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Image formation in vibr o-acoustograply

Abstract

In this work, the beamformingand image formation of vibro-acoustographsystemsare
studied.Vibro-acoustographis animagingtechniquahatmapsthemechanicatespons®f anobject
(or biological tissue)to a localizeddynamicultrasoundradiationforce. This force is generatedy
a focusedmodulatedultrasoundoeam. Two schemesare usedfor this purpose:dualandamplitude-
modulatedsingle beammodes. The former usestwo focusedultrasoundbeamsat slightly different
frequencies.The latter usesa focusedmodulatedultrasoundoeamwhosemodulationfrequeny is
muchsmallerthanthecarrierfrequeng. In responsé¢o thedynamicradiationforce,theobjectvibrates
emittinganacousticeld which canbe detectedsomedistancewvay by a microphoneor hydrophone.
Thedetectedsignalis usedto synthesizéhe imageof the object. Dual beammodepresentsuperior
resultsfor vibro-acoustographignages. The point-spreadunction (PSF)of the systemdependson
the dynamicradiationforce on a point-taget in the focal zone of the transducer Stemmingfrom
the Brillouin radiation-stres$ensor the ultrasoundradiationforce exertedby modulatedwaves on
a point-tagetis calculatedoy meansof acousticscatteringtheory This formulationgeneralizeshe
collimatedquasi-planavave model. Both trans\erseandaxial component®f the radiationforce can
be assesseth this formulation. It is shavn thatthe the collimatedquasi-planevave modelis still a
good approximationfor beamformingin vibro-acoustograph Effectsof the transyersecomponent
of theradiationforce in the spatialresolutionof systemis discussedThreedifferenttransducerare
analyzedvith theradiationforceformulationproposedere:confocalandsectorsphericatransducers
andlinear arraytransducers.The rst two transducerare studiedbasedon analyticresultsfor the
acousticpotentialon the transduceffocal plane. Measurementsf the amplitudeof the axial and
transersecomponent®f radiationforce producedoy the confocaltransducearein goodagreement
with theoreticalresults. Ultrasoundwaves radiatedby linear array transducersre computationally
simulatedbasedon the spatialimpulsemethod.More emphasigs givento lineararraybeamforming
dueto the potentialuseof thesetransducersor clinical applications.
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Chapter 1

Intr oduction

Theuseof ultrasoundn medicalimagingandnondestructie materialevaluationis a well-
establishedoint-ventureof scienceandtechnology The pulse-echdechniqueis usedfor real-time
gray scaleimaging. Several specializednethodshave beenproposedandinvesticgatedsuchas 3D-
ultrasoundmaging, tissueharmonicimaging, contrastagents and elasticityimaging. The focus of
this thesisis on a techniquecalled vibro-acoustographwhich is a modality of elasticityimaging.
In this introduction, vibro-acoustographis presentedn the contect of elasticityimaging. Several
conceptsassociatedavith vibro-acoustographsuchasacousticradiationforce andacousticemission
arediscussedThis dissertatiorcanbe summarizedasfollows:

Chapterl givesanoverview of vibro-acoustographandits framevork. Severalapplicationsof
vibro-acoustographarediscussed.

Chapter2 presentshe backgroundcheededo developthis work. Someattentionis givento the
mathematicabackground.Key conceptf vibro-acoustographsystemareexploredin more
detail.

Chapter3 presentshetheoryof ultrasoundadiationforce producedy ary kind of beamin the
three-dimensionapace.

Chapter4 studiesthe effects of the axial andtransersecomponent®f radiationforce in the
systempoint-spreadunction.

Chapter5 studiesthe beamformingof lineararraytransducersn vibro-acoustographthrough
computationakimulations.

Chapter6 summarizeshis work anddiscussesmportantaspectpresentedhere.
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1.1 Elasticity imaging

Changedn elasticityof softtissuesareoftenrelatedo pathology For example sometumors
of thebreastaredetectedyy palpationthroughthe overlying tissue.ln palpationa forceis exertedon
the body surfaceandit spreadsover the tissues. If the responsef a tissueis sufciently different
from the surroundingissuesthe physicianmayidentify thetissueasabnormal Elasticconstantsre
relatedto thermodynamigropertiesof materialsandthey canbe associatedo a variety of physical
parameterslin soft tissue,elasticpropertiessuchas shearand Youngss (stiffness)moduli may vary
four ordersof magnitude. Furthermore thesequantitiescan changeby 1000-fold within the same
tissueduring suchprocesseastumor developmentor musclecontraction(asreportedin Ref. [1]).
Most soft tissuesare composeddy 70 to 80% of water while the remainingingredientsconsistof
variousorganic andinorganic compoundswith low molecularweight. The variability of soft tissue
densityis small. The speedof sound,which is relatedto the bulk modulus,of mostsoft tissuesmay
vary lessthan10%][2]. Imagingmethodshasedon bulk modulusvariationusuallypresentow image
contrastwhenappliedto soft tissues.For instance methodsbasedon x-ray, which dependuponthe
radiationabsorptionrelatedto the materialdensity have low contrastin soft tissues. An imaging
techniqueableto asseselasticpropertiesof tissuesnaybeappliedin anew setof medicaldiagnostic
problems.

Elasticityimaging[3] is thegeneraleld of quantitatve methodgo imageelasticproperties
of tissues.The objective of elasticityimagingis to maptissueelasticpropertiesn ananatomically
meaningfulpictureto provide usefuldiagnosticinformation. The methodsusean externalsourceof
forceto producea staticor dynamicstresglistribution on the probedtissue.The appliedstresscauses
a displacementlistribution within the tissuewhich canbe measuredy nuclearmagneticresonance,
ultrasoundor optical methods. Muthupillai et al. [4] developedmagneticresonanceslastograpi
which consistof visualizingthe propagtionof sheamwavesin amaterial(or tissue)with themagnetic
resonancémaging (MRI) technique.The shearwavesaregeneratedy an external sourceof force.
Theexternalforce producesa spatiallywide stresdistribution insidethe objector tissue.Analysisof
the responsef the region of interestwithin the objectcanbe complicateddueto the compleity of
the stresdistribution in the object.

An alternatve approachis to usea localized stressdistribution directly in the region of
interest. The useof localizedacousticradiationforce to assessissuepropertieg hardnessjvas rst
proposedy Sugimotoetal. [5]. In thismethod animpulsive radiationforceis exertedon alocalized
region in the tissueby a focusedultrasoundpulsedbeam. The force causesa displacementvhich is
measuredy ultrasoundpulse-echdechnigues.Acoustic radiationforce producedby a modulated
ultrasoundbeamhasbeenusedto generateshearelasticwavesin tissueasanimaging method[6].
In this method,the resultingsheamwavesdueto the radiationforce aregeneratedn thetissueat the
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Figurel.1: Vibro-acoustographsystemdescription. The centerand differenceangularfrequencies
arewg = 2pfo andDw= 2pDf.

modulationfrequeng. The sheamwavesaredetectedy animagingtransducerWalker etal. [7] used
pulsatingacousticradiationforce to produceimagesof viscoelasticparametersn a mimicking gel
phantom.Nightingale etal. [8] establishedhe acousticradiationforceimpulsive imaging (ARFI) in
which a singletransducerls usedto generatahe localizedradiationforce and measurdahe resulting
displacemenby meansof ultrasoundcorrelation-basednethods. Fatemiet al. [9] proposedvibro-
acoustgraphyasanimagingmethodwhichis basedn localizeddynamicultrasoundadiationforce
exertedin tissue(or object)by anultrasoundnodulatecboeam.

1.2 What is vibr o-acoustograply?

Whenan objectis tapped,it emitsa sound,which basicallydependsuponits mechanical
properties.Tappinganobjectandhearingthe emittedsoundis a way to asses#s mechanicaproper
ties. In medicine physicianscustomarilyusepalpationto recognizeabnormaltissues.The utility of
palpationis limited to the sizeandlocationof the abnormatissue.If the abnormalityis too smallto
besensedy touch,or if it liesdeepin thebody, practicallynothingcanbeinferredby palpation.

Ultrasoundvibro-acoustographis animaging techniquethat producesa map of the me-
chanicalresponsef anobjectto alocalizeddynamicforce. This techniquas basedon the dynamic
ultrasoundradiationforce generatedy a modulatedultrasoundoeam. The dynamicforce causesa
vibrationin the object (tissue)which emitsan acoustic eld that canbe detectecby a sensitve hy-
drophoneor microphonesomedistanceaway. The objectresponséo the dynamicradiationforceis
calledacousticemission Therearetwo basicwaysto producedynamicultrasoundradiationforce:
amplitudemodulated(AM) single beamanddual beam. The former modeusesan AM ultrasound
beamto producethe radiationforce. This con guration canbe accomplishedvith a focusedtrans-
ducerdriven by a modulatedsignal. The latter moderequirestwo ultrasoundbeamsintersectingn
space Hence theresultingultrasoundeamis modulatednly in theintersectingegion. Thiscon g-
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Figure 1.2: Driving signalsin vibro-acoustograph (a) and(b) Continuous-vave (CW) signalsat
frequenciesf, = 3 MHz and fp, = 3:01 MHz. (b) Modulatedultrasound eld whosemodulation
frequengy is Df = 10 kHz. (d) Modulatedultrasoundwith tone burst (dottedline) with 150 ms of
pulseduration.

urationrequirestwo transducer$o producethe ultrasoundcbeams.Experimentshav thatdualbeam
modeis superiorto singlebeammode. This is becausen singlebeammode,the radiationforceis
producedalongthe wave pathfrom the transduceto the objecttarget. Furthermorethe transducer
itself producesanacousticemissiorthatinterfereswith the acousticemissionof the object.

In dual beammodethe modulatedultrasoundoeamis producedby usingtwo continuous-
wave (CW) or tone-turst signalsat frequenciesf, = fo and f, = fg+ Df slightly different. The
guantitiesfo andDf arethecenterandthemodulationfrequencies,espectiely. Theacoustiemission
of the objectoccursat the beatfrequeng Df of the ultrasoundbeams. In Figure 1.1, we have a
descriptionof a vibro-acoustographimagingsystem.A two-elementconfocalsphericaltransducer
of A5 mmdiameteroperatingn dualbeammode,generatethe modulatedultrasouncbeamin awater
tank. Eachelementis driven by a CW-signalat frequenciesf; = 3 MHz and f, = 3:01 MHz. The
driving frequenciesdependupon the transducercharacteristics.The ultrasoundbeamsinterferein
the focal zoneof the transduceproducinga dynamicradiationforce at the beatfrequeng Df = 10
kHz in the probedobject. The frequeng Df canbe chosenfrom few Hertzto 100kHz. Figurel.2
shaws thedriving signalsof the system.The dimensionsf thefocal zoneof the confocaltransducer
istypically (1:0 1.0 10:0) mm,laterally, in elevation,andaxially. Theresultingacousticemission
by theobijectis detectedy a hydrophonesomedistanceaway from. Theacousticemitted eld carries
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information aboutlocal mechanicalpropertiesof the objectaswell asinformation of the objects

boundaryconditions. In the describedsystem the imagingplaneis de ned asthe transducefocal

plane. The transducemechanicallyscansan objectin rastermode producinga two-dimensional
imageof the object. The spatial resolutionor resolvingpower of the systemwhich accountdor the

capacityto distinguishsmall andcloseobjects,dependsn the distribution of the dynamicradiation
forcein thefocal zoneof thetransducer

1.2.1 Image characteristics

Vibro-acoustographpresentseveralattractive characteristicasanimagingmethodbased
onultrasound.The mostremarkableof thesecharacteristicarelistedbelow:

Specklessmages: A well-known artifactin ultrasoundmagesis the specklenoise.This noise
is producedby the interferenceof backscatteredignalsdueto multiple scatteringcausedby
small inhomogeneitiegscatterers)n biological tissue. The size of thesescattererss of the
order of the ultrasoundwavelength. Imageswith specklepresenta texture which hasa more
rapidspatialvariation[10]. In vibro-acoustograph the detectedsignal(acousticemissionhas
wavelengthmuchlargerthanthetissueinhomogeneitiedimensionsConsequentitheacoustic
emissiondoesnot suffer ary interferenceby multiple scattering.Hence vibro-acoustographic
imagesarefreeof speckle.

Assessmenbf dynamical propertiesof objects: Theapplicationof adynamicradiationforce
on an objectallows the investigation of dynamicalpropertiesof the object. Resonanceand
differentvibration modescan be analyzedby applying different modulationfrequencie<Df,
which canvary from few Hertzto 100kHz. The analysisof dynamicpropertieanay be useful
for materialcharacterizatiomndevaluation.

