave dispersion equation was used to estimate elasticity and viscosity through
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a heart cycle. Elasticity and viscosity of the myocardium increased from diastole to
systole.
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Chapter 7

Conclusion and Summary of the Thesis

“Science is the belief in ignorance of the experts”
~ Richard P. Feynman (1918-1988)

________________________________________________________________________

7.1. INTRODUCTION
This chapter summarizes the work presented in this thesis. Brief discussion of the
contribution of each chapter is presented. Contribution of the thesis and future work are
summarized. Finally, peer-reviewed papers and conference proceedings resulting from
the work reported in this thesis are listed.

7.2. DISCUSSION
The main goal of this work has been to develop a technique for quantifying
mechanical properties of the myocardium using ultrasound radiation force to excite
waves in the myocardium and ultrasound imaging modalities to track the resulting tissue
motion. In accomplishing the main goal, advances were made in understanding the
motion of materials with nonnegligible boundary conditions due to harmonic and impulse
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excitation. Mechanical models of wave propagation in viscoelastic plates submerged in
water were derived. The models were tested against “gold standard” methods. The
developed technique was applied in vivo to estimate viscoelasticity of a beating heart.
Chapter 2 proposes a method for quantifying viscoelasticity of plate-like solids by
exciting anti-symmetric Lamb waves and measuring the Lamb wave velocity at several
excitation frequencies (Lamb wave dispersion). The primary motive of Chapter 2 was the
design and testing of viscoelastic materials suitable for validation of the Lamb wave
Dispersion Ultrasound Vibrometry (LDUV). A continuum mechanics model for the antisymmetric Lamb wave dispersion in viscoelastic plates submerged in a water-like fluid
(density similar to that of water and blood) due to axially symmetric motion has been
derived and reported for the first time. A finite element model (FEM) of motion of the
viscoelastic plate due to axially symmetric motion was used to study the appropriateness
of the Lamb wave dispersion equations. The FEM results were in excellent agreement
with the model predictions. The results of quantifying viscoelasticity of urethane rubber
and gelatin plates using LDUV and an independent measurement (embedded sphere
method) were reported. An embedded sphere method was used as an independent
measurement of the viscoelasticity of the urethane rubber and gelatin and was in good
agreement with the LDUV method. LDUV studies on excised porcine myocardium
samples were performed to investigate the feasibility of the approach in preparation for in
vivo studies reported in Chapter 6. The results suggest that the LDUV technique can be
used to quantify mechanical properties of soft tissues with a plate-like geometry.
Additionally, the Lamb wave model presented in [91] has been used to estimate the
mechanical properties of arteries that have been excited by impulsive radiation force [87,
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96]. The LDUV method developed in this thesis can be used to quantify viscoelasticity of
organs with plate-like geometry or soft solids that can be molded into a plate (gelatins,
soft rubbers, etc.).
In chapter 3, the convergence between the Lamb and Rayleigh wave dispersion
velocities is investigated. The heart wall and the spleen can be readily modeled using
plate-like geometries. Diastolic dysfunction is accompanied by the loss of compliance
and stiffening of the LV myocardium, while changes in splenic stiffness are strongly
correlated with liver diseases. This convergence relationship was studied to provide a tool
for assessing the material properties of the heart and spleen to aid in diagnosis of disease
processes that are correlated with increases in stiffness. Mathematical treatment of the
Lamb and Rayleigh wave dispersion equations showing analytical converge of the two
types of waves in viscoelastic plates surrounded by a fluid due to cylindrical excitation
was reported. Convergence of the dispersion of the two wave types has been
demonstrated experimentally in biological tissues for the first time. Analytical and
experimental convergence between the Lamb and Rayleigh waves is reported in a finite
element model of a plate in a fluid of similar density, gelatin plate and excised porcine
spleen and left-ventricular free-wall myocardium.
In Chapter 4, a convenient mathematical relationship between Lamb-Rayleigh
dispersion velocity and the “pure” shear wave dispersion velocity for viscoelastic plates
surrounded by a water-like fluid is reported. Chapter 4 summarizes this relationship and
reports it for the first time. This relationship gives a “shortcut” around complicated
modeling presented in chapters 2 and 3, and can significantly reduce computational
burden.
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Chapter 5 presents an alternative method for estimating Lamb and shear wave
velocities and describes comparative MRE and LDUV studies of Lamb wave propagation
in excised pig LV free wall myocardium. Estimates of elasticity and viscosity using MRE
and LDUV method are in good agreement.
Chapter 6 summarizes the in vivo application of the LDUV/RDUV method in an
open- and closed-chest pig heart. Studies using a mechanical actuator to excite Lamb
waves in the LV free wall and an array transducer to track the motion are presented.
Open-chest shaker LDUV studies report significant increase in elasticity and viscosity of
the LV free wall myocardium from diastole to systole. A Verasonics machine with the
capacity of exciting motion using radiation force and tracking the motion with the same
transducer probe is used to measure viscoelasticity of a beating pig heart in an open- and
closed-chest setting. Verasonics studies utilize the Fourier space (k-space) analysis of a
propagated impulse to extract the Lamb wave velocity dispersion in a beating pig heart.
Both approaches observed significant increase in myocardial viscoelasticity during from
diastole to systole. The ECG-gated transthoracic measurements of Lamb wave group
velocity, elasticity and viscosity show that the R-wave precedes changes in group
velocity, elasticity and viscosity by less than 100 ms, similar to the time delay between
depolarization of the ventricles and ventricular contraction.
The results reported in these studies are in good agreement with the results
reported by other groups. It is important to note that other than Kanai [24], other groups
are not considering tissue viscosity and only report tissue elasticity in their estimates [43,
50, 51, 55]. In addition, few groups [24, 50] consider the difference between the shear
wave and Lamb-Rayleigh wave velocity. Neglecting the tissue viscosity and assuming
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that the Lamb and shear wave velocity are the same inherently biases the estimates of
material elasticity. To the best of our knowledge, these are the first reported in vivo
transthoracic measurements of myocardial viscoelasticity.
The method described in this dissertation is based on exciting waves in the
myocardium and tracking their velocity of propagation to estimate viscoelasticity of the
tissue. Lamb, Rayleigh and shear waves are highly attenuated in the myocardium, so they
do not propagate for more than a couple centimeters and are not subject to interference
from reflections. Thus, this method has the capacity to measure viscoelasticity of any part
of the myocardium accessible to ultrasound. Due to its good spatial and temporal
resolution, this method has the capacity for biopsy like measurements of myocardial
stiffness.
An alternative approach to examining the motion of the myocardium with a Lamb
or Rayleigh wave model is the application of the curl operator [93, 98] (Chapter 5). The
main difference between Lamb and shear wave velocity in myocardium is that Lamb
wave motion is established due to interference between compressional and shear waves.
The curl operator applied to the displacement field cancels the contribution of the
compressional waves and results in a pure shear wave [93, 98]. The advantage of the curl
operator is that it yields the shear wave velocity only and does not require complications
of mathematical modeling. The drawback of the curl operator is that it requires
knowledge of the three dimensional displacement field as a function of time, which
cannot be obtained using conventional ultrasound imaging modalities. Our current
technique relies on one-dimensional correlation with time and space. Future effort will be
directed towards producing a two-dimensional correlation algorithm with time and space.
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With the assumption of negligible motion with respect to the radius of curvature of the
wave due to cylindrical excitation, one could perform the curl operator in two directions
and extract the shear wave motion and velocity in a plate. Theoretical work on this topic
and preliminary studies are reported in [98].
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