High contrast imagesof hard inclusion in soft tissue: Vibro-acoustographiosnagespresent
good contrastand detailsof hardinclusionsin soft tissuedueto high acousticimpedanceof
theinclusion. The signi cant differencein the acoustidimpedanceomparedo the softtissue
makesthe hardinclusiona goodultrasounde ector which resultsin a strongemradiationforce
ontheinclusion[11]. Furthermorehardinclusionsproducestrongacousticemissiorbecausd
is a betterradiationsourcecomparedo the surroundingissue.

Beamforming similar to ultrasound systems: For medicalimaging application,ultrasound
beamamaybe producedy differenttypesof transducersuchasannular at, annularconcae,
or linear arrays. Vibro-acoustographbeamformingsharessimilaritieswith its counterparin
cornventionalultrasound(B-mode). However, someconceptualifferencesshouldbe pointed
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Figurel.3: Imagesof a pig arteryin vitro. (a), (b), and(c) Vibro-acoustographianageswith differ-
encefrequeny at7, 24,and41 kHz, respectiely. (d) X-ray imagewith trans\ersalphotographiesf
theartery (e) Corventionalultrasoundmage(C-scan).

out: (a) vibro-acoustographitnagesaregeneratedby two intersectingultrasoundeamswhile
B-modeultrasoundusesonly onebeam;(b) the depthresolutionof B-modeultrasounddepends
onthetransmittedoulseduration,in vibro-acoustographthe depthresolutionis relatedto how
oneincidentbeamintersectghe otherspatially;(c) vibro-acoustographusesnarrov-bandsig-
nals,while ultrasoundsystemsarebasedon broad-bandransmittecoulses;and(d) in mostap-
plications,ultrasoundsystemsacquiredataalongoneline in depthat atime (so-calledA-line),
while vibro-acoustographcollectsdatafrom one point at a time. Despitethesedifferences,
the goalsof beamformingfor vibro-acoustographremainto achieze narrav beamswith low
sidelobesandminor effectsof gratinglobes.
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1.2.2 Stateof the art

Vibro-acoustographhasbeenusedin a variety of medicalimagingapplicationsandmate-
rial characterizationHerewe list someof theseapplications.

Imaging of arteries and vessels:Oneof the rst applicationsof vibro-acous-tographwasto
imagearteriesandvessel49]. Figurel.3shavsapigarteryscanneatDf = 7; 24; and41kHz,
with acalci ed region asabrightspot,resemblingts x-ray image.The choiceof thedifference
frequeng Df is arbitrary However, imagesat higherfrequenciesxhibit moredetails. In this
gure, we cancomparevibro-acoustographiandcorventionalultrasoundmagesof the artery
To produceimagescorrespondingo vibro-acoustographitnagesthe corventionalultrasound
methodhadimagedthe arteryin the trans\ersalplaneor C-scanview. To obtainthe C-scan
image thearterywasscannedisingthe sametransduceat 3 MHz with thebeamperpendicular
to thetrans\erseplane. The echosfrom the interfacetissue-vaterovertookthe re ected ultra-
soundwavesdueto theinterior structuresincludingthe calci cation. This exampleshavs the
superiorityof vibro-acoustographto conventionalultrasoundappliedto imagecalci cation.

Imaging of heart valve lea ets: Accumulationof calciumdepositsin heartvalves may in-

terferewith the function of the lea ets to the point that the valve stopsits normalfunctions.
Early detectionof calciumdepositson heartvalve structureds importantin diagnosingvalve

disease.Currently no medicalimaging methodis reliableto detectcalciumdepositson heart
valve lea ets. Alizad et al. [12] usedvibro-acoustographto detectcalciumdepositson heart
valve lea ets. Thevibro-acoustographitnagespresentedjoodcorrelationwith x-ray images,
indicatingthe potentialsof vibro-acoustographfor cardiacapplications.However, in vivo ap-
plication of vibro-acoustographfor imagingmoving structuressuchasheartvalves,requires
furtherdevelopment.

Imaging of bones: Callé etal. [13] investigatedvibro-acoustographfor imagingbonetissue.
Variation of the acousticemissionamplitudewith the tissueporosity was obsened. Vibro-
acoustographimmagescouldbeusedo detecthonedemineralizatiorior diagnosisor prediction
of osteoporosis.

Imaging with contrast agents: Liquids that containgas microbubbles(with typically 3 um
diameter)are usedas contrastagentsin corventionalultrasoundto enhancamagesof blood
o w. Thesensitvity of vibro-acoustographto gasbubblescomedrom thestrongdiscontinuity
in the acousticimpedancevariation of about10f) in the interfacemediumbubble. Because
radiationforce dependson the acousticimpedancethe force exertedon the bubble is very
strong. Belohlavek et al. [14] demonstrate@xperimentallythat the acousticemissionby a
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liquid o w with microbubblesvarieslinearlywith themicrobubbleconcentratiomupto thevalue
of 3:6  10° bubbles/ml.Greenleakt al. [15] shaved thatinjectedmicrobubblesin a femoral
arteryof alive pig changeghe contrastof vibro-acoustographitnages.

Imaging of microcalci cation in breasttissue: The detectionof microcalci cationin breast
tissuecanhelpearlydiagnosiof breastcancer Currentlyx-ray mammograpyis theonly clin-
ical imagingtechniqueusedfor detectionof breastmicrocalci cation. Pregnantandlactating
womencan presentextremely densebreasttissue,which might changethe sensitvity of the
x-ray mammograpi Furthermorejn theseconditions,patientsarerelatively contraindicated
to be submittedto x-ray radiation. Conventionalultrasoundhasbeenusedto detectmicrocal-
ci cation with somelimited resultsdueto specklenoise[16]. Vibro-acoustographhasbeen
appliedto imagebreastmicrocalci cation[17]. Theresultingvibro-acoustographitnagesare
in agreemenivith corresponding-ray mammograph imagesof the specimensTheexistence
of microcalci cation detectedby vibro-acoustographis con rmed by histology Microcalci-
cation assmallas110um in diameteraredetectedn this method. The low performanceof
X-ray mammograph to detectmicrocalci cation in densebreasttissuemay be overcomeby
usingvibro-acoustograph

Monitoring tissue stiffness changing with temperature variation: Konofagouet al. [18]
hasappliedvibro-acoustographto estimatethe stiffnessof tissueafterthe applicationof high
intensity focusedultrasound. Experimentalresultsand simulationsshowv that the resonance
frequengy of tissuevibrationis shiftedasa functionof temperature.

Study of foreign bodies: Imagesof solid foreignbodiessuchasmetalinclusionscanbe easily
imagedby vibro-acoustograph Someusefulapplicationsof this methodareguiding catheters
in body, imagingimplants,anddetectingforeignobjectsandfragments.

Quantitati ve methods: Acousticemissionis relatedto the mechanicapropertieof thevibrat-
ing object. To quantitatvely determinghe mechanicaparametersf anobijectit is necessaryo
have moreinformationthanjusttheacoustieemission. Additionalinformationmaybeobtained
from the frequeng responseof the objectwhich can be assessetly sweepingthe vibration
frequeng Df in therangeof interest.This methodis calledvibro-acousticspectrograpp The
shearviscosityof isoprofyl alcoholversusgemperaturevasmeasuredisingthis method[9]. In
thiscaseatuningfork isimmersedn thealcoholandits naturalfrequeng is measureatdiffer-
enttemperatureby vibro-acousticspectrograppn Basedonthesemeasuredaluesthechange
in the shearviscosityis determined.Chenet al. [19] establishech methodto measureshear
modulusof gel phantomsy usinga smallembeddedphereasatamgetbasedn vibro-acoustic
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spectrograpi In this method the vibration of the spheres measuredby alaservibrometeror
Dopplerultrasound.

1.3 Acousticradiation force

To characterize vibro-acoustographsystem,we needto understandow the ultrasound
(acoustic)radiationforce! is generatedn the probedobject. Acoustic radiationforce was proba-
bly rst investicatedby Rayleigh[20]. A vastdiscussiorof acousticradiationforce canbe seenin
Refs.[21, 22, 23, 24] (andreferencesherein).

It is well known thatsoundwavescarry momentum.Whena soundwave in a uid strikes
an object, part of its momentumbecomesa force on the object. Furthermorenonlinearproperties
of wave motionin the propagting mediumalso contritutesto the radiationforce on the object. In
simpleterms,acoustiaadiationforceis atime averagedorceexertedby anacousticeld onanobject
or boundarysurface. The physical processeteadingto acousticradiationforce are quite complex.
This force dependn the type of propagting medium (losslessor lossy uids, elasticsolids, and
viscoelastianaterials) mechanicapropertiesandgeometryof thetargetobject.

1.3.1 Framework of acousticradiation force

Two typesof acousticradiationforce have beendiscussedn the literature[11]: Rayleigh
andLangesin. Theformeris de ned asthe forceactingon thewall of a closedvesseWwhich contains
the propagtingmedium.Thelatteris de ned astheforce exertedon a objectcompletelysurrounded
by the propagting medium. The presentwork will focus on the Langevin radiationforce which
coversall vibro-acoustographapplications. We shall use Euleriancoordinateswhich are x edin
space.Anotherreferencdrameadoptedn acousticss the Lagrangiancoordinates.This coordinate
systemis associatedo eachportionof the propagtingmedium.

Usually, the calculationof acousticradiationforce on an objectcan be divided into two
steps:determinethe radiation-stresgensorin the propagting mediumandsolwve the linear acoustic
scatteringproblemfor the object. Brillouin (asreportedby Borgenis[23]) wasthe rst to explain
the acousticradiationforce in ideal uids in termsof the acousticradiation-stressensorde ned in
Euleriancoordinates.In his approachthe radiation-stress$ensoris the time averageof the excess
of pressureandthewave momentumux density Cantrell[25] derivedtheradiation-strestensorfor
losslesssotropicelasticsolidsasthetime averageof theCaucly stressensorandthewave momentum
radiation ux. He found thatthe radiationforce dependson the nonlinearitiesof the solid andthe
enepy densityof the wave. Acousticradiationforcein lossy uids werestudiedby Jiangetal. [26]

1Theone-dimensionaicousticradiationforcein “uidsis alsocalledacoustiaradiationpressure.
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using Lagrangiancoordinatesand Doinikov [27] basedon the Navier-Stokes equationfor viscous
uids. Considerableheoreticaland experimentalattentionhasbeengivento problemsof radiation
forceonspheresplanewalls, andcylinders.

Acousticradiationforceis a nonlineaphenomenoniHence ary theorydealingwith acous-
tic radiationforce problemsshouldat leastbe formulatedin second-ordeapproximationBeissnelet
al. [28] shavedthat forth-orderapproximationof radiationforce causedoy planewavesis only 1%
moreaccuratehansecond-ordeapproximation.Roong [29] measuredhe dependeng of acoustic
radiationforceonthenonlinearparameterB=A, in uids. He concludedhateffectsof B=A aresmall
andlaid within the measuremergrrorof the experiment.

1.3.2 Applications of acousticradiation force

The useof acousticradiationforce canbe divided accordingto the natureof the radiation
force with respecto time dependenc Someapplicationsare basedon staticradiationforce. More
recently applicationgnvolving time-depender(harmonicor pulsed)radiationforce have beendevel-
oped.Acousticradiationforce hasbeenusedandstudiedin differentapplicationasfollows:

Measurethe power outputof transducers medicalultrasoundmachinesy usingtheradiation
force exertedby theultrasoundbeamon anabsorbingor re ecting targetin water[30].

Ultrasoundradiometemvhich usesradiationforce on a small sphereo measurailtrasoundn-
tensity[31].

Oscillationof gasbubblesin liquids causedy radiationforce[32].

Measurehe ultrasoundoower of transducerthroughthe dynamicacousticadiationforceon a
disk [33] or onashaped-wedgeane[34].

Measureultrasoundabsorptioncoefcient in liquids by using radiation force of modulated
soundwaves[35].

Imageviscoelastiqpropertiesusingradiationforce producedoy focusedultrasoundoulseq7].

Ultrasoundvibro-acoustograph

In the rst threeapplications,the radiationforce is staticandit is producedby a monochromatic
soundwave, which canbe assumedsa planetraveling wave or a standingwave dependingon the
application.Theremainingapplicationsusethe dynamicacoustiaadiationforce.
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1.3.3 Acousticradiation forceon objects
Planewalls

Considera soundplanewave normally striking a planar perfectabsorbing(or re ector)
tamgetin anideal uid. Theradiationforceexertedonthetargetby theincidentwave is givenby [36]

= W

Co
wherecy is the speedof soundin the mediumandg= 1 for a perfectabsorberandperfectre ector
g= 2. The speedof soundin wateris 1500 m/s, hencethe radiationforce on absorbingtarget per
Wattsis about7 10 4 N. Borginis [36] studiedthe radiationforce causedby obliqueincidenceof
a collimatedplanewave. He concludedhatthe radiationforce on a wedge-shapedane (with 90°)
is independenof the coefcient of re ection at the boundarybetweerthe vaneandthe propagting
medium.

Sphere

In apioneeringwork, King [37] calculatedhe radiationforce causedy standingandtrav-
eling planewavesimpinging on a rigid spheré in a compressibleuid. In this derivation thermal
andviscouseffectswerengglected. For a small spherg(by smallwe meana spherewhosediameter
is muchsmallerthanthe soundwavelength)in a standingwave eld, he foundthatthe directionof
the radiationforce dependsn the densityratio of the sphereandthe surroundingmedium. Heavier
spheresare attractedto velocity antinodesand lighter spherego velocity nodes. Furthermore the
acousticradiationforce exertedby a planetraveling wavesare much smallerthanthat exertedby a
standingvavesof thesameamplitude.Measurementsf theacoustiaadiationforcedueto a standing
wave on a spheren the air [38] arein goodagreementith King's theory The extensionof King's
resultto includethe spherecompressibilitywaspresentedby Yosiokaetal. [39]. Crum[40] measured
the acousticradiationforce causedby a stationary eld necessaryo trap a liquid bubblein anim-
miscibleliquid mediumat differentpositions. The resultsarein goodagreementvith the theory of
Yosioka.Gor'kov [41] calculatedheradiationforce onasmallcompressiblsphereasthegradientof
the meansquare uctuation of the pressureandthe velocity at the point wherethe spheres located.
Only themonopoleanddipoletermsin thescatteredvave eld wereconsideredUsingKing'stheory
Nyborg [42] obtaineda simpleformulafor radiationforce on smallrigid spheresimilarto Gor'kov's
result. Thein uence of the elasticityof a spheren theradiationforce hasbeeninvestigatedtheoret-

2A bodywhich doesnot suffer ary deformationevenif externalforcesareappliedis calledrigid body The speedof
soundin arigid bodyis in®nity.
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ically andexperimentallyby Haseyawa et al. [43, 44, 45, 46]. Chenetal. [47] presentedh uni ed
methodto calculatedthe radiationforce generatedby focusedaxisymmetriovave elds oncompres-
sive, rigid, andsolid spheresEffectsof bulk viscosityof asphereontheacoustiaadiationforcewere
studiedby Lofstedet al. [48]. Theradiationforce exertedby anaxisymmetricsoundwave on arigid
spherein aviscous uid wastheoreticallyanalyzedoy Doinikov [27] andmorerecentlyby Danilov
etal. [49]. In all citedworksabove, theacoustiadadiationforceis producedoy monochromaticound
waves. Consequentlythe time averagedradiationforce is static. Chenet al. [19] calculatedthe
dynamicradiationforce exertedby amodulatedultrasouncplanewave onasolid elasticsphereby ex-
tendingthetheoryof Hasegawa [43] for two ultrasoundolanewavesat slightly differentfrequencies.
Usingadynamicradiationforce dueto modulatedsoundwaves,Marston[50] shovedthata dropcan
beexcited,deformedandlevitatedin animmiscible uid.

Cylinders

Theacoustiaadiationforceexertedon afreely suspendedolid cylinder by aplanetraveling
sound eld wascalculatedby Hasgyawa [51]. Wu etal. [52] studiedtheoreticallyandexperimentally
theacoustiaadiationforce exertedby a standingsoundwave on alongrigid cylinder.

Arbitrary shapedbodies

Theproblemof theradiationforceexertedby anarbitrarysoundwave onanarbitraryshaped
bodyis morecomple thantheaforementionedasesere.The problemcomplity comesfrom how
to solve the scatteringproblemof anarbitraryincidentwave hitting anobjectwith complex geometry
If theincidentwave is a planeor axisymmetricsomedif culties maybe overcome.By consideringa
planewave, Westenrelt [53, 54] derivedanexpressiorfor the acoustiaadiationforce stemmingfrom
Brillouin radiation-stressThis radiationforce formuladepend®n the enegy densityof the incident
wave multiplied by the sumof the scatteringandabsorptiorcross-sectionsf thetamget. Westerelt's
formulaof radiationforce hasbeenusedto modelbeamformingn vibro-acoustographsystems.

1.4 Contributions of this work

The mainresultof this dissertatioris to proposea completemodelof imageformationin
vibro-acoustographsystembasedon the three-dimensionatdiationforce vector The contrikutions
of thiswork includes:

1. Formulateandsolve the problemof dynamicacousticradiationforce exertedon a point-taget
by any modulatedsoundbeamin alosslessuid. Fromthebestof our knowvledgethis problem
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hadnotbeentreatedoreviously.

2. Establishan experimentalmethodto measurehe axial andtrans\ersecomponent®f the dy-
namicradiationforce exertedon cylindersusinga laservibrometer[55]. This work is an ex-
tensionof a methodto calculatethe acousticradiationforce exerted by focusedultrasound
beambasedon ray acousticd56]. The methodcanbe usedto measurehe axial andtrans-
versecomponent®f the ultrasoundadiationforce on wire in orderto characterizéhe PSFof
vibro-acoustographsystems.

3. Studyvibro-acoustographbeamformingandresolutioncell dynamicsfor differentultrasound
transducersuchas confocaland sectorsphericalarray transducef57]. The presentvibro-
acoustograph systemis basedon a confocalor a sectorarray transducer In uence of the
trans\ersecomponentf theultrasoundadiationforce hadnot beenstudiedpreviously.

4. Studyandoptimizethe PSFof vibro-acoustographsystemsasedon linear arraytransducers
throughcomputersimulation[58, 59, 60, 61]. The simulationis basedon the spatialimpulse
method[62] which calculategheacousticelds radiatedby a planarpistonof arbitrarygeome-

try.

1.5 Summary

In this chaptey we introducedvibro-acoustographas an imaging techniquewithin elas-
tograply. Acousticradiationforce wasdiscussedisthe main conceptbehindvibro-acoustograph
Severalapplicationsof vibro-acoustographwerepresentec@ndbrie y discussed.



Chapter 2

Background

“I'm atravelerin bothtimeandspace
to bewhere | havebeen: (Kashmir)

Led Zeppelin.

In this chaptey we presentthe conceptausedthroughoutthe vibro-acoustographimageformation
problem.In the mathematicabackgroundresultsarepresentedvithout arny rigorousproof. Acoustic
wave propagtionin ideal uids is discussedtartingfrom uid dynamicsequations.The derivation
of the vibro-acoustographpoint-spreadunction (PSF) basedon the collimated quasi-planevave
approximatiorfor the modulatedultrasoundoeamis reviewed.

2.1 Mathematical background

Physicalquantitiescanberepresentedly scalarsyectors,andtensorsUsually thesequan-
tities arereal or complex functionsof the positionvectorr in the R3-spaceandthetimet.
2.1.1 Scalars,vectorsand tensors

We presensomeconceptsandde nitions of scalarsyectorsandtensors.We de ne these
mathematicabbjectsasfollows:
Scalars

A scalaris a quantity having magnitudebut no direction, suchasmass,length,time, and
ary realnumber

14
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Vectors

A vectoris a quantityhaving bothmagnitudeanddirection,suchasdisplacementyelocity;
andforce.

Tensors

A nth-ranktensor in an mdimensionalspaceis a mathematicabbjectthat hasn indices
andm” componentsind obeys certaincoordinatesystemtransformatiorrules. Tensoranalysishas
beenappliedin generalrelatvity theory differentialgeometrymechanicselasticity uid dynamics,
electromagnetitheory andother elds of scienceandengineeringFurthermoresecond-rankensors
areusedto describeacoustiaadiationforce problems.in this casetensorsarerepresentetly (3  3)-
matrices.

Dyads

A second-rankensorin thethree-dimensionapacenayberepresentetlya(3 3)-matrix.
Anotherwayto representheseensorsanbedoneby usingdyads.Let a, b, andc bearbitraryvectors.
A dyadof thevectorsa andb is de ned asD(a;b) ab. Thedot-productof a dyadanda vectoris

de ned by (
a bc (a b)c

: (2.1)
ab c (b c)a
Thematrix representatioof dyadscanbe obtainedfrom (2.1) asfollows
ab= (ba)" = anbn; mn= 1;2;3; (2.2)

wheresuperscripl denoteghematrix transpos@peration.

2.1.2 Coordinate systems

The choice of which coordinatesystemshould be usedto describea physical problem
dependson the symmetryor constraintsof the problem. A Cartesiancoordinatesystemin which
r = (x;y; 2) offersthe uniqgueadwantagethatall threeunit vectors,g; g,; ande,; have constantdirec-
tion in space Sometimesve will referto the Cartesiarcoordinatedy (X1; X2; X3). Anothercoordinate
systemextensvely usedin thiswork is the sphericakoordinatesystem.This systemis de ned by the



Chapter2: Badkground 16

following variables: 8
- P e
% ro= X+ ye+ 74
5 g = arccos pﬁ ; (2.3)
j = arctart:
In sphericakcoordinatesthe unit vectorsaregivenin termsof the Cartesiarunit vectorasfollows
8
2 & = singcoyg e+ singsinj e+ cosgey,
S €& = cosgcog e+ cosgsinj g, singe; (2.4)
" g = sinj &+ cog ey

Thepositionvectorcanbewrittenasr = re;.

2.1.3 Differential operations

We shallbedealingin thiswork with realor complec functionsof spaceandtime. Functions
will beassumedingle-\alue,thatis thevalueis uniquelydeterminedy thefunctionamguments All
differentialoperationswill betakenon single-\aluefunctions.

Gradient

Let x(r) be a scalarfunction differentiableat eachpointr = (x;y;2) in a certainregion in
space.Thegradientof x(r) in Cartesiarcoordinatds de ned by
x x qx
—et —o+ —e; 2.5
R v A (2.5)

Thegradientof x(r) in sphericakoordinatess givenby

Nx

« o TIx 19x 1 Ix .
Nx= T g™ Feing O

(2.6)

Divergence

Letv(r) = viex+ Vg + V3e, beavectorwherevy, vo, andvs aredifferentiablefunctions.
Thedivergenceof v(r) in Cartesiarcoordinatess de ned by

R v= ﬂV1+ 'ﬂV2+ v,

Thede nition of divergenceof vectorscanbe expandedo matrices.LetM = f My, bea
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differentiable(3 3)-matrix. Thedot productbetweerM andv is de ned by

(V M)h=(M v)p= éa VinMmn (2.8)

m=1

Thenthedivergenceof M is de ned as

éS ™mn.

(N M) ; (2.9)
" m=1 Xm
whereN = ﬂ—ﬂl; ﬂ—ﬂz; & . We noticethatthe divergenceof a matrixis avector It is straightforward
thatthegradientof thescalarfunctionx(r) canbewritten as
Nx= N (xU); (2.10)

whereU isthe(3  3)-unit matrix.

Formulas involving N

Let a andb be differentiablevectorfunctions,andx be a differentiablefunction. A dyad
formedby a andb is ab. Thefollowing identitiesof differentialoperationsold [63]

R(ab) = (b N)a+(a N)b+b (N a)+a (N b): (2.11)
N (xb) = Nx b+ xN b: (2.12)
N ab = (N a)b+ (a N)b; (2.13)

where isthevectorproductandN ais therotationalof a.

The divergencetheorem of Gauss

This theoremstateghatif avolumeV is boundedby aclosedsurfaceSandv(r) is a differ-
entiablevectorfunction,then 7 |
N vav= v ndS (2.14)
Y s
wheren is the positive (pointing outward) normalvectorof S anddV anddS arethe volumeandthe
areaelements.The Gausstheoremcanbe extendedto matrices.Let M be a differentiable(3  3)-
matrix, then 7 |

N Mdv= M ndS (2.15)
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2.1.4 The Fourier transform

Frequentlyin mathematicaphysicswe encounteipairs of functionsrelatedby an integral
transform. The Fouriertransformis oneof the mostusefulof possibleintegral transforms.Let f(t)
beafunctionof time. The FouriertransformF of thefunction f(t) is de ned as

Z +
f(w) = Fff(t)g : f(t)e Mdt; (2.16)

where j is the imaginaryunity andw denotesangularfrequeng. The inverseFourier transformis
givenby 7
17 ¥ i
f(t)=F f fw)g= % B(w) e dw: (2.17)
¥

The existenceof the Fourier transformdependsn whetherthe function f (t) satis esthe Dirichlet's
conditions(for detailsseeRef.[64]). A usefulrepresentationf the Dirac deltafunctionin termsof
Fouriertransformis givenby

z

+¥
dw w9 = % e Iw Wiy (2.18)

¥

In connectiorto theFouriertransformwe de ne thecorvolution operatiorin time. Consider
two functionsf(t) andg(t) with the Fouriertransformf(w) andg(w), respectiely. The corvolution
in time of f andg of is de ned by

f2g ) f(t9gt t9dt® (2.19)

TheFouriertransformof a corvolutionis simply the productof the Fouriertransformof eachindivid-
ual function,i.e.,

Ff f’t?ggz B(w)g(w): (2.20)
In thefrequeng-domain,the convolutionis givenby
1% ¥
£2g= — ewiegw  wihdw? (2.21)
w 2p ¥

TheinverseFouriertransformof this expressioris

F i P2gg= f(t)g(t): (2.22)
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2.1.5 Time average

Secondor higherorderacousticquantitiessuchas enepy, intensity power, andradiation
force areusually expressedastime averagedquantities. Let s(t) be a periodicfunctiontime of fre-
gqueny wp. Thetime averageof s(t) is de ned as

1 Z T=2
s = s(t)dt; (2.23)
T 1=
whereT is alongtime interval comparedo thefunctionperiod.

In acousticsquantitieslik e enegy, power, andintensityarerealnumbersexpressedsthe
time averageof the productof acoustic elds. In generalacoustic elds suchaspressureor particle
velocity arerepresentedby a comple function. It is usefulto analyzethe time averageof products
of comple functions. Considertwo functionss; ands, which vary sinusoidallyin time at frequeng
Wo. Whens; ands, areexpressedn the complex forms §,el"ot and$e/ot, where$, and$, arethe
comple amplitude thetime averageof the products; s, is givenby

s i = %Ref $5,0; (2.24)

whereRemeanghereal partof acomple quantity
In vibro-acoustograph thedynamicradiationforceis generatedhy amodulatedultrasound
beam.Theultrasouncdbeamhasthe carrierfrequeng wp muchlargerthanthe modulationfrequeny
Dw. Theproducedadiationforce hasatime varyingcomponentatthe modulationfrequeng Dw. To
separatehis componenfrom thetotal radiationforce, we usethe short-termtime average which for
afunctions(t) overanintenal T atthetime instance is de ned asfollows:
1% 122

; -+ Q
LR s s(tYdt® (2.25)

Considertwo time modulatedunctions; ands, givenby

si(t) Alej(W0+ Dw=2)t 4 élej(wo D\N:Z)t;

Sp(t)

Azej(W°+ Dw=2)t ézej(wo Dw:2)t;

whereA;, Ay, By, andB, arethe complex amplitudesandDw  wp. Fromthede nition (2.25),0ne
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canshaow thatthe short-termtime averageof the products; s, with \%% T D—Z\Ai—z is

n #
I O M Dw 2
hs1i + = éRe AlA, + éRe BiB, + Re A1B,+ AsB; elP" + 0 e : (2.26)
0
Notice that othertermsat the frequeng aroundwg arealsopresentwith lower amplitudein (2.26).
Neverthelessthe componenbf hs; i  at Dwcanbe exactly extractedfrom Eq. (2.26).

2.2 Acousticwave propagationin ideal uids

Most of the acousticphenomenanalyzedn this work take placein a uid medium. It is
assumedhatthe uid mediumis continuousandremainscontinuousundertheactionof ary external
perturbation.The molecularor atomicstructureof the uid is ignored. The mediumparticlesarein
one-to-onecorrespondenceith the pointsof the R3-spaceEuclideanspace).

To study soundwave propagtionin anideal uid, we needa setof equationsdescribing
the uid dynamics.ldeal uids (liquids or gaseskare uids wherethermalconductvity andviscosity
areunimportant.Henceno enepy dissipationor heattransferbetweenpartsof the uid or with the
exterior occur Thelack of heattransfermeanghatthe wave propagtionis adiabaticchroughouthe
medium. The uid mediumis characterizedby the following acoustic elds: pressureP, densityr ©
speci ¢ entrofy s (entrogy perunit mass)andparticlevelocityv. All elds arefunctionsof spaceand
time. In aninitial statewithoutsound eld thesequantitiescorrespondtespectrely, to thefollowing
spatially constaniquantitiesP = Py, r = rg, s= 55, andv = 0. ThequantityP Py is the acoustic
pressureSeveraltext books[65, 66] derive theequation®f uid dynamicsfor ideal uids stemming
from consenration principlesfor mass,momentum,entrofy, and thermodynamicequilibrium. We
presenttheseequationsherewhen no external sourcesof mass,force, or enegy are acting on the

uid:
g h ﬂﬂ_rt()-l-'(i rv = 0 (equationof continuity)
rO R+ (v N)v +RP = 0 (Eulefs equation 2.27)
2 BrvRs = 0 (adiabatichypothesi}
' P = P(r%s) (equatiorof state:

The equationof continuity statesthatthe massis conseredin the uid. The Euler's equationrep-
resentghe momentumconserationin the uid. The adiabatichypothesisstatesthatthe entrogy of
the uid is constant.The equationof stateP = P(r ¢ s) canbe expandedn a Taylor seriesalongthe
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isentropes= s asfollows

1 P
2 e

1P

P=P+ —
e ,

(r° ro)+ (r° ro)?+ (2.28)

where the subscriptO indicatesthat the partial derivatives are evaluatedat the unperturbedstate
(ro;%0)-

Theequationof uid dynamicsgivenin (2.27)arenonlinearpartial differentialequations.
Theseequationgive afull descriptionof thewave motionin the uid for aspeci cinitial andbound-
ary conditions.To obtainexactsolutionsof (2.27)is a dif cult taskevenfor a simplecase.However,

consideringvaveswith smallamplitude,it is possibleto obtainalinearwave equatiorto describehe
uid. We assumedhatthepressureandthedensity elds arelinearquantitiesgivenby

P(r;t)
rqr;t)

Po+ p(r;t) (2.29)
ro+r(r;t); (2.30)

wherep andr aretheacoustigpressurenddensity respectiely. In this approximationthe equation
of continuitybecomes
qr N
—+roN v=0: 2.31
o (2:31)
From the equationof state(2.28) we seethat for small changeghe relation betweenpressureand
densityis givenby

p= — r=cir; (2.32)

wherethe ¢y is the small signal speedof sound. Substitutingthis resultin the continuity equation

(2.31),we nd
fip

wt rocaN v=0: (2.33)
Thesecond-ordeterm(v N)v in the Euler's equationrmaybe neglected.Hence the Euler's equation
becomes

ro% +Np=0: (2.34)

Egs.(2.33)and(2.34)give acompletedescriptionof the soundwave.
Thevelocity andpressureelds canbe expressedn termsof a scalarpotentialfunctionf .
By usingthe Helmholtz's theorem67] andthefactthatthe uid is losslesgirrotational),thevelocity
eld isgivenbyv= Nf. Substitutingv into (2.34)we get
T

p= roﬁ. (2.35)
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Now, substitutingv and p in termsof theacoustigotentialf into Eq. (2.33)yields

. 1 9%
N S — =0 (2.36)
c3 Tt?

Thisis thelinearwave equation.This equationde nesaboundaryalueproblemfor which giventhe
boundaryconditionsthe solutionis unique. By taking the Fourier transformF of (2.36), we obtain
thewave equationin frequeng-domain(the Helmholtz's equation)asfollows

Ri2e + g £=0; (2.37)

where® = F ffg. The Greens function of the linear wave equationsatis es the following partial

differentialequation
2

N?G rjr®w + g Grirw = dr r%;: (2.38)

The Greens function G(rjr®w) can be interpretedas a monopolesourceplacedat r° radiatingan
outgoingsphericawaves.

In this work, the wave equationwill be usedin thefollowing subjects:acousticscattering,
calculationof acousticradiationforce, acousticemission,and radiation patternof transducergor
vibro-acoustographbeamforming.lt is importantto understandhat the solutionsof Eq. (2.36) are
valid whenthe wave amplitudeis smallandthe uid is homogeneousBy homogeneougve mean
thatin the absenceof soundthe acoustic elds do not vary spatially If the wave amplitudeis not
small,Eq. (2.36)will notgive a satishctoryresult. In this casenonlineartermsin Eq. (2.28)should
beconsidered.

2.3 Ultrasound vibr o-acoustograply

The principle behindultrasoundvibro-acoustographis basedon the factthatdifferentob-
jects producedifferent soundemissionwhen tappedby an exterior force. Most peopleare able to
distinguishthe soundemittedby a tappedmetal comparedo wood tappedby the sameforce. Of
coursemetalandwood are quite differentmaterials. The soundemittedby a tappedobjectreveals
information aboutits mechanicalproperties. The emissiondependsalso on the object geometry
Vibro-acoustographusesultrasoundradiationforce to “tap” an objectand producea map of the
mechanicakresponseof the object. The ultrasoundintensity is modulatedto generateda dynamic
localizedradiationforce eld atthemodulationfrequeng onthe probedobject.

The spatialresolutionof the systemis relatedto the volumeenclosedy theradiationforce
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Figure2.1: Theoreticalresultof the radiationforce distribution on the focal planeof the confocal
two-elementrraytransducerSidelobesareunder 18 dB.

distributionat 12 dB from its peak. A high resolutionsystemrequiresthis volumeto be assmall
as possible. The spatialresolutionof a systembasedon a two-elementconfocaltransducetin the
transwersedirectionis about700 um at 6 dB [9]. Figure 2.1 shaws the theoreticalresult of the
radiationstresson the focal planeof the confocaltwo-elementarraytransducebasedon the quasi-
planewave approximationmodelfor the modulatedultrasoundbeam([68]. We shall shav thatthe
PSFof a vibro-acoustographoperatingin the AM-single beammodeis a particularcaseof dual
beammode. However, the resultingultrasoundbeamin dual beammodeis modulatedonly in the
focal region of the transducer While in AM-single beammode, the ultrasoundbeamis modulated
alongthewave path.

2.3.1 Dynamic ultrasound radiation force

To producethe dynamicradiationforce we considerdual beammode. In this mode,two
intersectingultrasoundeamsa andb focusedatr g, producehedynamicradiationforceonanobiject.
Eachultrasoundsourceis driven by a continuous-wave (CW) signalat frequenciesv, = wp + Dw=2
andw, = wg Dw=2; wherewy istheangularcenterfrequeng, Dwis theanguladifferencdrequeng,
andDw  wg.

In the planewave model,two collimatedplanewaves at frequenciesv, andwy intersect
eachotherin the propagting medium. The overlappingregion de nesthe focal zoneof the system.
Thedirectionof propagtion of the wavesis given by the unit vectore, andey,, respectiely. Letr,
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Figure2.2: lllustrationof theplanewave approximationrmodelfor vibro-acoustographbeamforming.
The small planartargetis placedat r1 tangentto the surfaceW. The resultingultrasoundbeamis
focusedatrg. Theacousticemissionby thetagetis detectatr ;.

andry, bethe positionof the ultrasoundsources.The directionof propagtion of the planewavesare

givenby e, = J;g ::J ande, = J{g {EJ SeeFigure2.2 for geometricdescription.We assumehatthe

vectorse, ande, arecoplanar In thefocal zonethe acoustigpotentialis given by

2lcy 1=2 ( eJ.(Wat Ka (1 ra)) ej(Wbt kp (r rp)

fp(r;t)= —— Re + X 2.39
o= T e o (2.:39)
wherel is the soundintensity r, andrp arethe positionof the ultrasoundsourcesk, = W°+£‘“’:2 ,
andkp = Yo 22
Co

The radiationforce causedoy a soundwave on the areaelementdS of an objectis given
by [69]
df=h Ln+ro(v n)vidS (2.40)

wherel = w % is the Lagrangiandensityof the wave, andn is the normal vectorof dS.
0

The total radiationforce on the objectcan be obtainedby integrating (2.40) on the object surface.

Westenrelt [53, 54] shaved that the normal componentf the radiationforce causedby anin nite
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extendedor collimatedplanewave striking anobjectof arbitraryshapés givenby
fn= d hEi; (2.41)

whered; is afunctionof thescatteringandabsorptiorcross-sectionky the objectandhEi is thetime
averagecenegy densityof the soundwave.

To simplify theanalysisn thisproblem consideraplanamperfectabsorbem theintersecting
region of the ultrasoundbeams. The ultrasoundradiationforce on the in nitesimal areadS of the
perfectabsorbercan be obtainedby substituting(2.39) into (2.40) and taking the short-termtime
averagede nedin (2.25).Accordingly,

df = %[(1 € )N+ (ea N)&p+ (& N)ecogDW ka (r ra)+kp (r rp)]:  (2.42)
If theareaelementdSis perpendiculato the radiationforce we have the condition
(a n)(e M)+ (& n)(ea M) =0 (2.43)

wherem is aunit vectorperpendiculato n. Considerg, andqy, de ned by cosg, = €3 h andcosg, =

& n. FromEq.(2.42)we have g4 = qp. Hencethenormalvectorto dSisn = ngi gj. In otherwords,

q= Uro rai+ijro rej)ro (iro rejra*jro rajro).

- — - (2.44)
Ifo Trajfo Tl

The vectorn de nesthe surfaceW thatis perpendiculato dynamiccomponenbf the ra-
diationforce. In fact, ary surfacewhosenormalvectoris n passingthroughthe focal region of the
transduceis perpendiculato the dynamiccomponenbf the radiationforce. If the sourcesaresym-
metricandjroj  jraj = jrpj, or the sourcesarelocatedin the samepoint of the spacethe vectorn
becomes

n= —: (2.45)

In this casethevectorn de nesacylindrical concae surface.

Considertwo collimatedultrasoundwaveswhosespatialamplitudesvary in the trans\erse
directionof the wave propagtion. Thetrans\ersevariationin eachwave is assumedo vary slowver
comparedo thatin the direction of the wave propa@tion. Hence,we canconsiderthesewavesas
collimatedquasi-planavaves. The acoustigpotentialin the mediumis givenby

2lc, 1, . i 1, . i
fori)= 52 Re o fa(irg "+ o fuorir)e™ (2.46)
a
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whereD denotesiualbeammode,| is the ultrasoundaverageintensityandf 4 (rjro) andf (rjro) are
the complex dimensionleseamplitudeof the ultrasoundbeams.The notationgivenin the amplitude
functionsof theultrasouncbeamss to emphasizéhatthebeamsarefocusedatr . Thiswill beuseful
to de ne the systempoint-spreadunction. Consideran AM-single ultrasoundbeamdescribedy the

acoustigpotential

2cg L D
fg(r;t) = M—WCOZ Re fo(rjro) e cos 7Wt ; (2.47)

0
whereS standgfor AM-single beamandf g is the dimensionlessomple« amplitudeof the AM beam.
Usingtheidentity cosa cosb = %[cos(a b) + coga + b)], wherea andb aretwo arbitraryangles,
onecanshow that

1 2 2
2 rowd
We seefrom Egs.(2.47)and(2.48)thatsinglebeammodeis a particularcaseof dualbeammodein
whichfa= Jafqandf, = g’\VN—bofo. We continueour analysisbasecn dualbeammode.

0
The instantaneousiltrasoundenegy densityof the collimatedquasi-planevave is given

fo(r;t) = Re fo(rjro) el + et (2.48)

by!

ro Yo °
= —= @ — . 249
cs it (2:49)
Theenegy densityproduceddy theincident eld in (2.46)hasslow variationsin time with frequeng
Dw. To separatehis slow variationin time we usethe short-termtime averagede ned in 2.25. The
enegy densityis calculatedby substituting(2.46) into (2.49). The short-termtime averageof the
enepgy density with T satisfyingthe condition %% T é%,, is givenby

n 0
rEiT=|a fa(riro) “+ fo(riro) °+ 2Re fa(riro)f4(rjro) P (2.50)

A linearimagingsystenis characterizedy its point-spreadunction(PSF) whichis de ned
asthe responseof the systemto a point target. In ultrasoundimaging, the point-tagetat r, can
be representedby an in nitesimal volumedV timesthe 3D-deltafunction d3(r  r1). The vibro-
acoustographPSFdepend®nthegeneratedlynamiccomponenbf theradiationforce on the point-
targetby theultrasoundbeam.Theradiationforce producedbn anobjectis avectorquantityin three-
dimensionakpace.To simplify the systemanalysisthe point targetis representetly anin nitesimal
planarobjectwith areadS with zero-thicknes$ocatedatr;. The orientationof dSis suchthatit is
alwaysperpendiculato the dynamiccomponenbf the radiationforce. Thus,the radiationforce can
betreatedasa scalarquantity

IThetrans\ersegradientof a collimatedquasi-planavave canbe neglected.
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In the quasi-planavave approximationrmodel, it is possibleto showv thatthereis a surface
W, which is alwaysperpendiculato the dynamiccomponenof the radiationforce asdescribedre-
viously. The origin of the coordinatesystemcoincideswith the geometriccenterof the transducer
aperture.The small object(point-taget) is placedat r; tangentto the surfaceW. The objectis free
to vibrateonly in the directionof the dynamiccomponenbf the radiationforce. Theseassumptions
allow usto formulatethe problemusingonly the normalcomponenbf the force, which is obtained
by substitutinghedynamicpartof (2.50)in (2.41). Theresultis

fult) = 2(':? Re fa(rijro)fy(rijro) ™ (2.51)

2.3.2 Acousticemissionand point-spreadfunction

The dynamicradiationforce vibratesthe objecttarget at the differencefrequeng Dw. In
responsethe objectemitsanacousticeld (acousticemission).Theacousticemissionis proportional
to the dynamiccomponentf the radiationforce andrelatedto the size,shapeandmechanicaprop-
ertiesof the object. Thecomplex amplitudeof the acousticemissiondetectedat pointr, by anobject
centeredatr; canbeexpresseds[68]:

(123 1jfo) = ngfa(rﬂro)fb(rljro) Qr)G(rair); (2.52)

whererg is the focus point of the transducerG(r;r1) is the mediumtransferfunction and Q(r1)
is the acousticout ow by the objectper unit of force. The acousticout ow is the total volume of
the mediumin front of the objectsurfacethatis displacedper unit time dueto the objectvibration.
The functionQ(r1) representshe dynamiccharacteristic®f the objectat the frequeny Dw. These
characteristicglependon the geometry mechanicaparametersandthe boundaryconditionsof the
object.

Vibro-acoustographimagesynthesids basedon the acousticemissionin Eq. (2.52). To
obtainthe vibro-acoustographPSF the point-tagetis consideredasan in nitesimal planarobject
(representing volume dV) and a function representinghe objectto be imagedshouldbe de ned
from (2.52). By assuminghatthe function G(r »;r1) is independenbf the object,the characteristics
of theobjectin Eq.(2.52)canberepresentetly d, andQ(r1). For anarbitraryobject,thesequantities
mayvary spatially Thereforethefunctionrepresentinghe objectis de ned as

x(r)  dr(r)Q(r): (2.53)

This allows usto de ne a unit point-tagetasx(r1) = d®(r  ry). To calculatethe PSF, we assume
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thatfor a x edfocal pointrg, the objectcanvary its positionin the neighborhoof rq. This neigh-
borhoodis assumedo be smallenoughsuchthatG(r ,;r1) remainsunchangedThus,thenormalized
PSFof a vibro-acoustographcoherentimaging systemis de ned in termsof the amplitudeof the
expression2.52)asfollows A A

fa(riro)fy(riro) .
fa(roiro) f(roiro)’
wherewe droppedthe subind& in r1. The notationusedabore emphasizethatthe PSFdependn
ro (focal point), hencethe systemis spatiallyshift-variant. Inasmuchasthe point-tagetcanbeplaced
arywherein spacethe PSFde nedin (2.54)is athree-dimensiondlnctionof the spacecoordinates.
Theexpression2.54)is valid for transducersvith ary geometricashape.The spatialresolutioncell
of the systemis de ned asvolume enclosedby the systemPSFat 12 dB, which correspondgo
25% of its the PSFpeakvalue. This de nition is arbitrary In Refs.[9, 68], the resolutioncell was
considere@t50%( 6 dB) of thePSFpeak.Noticefrom Eq.(2.54)thattheresolutioncell dependsn
therelative positionof the sourcesa andb. For avibro-acoustographsystemoperatingn AM-single
beammodethe PSFbecomes

hpst(rjro) (2.54)

fo(riro)
fo(rairo)

In generala vibro-acoustographimagingsystemis shift-variant. However, we may con-
siderthesystento beshift-invariantwithin asmallneighborhoodaf thefocal point. Hence theimage
of agivenobjectx(r) in theneighborhoof r g is expressedy the spatialconvolution of thefunction
x(r) andthesystemPSFi.e.,

hpst(rjro) = (2.55)

c(r) = hpsi(riro) ?x(r): (2.56)

In a systembasedon linear arrayswe shall shov that the PSFsuffers distortionsas the
ultrasoundincidentbeamis steered.Indeed,the systemmay be consideredspatially shift-invariant
only within a region in spacewherethe distortion effects are minimum. Therefore,Eq. (2.56) is
strictly valid only within this region. If the objectextendsbeyond the neighborhoodf ro, thenwe
have to useadifferentPSFfor eachregion,i.e., theconvolutionin (2.56)is calculatedn a piecevise
shift-invariantmanner

In corventionalultrasounderminology two imageformatsarecommonlyused.Assuming
thatthe ultrasoundoeampropagtesin the z-direction,B-scanimagescorrespondo a scanningplane
parallelto the xz-plane,and C-scanimagescorrespondo a scanningplaneparallelto the xy-plane
(azimuthplane). Vibro-acoustographcan produceB- and C-scanimagesby steeringandfocusing
theultrasoundbeamsa andb at differentpointson thedesiredscanningplane.

Thetheoryof vibro-acoustographimageformationpresentedh this sectionis thegeneral-
izedform of thetheorypresentedn [68] for the particularcaseof a confocaltransducer
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Figure2.3: Descriptionof the presentibro-acoustographimagingsystem.

2.3.3 Vibro-acoustograply systemdescription

The experimentalsetupusedto producevibro-acoustographignagesis describedn Fig-
ure 2.3. A two-elementconfocalultrasoundransduceis usedto producethe modulatedultrasound
beam.Eachelemenis drivenat3 MHz and3 MHz + Df by astableradio-frequeng (RF) synthesizer
(HP-33120A Hewlett-Packard). Geometricallythe two ultrasoundoeamsmeetin a small region at
thetransducefocal zone. The acousticemissioncausedy the objectvibrationis measuredhrough
a hydrophong(ITC-6080C,InternationalTransducerCorp.). The probedobject,the transducerand
the hydrophoneareimmersedn atank lled with degassedvater The detectedsignalis Itered at
Df andampli ed by a lock-in ampli er (7265-DSPLock-in Ampli er, Perkin ElImer Instruments).
The ltered signalis digitizedby a 12 bits/sampledigitizer (HP-E1429A Hewlett-Packard)attherate
higherthanthe Nyquist raterequiredfor the particularDf used. The digitized datais recordedand
displayedn acomputer

2.4 Rationale

We have discusseda model for image formation for vibro-acoustographsystemin the
previous section. However, the imaging formation processs still not entirely understood. So far
in vibro-acoustographtheory the radiationforce is obtainedusingthe collimatedquasi-planevave
approximatiorfor the intersectingultrasouncbeamg68, 59]. Moreover, the point-tagetis assumed
to bea smallplanarobject. The ultrasoundvavesis constrainedo strike the objectnormally In this
approximationtheacoustiaadiationforceis reducedo ascalarquantity Henceonly thecomponent
of theradiationforcein thedirectionof theultrasoundvave propagtionis consideredChenetal. [70]
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studiedthebeamformingn vibro-acoustographbasednthequasi-planavave approximatiomrmodel
for ultrasoundbeamsproducedby transducer®peratingin dual confocaland x-focal® beams,and
AM-single beam.In this study thetheoryis validatedby measuringonly the axial componenof the
dynamicradiationforceonasmallsphere For transducewith x edfocaldistancethescalaradiation
force givesa satishictorydescriptionof the system.However, for lineararraytransducersyhosethe
focal distancecan be vary and depthand be steeredthe scalarradiationforce theoryimposesfew
complicatedassumptiongor thetargetandthe ultrasoundvaves.

In fact, the acousticradiationforce is a three-dimensionalectorquantity The goal of this
work is to presentatheoryof the dynamicradiationforce exertedby any modulatedultrasoundvave
onapoint-tagetstemmingrom theBrillouin radiation-strestensor Theradiationforceis calculated
by usingacousticscatteringheory Thetheoryis appliedto systemsasedon sphericalconfocaland
sectortransducersandlineararraytransducers.

2.5 Summary

We have presentedkey conceptsnecessaryo the developmentof this work. Specialat-
tentionwasgiven to the mathematicabackground.Wave propagtionin ideal uids wasdescribed
basedon the linear wave equationwhich wasderived stemmingfrom the uid dynamicsequations.
Vibro-acoustographtheorybasedn quasi-planavave modelfor theradiationforce waspresented.

2In this mode the two ultrasouncbeamscrosseachotherspatiallyresemblingheletter'x'.
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Ultrasound radiation force

“Alack of informationcannotberemedied
by anymathematicatrickery.”

Lanczos.

Vibro-acoustographis strictly relatedto ultrasoundradiationforce. In this chapter we describe
acoustiaadiationforce stemmingirom the uid dynamicsequationg2.27). Theconnectiorbetween
ultrasoundadiationforceandacousticscatterings discussedThe scatteringheoryis appliedto cal-
culatetheradiationforce causedy a modulatedultrasoundbeamhitting a point-taget. This problem
is speci cally importantto characterize vibro-acoustographimagingsystem.The notationusedin
this chaptelis thesameusedin Sec.2.2.

3.1 Ultrasound radiation forcein anideal uid

Theapproacho calculateultrasoundradiationforceis basedon generalequationsof uid
dynamicsfor ideal uids. Effects of viscosity and thermal conductionare not considered. Thus
no dissipationof enegy occursduring the wave propagtion. Effectsof the gravitational eld are
neglected.

We wantto obtaintheconserationequatiorfor theacoustiacdadiation-stres@Brillouin stress
tensor). BeforehandJet us write two importantrelation for the velocity eld v. Using Egs.(2.1)
and(2.13)onecanderive thefollowing expressions

A
<
2

N—r
<

1
2

w (N v)v; (3.1)
(r%v) (Nr°v)v: (3.2)

—:
=
<
<
1
2

31



Chapter3: Ultrasoundradiationforce 32

By combiningthe densityconserationequationin (2.27),(3.1),and(3.2)in themomentunequation
givenby (2.27),we have

(r%)
qit
wherer & is the momentumdensityandr %v is the momentumux tensor It doesnot make ary
differenceif P isreplacecoy P Py in Eq.(3.3). Furthermoreto keepEg. (3.3)in second-order °is
replacedoy r g in the secondermof LHS of this equation.Thususingexpression2.10)in Eqg. (3.3)
yields

+N (rQv)+ KNP= 0; (3.3)

ﬂ(;]tq’) +R [P P)U+row]=0: (3.4)
Theexpansionof P Py in second-ordeis givenby [11]

P> ro(v V).
2r 00% 2 ’

P Py=p+ (3.5)

wherep is the linear acousticpressure.By substituting(3.5) into (3.4) andusingNp=r o’%—‘{ we

have
TY) LK s+ Rip= o (3.6)
qit
where
s= LU+rqw 3.7)

is thesecond-orderadiationstresgensor ThequantityL in Eq.(3.7)is theLagrangiardensityof the
sound eld givenby
rovv) p
L= ; 3.8
2 2r oc3 (38)

Now we take thetime average(2.23)of Eq. (3.6). Theresultis

N bsi = O; (3.9)

D E

Noticethat '”(1’“") = Oandhpi = 0. It shouldberemarledthatthetime averageakenin (3.9)depends

onthescaleof obsenationof theradiationforcephenomenonMostobsenrationdoneexperimentally
areinterestedo measurdhe staticradiationforce producedby monochromaticsoundwaves. In that

casethetime averagecanbede ned overawave cycle. However, vibro-acoustographis basedupon
dynamic (time-varying) radiationforce with frequenciesup to 100 kHz. To separateghe dynamic
componenbf theradiationforce,we shallusethe short-ternmtime averageasde nedin (2.25).

The radiation-stressveragedin time is a zero divergencequantityin space. Two conse-
guence®f thisresultshouldbe pointedout: if thereis notargetin thewave path,thereis noradiation
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force;if atametis presentn thewave path,theradiationforce canbeobtainedby integratinghsi over
ary surfaceenclosingthetamet. Thereforetheradiationforce producedn ataigetis

f= hsi ndS= Hh.n ro(v n)vidS (3.10)
s s

whereSis a surfaceenclosingthetargetandn is theunit normalvectorof S pointinginward.

We should analyzethe contribution of the incident and scatteredvaves to the radiation
force. Thesoundscatteringyy anobjectis followedby the arisingof theacoustiaadiationforceupon
the object. This canbe understoodn termsof the momentumtransferprocess.An incidentwave
carriesa momentumux, sodoesthescatteredvave. Thedifferencebetweerthe momentumux of
the incidentandscatteredvaves contritutesto the radiationforce exertedon the object. Hence,the
radiationforce on a objectcanbe obtainedby solvingthe scatteringoroblemfor the object. Thetotal
particlevelocity andpressurén the mediumcanbewritten asa sumof theincident(subscript) and
scattereqsubscripts) elds asfollows

<
|

Vit Vg (3.11)
p = pitps (3.12)
Assumethatthe surfaceS describedn Eq. (3.10)is very far away from thetarget(controlsphere)In

termsof theincidentandscatteredelds, theradiationforce canbe expandedas
|

ft)y = S"(Lii+ Lis+ Lsgn
rol(vi n)vi+ (vi n)vs+ (Vs N)vi+ (vs nN)veli dS (3.13)
where 8
5 L: = [ro(viv) P
1] 2 2roC(2)1
Lis = ro(vi vs) rp;gg; (3.14)
; L — To(vsvs) _pE_
Ss 2 ZrOC%

arethe Lagrangiandensitiesermsof the incident,interferenceandscatteredvaves,respectely. If
thereis no target on the wave path, no radiationforce arises. Thus, the contrikbution of the incident
waveyields |

SH_iin ro(vi n)vjids= 0: (3.15)

Westerelt [54] statedthatthe Lagrangiarof the scatteredvave shouldbe zerowhenthe obsenration
pointis very far way from the scatterer He arguedthat the scatteredvavesin this region are very
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Figure 3.1: Scatteringof a planewave by an arbitrary shapedobject. (a) Incidentplanewave. (b)
Scatteredvave. (c) Incidentplusscatteredvaves.

closeto planewaves.Thus, |
H_sd NdS= 0: (3.16)
S

Therefore,the contributions to the radiationforce comefrom the interferenceof the incidentand
scatteredvavesandthe momentuntransferredo the object. Accordingly,

f = f|s+ fss (317)
where
|
fis = SH—isn rol(vs Nvi+ (vi n)vgidS (3.18)
|
S

3.2 Acousticscattering by a point-tar get

Scatteringproblemsconcernhow an incidentwave is affectedby an object. In the direct
scatteringtheory, the scatteredvave is determinedrom a knowledgeof the incidentwave andthe
eguationgoverningthe wave motion. If the objectis muchlargerthanthe wavelengthre ection and
refractionof the soundwave occur If the objectis muchsmallerthanthe wavelength,the scattered
soundwave propagtesin all directionsin themedium.Exactanalyticsolutionsof thedirectscattering
problemin uids arewell known for incident planewaves scatterecby solid objectswith simple
geometrysuchasspheresandcylinders[71, 72]. For objectswith arbitraryshapeanalyticalsolutions
arenot available. This is mostly becausearbitrary shapedobjectsmay not have spatialsymmetry
However, scatteringproblemsn ideal uids for objectswith ary shapecanbeformulatedthroughthe
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Figure3.2: Scatteringoy aninhomogeneousegion characterizedby a densityr v (r) andcompress-
ibility ky(r).

Lippmann-Schwingeequation[73]. This equationcanbe solved numericallyusingthe fastFourier
transform[74] or spectralmethodg[75]. Figure 3.1 illustratesthe scatteringof an arbitrary shaped
object.

A soundwave canbescatteredlsoby aninhomogeneousegion[76] in whichits mechan-
ical properties like densityand compressibility differ from their valuesin the restof the medium.
Modelsof wave scatteringn softtissueby inhomogeneitiefave beenappliedto describeultrasound
imagingsystemd77, 78]. Softtissuesareformedby differentcomponentssuchasmuscleandfat,
with differentdensityandcompressibility If the amplitudevariationis small,the scatteredvave can
be obtainedfrom the interactionof the incidentwave with the inhomogeneities.This casecorre-
spondgo weakscatteringvhich canbe solvedthroughthe so-calledBorn approximation With larger
amplitudevariation,multiple scatteringcanoccurproducingreverberatiorin the medium.

Consideran inhomogeneousegion with volumeV inside a homogeneou&deal uid of
densityr g, soundspeedcyg andcompressibilitykg = ﬁ The uid is consideredo beof in nite ex-
tent. Without soundwavestheregionV hasdensityr v (r), speedf soundcy (r), andcompressibility
kv(r) = =*» (seeFigure3.2). Becausehe densityandthe speedof soundof the unperturbeduid

Gri
doesvary spatially Eq. (2.33)insidetheinhomogeneousgion becomes

Te, cg(r) dr(‘j’t(r) +ry(r)N v =0: (3.20)

It
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By usingtherelation% = r'vq(‘;) anddé—t" = 0in Eq.(3.20),we get
STLUI JN (3.21)
v 2T '

Basedon Eq. (3.21),thewave equatiorfor the entireregion canbe written as

2

N?p C—lg%’: U+ U p; (3.22)
whereUy = %”%22 andU, = N g (r)N with
Cw L r2v ( 1 Lo yov
% (r) = SO ey G0= o Vv (3.23)

Eqg. (3.22)is the inhomogeneousvave equation. The termsUyx andU, are the potentialfunctions
responsibldor the scatteringoy the inhomogeneitiesin fact, in thetime-domainthesefunctionsare
differentialoperatordn time and space.Notice thatthe scatteringpotentialhasa contritution from
thecompressibilityandthe densityof theinhomogeneouregion. Scatteringproducedoy variationsin
compressibilityhasa monopoleradiationpattern.Scatteringdueto variationsin densityhasa dipole
radiationpattern.

It is corvenientto analyzethe inhomogeneousvave equationin the frequeng-domain.
Hence by takingthe Fouriertransformof (3.22)we obtain

p= &+U p (3.24)

2
wherep= F fpg and 8 = % o(r). Thetotal pressureeld is a sumof the incidentandthe

scatteredoressureelds, i.e. p= p + ps. Becausewne expectthatall scatteredvavesare outgoing

waves,the scatteregressureeld satisestheSommerfeldadiationconditionrlirr;ér ﬂ—”r jg Bs =

0. Thescatteringoroblemcanbeformulatedasthe following boundary-alueproblem:

8 2

3 WPp+ % 'p=  &+U p
. 1 . _ .

oy § iy o

It is moreusefulto formulatethe scatteringoroblemin (3.25)asanintegral equationyather
thana differentialequationplus boundaryconditions. It canbe shavn thatthe modelfor scattering
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problemsn (3.25)correspondso the Lippmann-Schwingeequation73]:

Z
p(iw) = p(rw)+ G rirfw G+Ur p row av(r9; (3.26)
R
where ,
&ir
QL
G rirsw = pjr 1 (3.27)

is the Greens functionof anunboundednediumin thefrequeng-domain.

In general Eq. (3.26) cannotbe solved exactly. This equationcanbe solved by meansof
successie approximationslf the scatteredvave is weakcomparedo theincidentwave, the rst ap-
proximationin (3.26)givesasatisfictoryrepresentationf thescatteredeld. The rst approximation
to solve Eq. (3.26),known asthe Born approximationresults

4
B(r;w) = pi(r;w)+ 3G(rjra,w) B+ U, p(rew)av(r9: (3.28)
R
In the Born approximationyve identify the pressurelistribution of the scatteredvave as
Z
B(riw) = G(rjrSw) G+ Ur p(row)dv(r9: (3.29)
R

The pressuredistribution of the scatteredvave in the time-domaincan be obtainedby taking the
inverseFourierin (3.29). Accordingly,

Z
ps(r;t) = 3g(rjr0ﬁt)’t? U+ Uy pi r%t av(r9; (3.30)
R
where dt 4=co)
Qe Jr rj=co
g(rjr5t) = Zpir 19 (3.31)

is the Greens functionin thetime-domain.

Sofar, the scatteringtheory presentechereaccountsonly for scatteringof compressional
wavesby variationsin densityandcompressibility Scatteringoroblemsnvolving elasticor viscoelas-
tic homogeneousbjectsembeddedhn ideal uids is muchmorecomple. In thesecasessheamwave
propa@tionandattenuatiorinsidethe objectsshouldbetakeninto account.

We are particularly interestedn the acousticscatteringdueto a point-taget. By solving
this problem, one can determinethe radiationforce exertedon a point-taget and usethe resultto
de ne thevibro-acoustographpoint-spreadunction. Mathematicallya point-tagetis a point (zero-
dimensionalpccupying anin nitesimal volumedV with somemechanicapropertydescribedy the
Dirac deltafunction. Physically, no objecthassuchcharacteristics.
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Assumethata point-tagetplacedat r o with compressibilityanddensitygivenby

(
Kv

v

ko+ (ko ki) d®(r ro);

2ro(r1 ro) 43 .
rot =33+, d>(r ro);

(3.32)

wherek; andr 1 arethe compressibilityanddensityin thein nitesimal volumedV andd®(r rg) is
thethree-dimensiondDirac deltafunction. The choiceof r y is basedn theload causedy the uid
on a smallspherein a sound eld. For further detailsseeRef. [66]. Noticethatwhenr 6 rg both
compressibilityanddensitybecomek andr ¢ asrequiredin Eq. (3.23). The scatteringpotentialsfor
the point-tagetdescribedy (3.32)aregivenby
8
< 8,

Ur

2
Ac & B ro);

3.33
AR & roN; 239

whereA, = 1 E—é and A, = 2;;;(‘?. If notargetis presentin the medium,i.e. ki = kg and

ri=ro, then8 = U, = 0. Furthermorewhenr; rgthenA A, 1: Substituting(3.33)in
(3.29)givesusthe scatteregressuralistribution asfollows

2
w . . -
Briw) = Ac o Brow)G(riroiw) - A G(riroiw) K*pi(riw)
Z
A G rirfw N% réw RN%3 r® rg dv(r9; (3.34)
R

r=ro

Evaluatingtheintegral in (3.34)by partsandusing(2.12)results

2
W . - Com
Bs(rw)= Ac — B(row)G(rirgow)+ A K% r®w NG rjrlw g (3.35)

The scatteredoressuredistribution hasa monopoleand a dipole radiationpattern(the rst andthe
seconderms,respectiely).

Thedipoletermof (3.35)canbesimpli ed eliminatingthe gradientof the Greens function
in termsof theprimevariablesLetr = (xq;X2;X3), 1= (x3;x9;x9), andR= jr  r9. Thefollowing re-

lationshold {2 = I2JR and 13 '"G =12 1‘{2 for k= 1;2;3. It followsimmediatelythat 15 '”R = R, there-
fore 11112 = ﬂxk. Hence,NOG(rJro,w) NG(rjro;w). Takingthe Fourlertransformof Eq. (2.34)

yields Npi(r;w)jr:rO = jrowe (ro;w). Thereforewe canwrite Eq. (3.35)as

2
Ba(riw) = A g B (ro;W) G(rjrgw)  jr owA & (r;w) NG(rjro;w):  (3.36)
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Figure3.3: Scatteringvave patterns(a) Scatteringoy compressibility (b) Scatteringoy density

TheFouriertransformof Eq.(2.35)givesp= jwr of. Usingthisresult,we obtainthe acoustigpoten-
tial of the scatteredvave asfollows

Es(r;w) = jfg—cvgﬁ(ro;w)G(rjro;w) Agi(roow) NG(rjro;w): (3.37)
0

Figure(3.3) shaws the radiationpatternproducedby a monopoleanda dipole centerecat the origin
of the systemcoordinate.

3.3 Ultrasound radiation forceon a point-tar get

A vibro-acoustographsystemis characterizedy its PSFwhich is relatedto the spatial
distribution of the dynamicultrasoundadiationforce on a point-taget. This force causes vibration
of the point-taget. Thus,the dynamicbehaior of the point-taget at the modulationfrequeny Dw
shouldalsobe analyzed Whenan externalforceis appliedto anobjectthathasa restoratiormecha-
nism,theobjectoscillatesaroundanequilibriumpoint. For example,a spring-massystemastringof
aguitar, adrum,anda simplependulum.In all casesthereis arestoratiormechanismn the system.
We assumehatthe point-tagetcanvibrateatthefrequeny Dwaroundanequilibriumpointin thedi-
rectionof theradiationforce. The point-tagetcanbeimaginedasa spring-massystem.In this case,
theacousticemissiorof the point-tagetfollows a dipoleradiationpattern.Neverthelesstheradiation
patternof the point-tagetat the frequeng Dw could be a monopoleradiation,without changingthe
mainresultsaboutthe systemPSF The ultrasoundradiationforce on a point-tagetwill be analyzed
for incidentmonochromati@andmodulatedultrasoundvaves. The former producesa staticradiation
force. Thelattergeneratea radiationforce with a staticanda dynamiccomponents.
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3.3.1 Monochromatic ultrasound waves

Most studiescarriedout on acousticradiationforce consideran incidentmonochromatic
planewave striking a target. Consideran ultrasoundwave with frequeng wg hitting a point-taget
describedy Eq. (3.32). Thiswave is describedy the following acousticpotential

fi(r:t) = fo(r)eet; (3.38)

wheref g is the comple spatialdistribution of the wave. Using Eqg. (2.18) one obtainsthe acoustic
potentialin frequeny domainas

£i(r;w) = 2pfo(n)d(w  wo): (3.39)

By substitutinghis equationin (3.37)andtakingtheinverseFouriertransformwe obtainthepotential
functionof the scatteredvave asfollows

JWoA«

roc3

fs(r;t) = pi (ro;t) G(rjro;wo)  Arvi(ro;t) NG(rjro;wo); (3.40)
wherep; andyv; aretheincidentpressureandparticlevelocity. To sirr}plify theanalysiswe consider
that the poiqt—taget is at the origin of the coordinatesystem,ro = ‘0 = (0;0;0), andthe particle
velocity vi '0;t is in the zdirection. In this case,the amplitudeof the potentialfunction of the
scatteredvave in theregionr ! ¥ canbewrittenas

A AGICOS] woe Iereo P2 (3.41)
¥ roCh Co 4pr ’ '

fo(r) !

wherep; andv; aretheamplitudeof the pressureandvelocity elds.

Let usexaminetheradiationforcetermdueto the scatteredvave. Considerthatthe control
surfaceSin Eq. (3.19)is a spherewith a very large radiuscenteredat the point-taget. Substituting
vs= Nfgin Eq.(3.19)we have

| Z D ﬂf: 2
ro hNfgs e)NfgdS 2prlrog,  —
S rt ¥ 0

AA WG
12pc3
AA W

6pcy

cosgsingdq;

fSS

Ref piv; 9;
(3.42)

wherel = %Ref B Vig is the time-averagedntensity vectorat the point-taget position. Eventhough



Chapter3: Ultrasoundradiationforce 41

Eq. (3.42) wasobtainedfor a point-tagetatrg = !0 with the particlevelocity v; in the directionof
e, the equationis valid for a point-tagetlocalizedanywherein the spacewith anary velocity eld.
This is because coordinatesystemcanalwaysbe choserto satisfythe conditionsassumedo derive
Eq. (3.42). Thus,we concludethatthe scatteringcomponenbf the radiationforceis in the direction
of thevelocity eld atthetargetposition.

The radiationforce dueto the interferencebetweenthe incidentandthe scatteredvaves,
Eqg.3.18,canbewritten as

I
Pi Ps

fis=ro (Vi vs) o2 & [(vs &)vit (Vi &)vs] dS (3.43)
0

Changinghe surfaceintegral to a volumeintegral usingEqgs.(2.10),(2.13),and(2.11)we obtain

Z
fis=ro0

-

N(pips) + (N v vi+ (N vi)vs dV: (3.44)

2
vorg

S

Usingthelinear Eulerequation(2.34),we canrewrite this expressioras

z

N ps 1 N pi
fis = N —— Vi+ NvVv —— av: 3.45
is=To v Vs ; ch T i i OCS it Vs ( )

Sincetheincidentwave is monochromaticywe have

) pi 1 &2 1ﬂ2fi
Nv — — = fi =— =0 4
i I’oC(Z) it Vs i C(z) t2 vs= 0 (3.46)
Thus,Eq. (3.45)turnsto 7
fis= o Rve 1y av (3.47)
v

r oCcz) qt

This equationcanberewrittenin termsof the scatteredicoustigpotentialasfollows

Z
- 1 7%
fs= 1 Nofg ——°
is 0 v S C% ﬂ'[z

To evaluateEg. (3.48) for a point-taget at r o, we shouldgo backto Eq. (3.40). Accordingto this

vi dv: (3.48)
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equatiorwe have
2 n 2 #
- 1 7 JWoApi (rot) o - Wo :
2 s 2 : ,
N2f ¢ ?o 2 = W N-G(rjro;wp) + a G(rjro;wo)
n #
2
T S Wo -
+ Avi(rot) N N?G(rjro;wo) + o G(rjro;wo)
= Wd% ro) Avi(rot) Nd(r ro): (3.49)
0%

By substitutingEgs. (3.49)into (3.48) we notethatthe rst termin the resultingexpressioncanbe
easilyintegrated. The seconderm canbeintegratedby partsandrearrangedisingEq. (2.11). After
theseevaluationsthe acousticadiationforcedueto theinterferencdermis givenby
m 2 - #
fo= N A Pi rohvi vii

: 3.50
2r oC3 Ar 2 (3.50)

Theradiationforceis givenasthegradientof the potentialandkinetic enegy densitiesof theincident
wave. For a planetraveling wave, the radiationforce due to interferences very small compared
to the radiationforce duethe scatteringterm given in (3.42). Therefore,the main contrikution for
the radiationforce exertedby a planetraveling wave comesfrom the scatteringterm of the force.
However, this is nottruewhenthetargetexperiences planestandingwvave.

Considera sphereof radiusa, densityr 1, andcompressibilityky, in a planestandingwave
with wavelengthl , with a | . The main contritution of the radiationforce can be calculating
simply by integratingfis in thevolumeof thesphere Theresultis in agreementvith thederivation of
Gor'kov [41] which hasKing's [37] andYosiokas [39] theoriesasparticularcases.

3.3.2 Modulated ultrasound waves

Dynamicradiationforce canbe generatedy meansof an ultrasoundmodulatedvave. As
previously mentionedthe ultrasoundmodulatedboeamcanbe produceby a dualor AM-single beam.
Here,we focuson dualbeammodebecauséM-single beamcanbetreatedasa particularcaseof the
formermode.

Consideramodulatedncidentwave describedy thefollowing acoustigotential

fi) = f e+ FP (e, (3.51)

wheref i(a) andf i(b) arethe complex amplitudefunctionsof thewavesa andb, respectiely. Thewave



Chapter3: Ultrasoundradiationforce 43

frequenciesarew, = wp andwy, = wo+ Dw. The superpositiorprinciple canbe usedto solve the
scatteringoroblemof wavesa andb, separatelyTheresultingscatteredvave is givenby

fo(r:t) = f@r)eat + £ O (r)eiwet: (3.52)

wheref @ andf arethe complex amplitudefunctionsof the scatteredvavesa andb, respectrely.
Thevelocity elds of theincidentandscatteredvaveshave a contrikution of eachultrasoundsource
aandb. Accordingly,
vi(r;t) \A/i(a)(r)ejWat + Oi(b)(r)ejWbt;
Vs(rit) = 98 (et + o) (r)el;

(3.53)

where?)(r) standgor the complex amplitudeof thevelocity elds a andb.
Theradiationforceexertedby amodulatecdultrasoundvave obtainedhroughtheshort-term

time averagehasa dynamicandtwo static parts. By calculatingthe incidentandscatteredressure

distributionsandsubstitutingthe resultwith thevelocity elds in (3.53)into (3.47),we get

wheref(® andf(® are the static radiationforce causedby eachindividual ultrasoundwave given
in Eq. (3.50)andf@ is the dynamiccomponenbf the radiationforce. This termis causedby the
interferencebetweenthe ultrasoundbeamin the overlappingregion. The radiationforce givenin
Egs.(3.18)and(3.19)is still valid for a modulatedncidentwave describeddy (3.51). However, the
radiationforce shouldbe calculatedhroughthe short-termtime averagede nedin (2.25).

The scatteringerm of theradiationforce givenby (3.19) canbe expandedusingEq. (3.53)
as Z

E
Q= rg v g v+ VP g VO a8 (3.55)
s

We considerthe samehypothesedor the point-tagetandthe velocity eld asassumedn Sec.3.3.1.
Substitutingthe acousticpotentialf (sa) andfgb) in this expressionperforminga similar derivationas
Eq.(3.42),andusingEg. (2.26)we have

h i
fD=py 10410 . (3.56)
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whereAg is aconstant,

o
Re I@.(b) 0@ iDw

1@ 5 : (3.57)
n b (0}
Re p@u® eiow

| (b)
2

(3.58)

arethe time-varying intensity vectorsin the direction of \“/i(a) andvi(b), respectiely. We canrewrite
Eq. (3.56)in termsof theacoustigpotentialamplitudesasfollows

n .0

Now wefocusontheinterferencdéermof theradiationforce. It canbeshovn from Eq.(3.45)
thattheinterferencegermof thedynamicradiationforceis givenby

- 1 9
(@ = Ki2e & _211 > V@ v
v cg Ttz
* I + #T
z Zf(a)
~ 19°fs (b)

+ NG LI EYIC A VA (3.60)

v ¢ T2 '

UsingEq. (3.49)in this expressionwe get
D E
d Ac W, by, Wb (b & b
0= T2 wl R LR oA v (3.61)
0

This componenbf the radiationforce can be further simpli ed by expandingthe terms ;2 Wa and ""b
with 'VDV—‘(’)V 1. Accordingly, we nd

*

AP Ao v
2r oc3 2

b)

@ = (3.62)

T

()and

Thistermbecomewery smallfor planeor quasi-plangrogressie wavesif theanglebetweeny;
(b) is small. If thisangleis large or theincidentultrasoundeld is a standingwave, the contrikution
of Eqg. (3.62)to thedynamicradiationforce shouldbetakeninto account.

Considera collimatedultrasoundbeamformedby two quasi-plangrogressie wave propa-



Chapter3: Ultrasoundradiationforce 45

gatingin the z-directiondescribedy Eq. (3.51). Theamplitudeof the acousticpotentialsare

f@(r)e Wz, (3.63)
fO(r)e Wz, (3.64)

—hy
S &
~ o~
- -
~—~ ~
1] I

wheref @ andf (? arethecomplec amplitudef theultrasoundvaves. We assumehatthetrans\erse
variationof the potentialsgivenin (3.63)and (3.64)is muchsmallerthanthatin the axial direction
andalsothe conditions

A(a) . ~
ﬂfﬂ—'z ' %ffa); (3.65)
F0) e
e

If thesehypothese$old,themaincontrikution for thedynamicradiationforcecomesrom Eq. (3.56).

Therefore n o
D)y p Re fAFP) v g (3.67)

Thedynamicradiationforceexertedby a collimatedquasi-planavave on a point-tagetis proportional
to the productof the spatialamplitudedistribution of the ultrasoundwaves. This resultis similar to
Eqg. (2.51)which describesheradiationforce on a planartarget.

3.4 Summary

Thetheoryof ultrasoundradiationforce for vibro-acoustographwasdevelopedbasedon
the radiation-stressensor The radiationforce exertedon a point-taget by ary incidentultrasound
wave wascalculatedy solvingtheacousticscatteringproblem.Resultsshav thatin dualbeammode
the radiationforce on a point-tagetis proportionalto the sumof the intensityvectorsof eachultra-
soundbeam.The presentedadiationforce theorygeneralizeshe quasi-planavave modelfor vibro-
acoustograp$ in which only thecomponenof theforce parallelto thewave propagtiondirectionis
considered.



Chapter 4

Beamforming and imageformation in
vibr o-acoustograply

Imagingtechniquedasednultrasoundvavessuchasultrasonograppandvibro-acoustograph
illuminate the region of interestby meansof focusedultrasoundoeams.To form a picture,the ultra-
soundbeamshouldscanthe region of interest. The scanningprocessanbe accomplisheaitherby
mechanicallymoving the transducepor electronicallysteeringthe beamby usingarraytransducers.
Beamformingn vibro-acoustographinvolvestheformationof continuous-vave (CW) ultrasoundo-
cusecbeams.Thetheoryof ultrasoundadiationfrom bafed pistonsbasednlinearacousticss used
to modelthe generatiorof the requiredultrasoundoeamsn vibro-acoustograph Imagesynthesisn
vibro-acoustographdependsiponthe acousticemissionof theregion of interest.We presenta sim-
ple modelfor theacousticemissionof hardsmallobjectwhich follows adipoleradiationpattern.The
point-spreadunction (PSF)of vibro-acoustographsystemsbasedon sphericalconfocalandsector
transducerss derived basedon thetheoryof the ultrasoundadiationforce presentedn Chapter3.

4.1 Ultrasound beamforming

An ultrasoundransducecanbe modeledasa pistonmountedn anin nite extendedplanar
rigid bafe. It isassumedhatthebafe isimmovable,henceonly thepistoncanmovein its normaldi-
rection(seeFigure4.1). Thepressureeld radiatedby apistonmainly depend®nits geometricshape
andthenormalvelocity distribution appliedon the pistonsurface.Considera problemof determining
the pressureeld ata spatialpointin the half-spacez 0 resultingfrom the radiationof a pistonW
mountedn abafed planesurfaceatz= 0. The problemis formulatedasa classicaboundary-alue
problemto solve thelinearwave equation(2.36)for the acousticpotentialf (r;t). The mathematical

46
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Figure4.1: An arbitraryshapedistonwith surfaceWin arigid bafe.

speci cationof the boundary-alueproblemyieldsthefollowing systemof equation

8 2
~ . f(r; — .
3 N2 (r;t) c—%'”ﬂgt) = 0 r2 R¥z>0 ;
j[T]_fz = w(nt); r2Wt>0; (4.1)
f(r;0= 10 = 0 r2 R®z>0;
t=0

wherev,, is the normal componenbf the velocity eld on the piston. Basedon the linear system
theoryandthetime-dependenGreens function, Stepanishefi62] obtaineda solutionof (4.1) asthe
time corvolutionintegral

F(r;t) = va(t) 7h(r;1); (4.2)

whereh(r;t) is the spatialimpulseresponsdunction of the piston. Theimpulseresponsdunctionis

de nedas 7 _
dit jr r9=co)

w  2pjr g
The spatialimpulsefunctionh(r;t) is time limited, amplitudebounded andpieceavise continuousn
time. Thetime durationof h(r;t) is typically the time thatthe acousticwave takesto transitacross
the pistonsurface. Several methodshave beenproposedo calculateh(r;t) numericallyfor arbitrary
shapedistons[79, 80, 81].

Vibro-acoustographapplicationgequiretransducerslriven by CW-signals.Considerthat
the normalcomponenbf thevelocity onthe surfaceof the pistonis givenby

h(r;t) ds(r9: (4.3)

Vn(t) = voel™ot: (4.4)
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Figure4.2: Sphericakransducem the axial plane.

wherevg is the amplitudeof the oscillationandwyg is the angularfrequeng. Substituting(4.4) into

=2
(4.3),usingvg = % andthe Fouriertransformon (4.3),onecanshaow that
21 :
f(rit)= ——  H(r;wp)eM; 4.5
(r;t) v (r;wo)e™; (4.5)

whereH (r;wp) is givenby the Fouriertransformof the spatialimpulsefunctionat the frequeng wyg

asfollows 7
+¥ .

H(r;wo) = h(r:t)e 1"otdt: (4.6)
¥

By evaluatingthis integral we canrewrite Eq. (4.5) as

o 2 z e iwojr r9=co
f(r:it)= — [, | (A 4.7
(= w 2o 13 99 .7
This is the Rayleighintegral [82]. Eq. (4.7) canbe understoodasthe Huygens' principle in which
every elementdSonthesurfaceWis consideredh point-sourceemittinga sphericawave.

4.2 Acousticemission

An objectthatis submittedto a dynamicforce respondgo the force accordingto its me-
chanicalpropertiesandboundaryconditions.A simpleexampleis tappinga drumwith atime-varying
force. The mechanicapropertiesof the drum's membranesuchaselasticityand densityproducea
speci c type of sound.Theboundaryconditionof thedrumis relatedto its geometricshape A drum
with differentshapemay producea differentsoundpatternaswell asa differenttensionin the mem-
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Figure4.3: Coordinatesystemfor thedipole source.

branecanproducedifferentsoundsn pitch. Furthermorethe positionwheretheforceis appliedalso
in uencesthe soundproducedby themembrane.

The exampleof the drum canbe adaptedo understandhe responsef objectsto the dy-
namicradiationforce. In ultrasoundvibro-acoustograph a dynamicforce distributed on lessthan
1 mn? trans\ersely“taps” an objectembeddedn the propagting medium. In responsethe object
vibratesaccordingto its mechanicapropertiesandboundaryconditions. The objectemitsan acous-
tic eld in the propagting mediumwhich can be detectsomedistanceaway. The detectedsignal
hasinformationof the objectmechanicapropertiesandboundaryconditions. This signalis usedto
synthesizeanimageof the object.

We areinterestedn calculatingthe acousticemissionof a point-taget. Considerthatthe
point-tagetbehaesasanin nitesimal dipolesource.Thevibratingpoint-tagetneeddo beconnected
to somesortof restoratiorforce mechanism Assumea small spheresuspendetby a string forming
a simplependulum.The acousticemissionby a simplependulumcould be approximatedo a dipole
radiationpatternif the oscillationamplitudeof the pendulumis small. In this case,the restoration
forceis the gravitationalforce.

Considerain nitesimal dipolein anin nite mediumplacedat the origin of the coordinate
systemas describedby Fig. 4.3. The radiationforce responsiblgor the dipole vibrationis in the
directionof the z-axis. Thedipole producesa pressureeld givenby [65]

¢ q elDWt r=c) .8

p= COSQW T ; (4.8)

wheref is the amplitudeof the magnitudeof the dynamiccomponenof the radiationforce, which
is the total force neededo move the point-tagetin translatoryfashion. The far- eld of the dipole
radiationpattern,%”r 1, is dominatedby monopoleradiationwhich decreasasl=r. Considerthat
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theacousticemissionis detectedn thefar eld region. In this caseEq. (4.8)becomes

jDwf cosq elPWt r=co)
p= :

= ot (4.9)

Now, we cangeneralizeEq. (4.9) for a point-tagetin anarbitrarypositionr ;. In this case,
theamplitudeof the acousticemissiormeasuredtr, is givenby

. jDw - .
p(r2ira) = 1 F (1) costG(roir 1, Dw: (4.10)

whereq is the anglebetweenthe direction of the radiationforce with r, and G(ryjr1; Dw) is the

Greensfunctiongivenin Eq. (3.27). This expressiorhasthe sameform asEq. (2.52). Noticethatthe
functionQ presentedn Eq.2.52herebecomegonstantQ = Dw,

Theintensityof theacousticemissionis givenby

2
r2.

f

Dw
411
( )

Wl

Thisresultshows thathigherdifferencefrequenciePw producestrongeremittedsignals.

4.3 Vibro-acoustograply imagesynthesis

An imagingsystemis commonlydescribedhroughits point-spreadunction (PSF),which
describeshe degreethata point-tagetis blurredon theimagingplane. To form antwo-dimensional
imageof anobjectwe needto de ne animagingplaneandanobjectfunction. Theimageof anobject
is obtainedby cornvolving the systemPSFwith the objectfunction on the imagingplane. In vibro-
acoustograph this convolutionis givenby Eq. (2.56). ThePSFdetermineshe spatialresolutionlimit
of the system Physicalcharacteristicef theimagingtechniquede nesthe PSFof thesystem.

Corventionalultrasoundmagingsystemsareusuallybasedn transmittedoulsesn tissue.
Theresultingscatteredvavesby tissueinhomogeneitiearedetectedy sensorandprocessetb form
theimage. The pulsedurationdetermineshe depthresolutionof the systemwhich is the resolution
alongthe beampropagtion direction (A-line). The trans\ersaldimensionsof the ultrasoundpulse
determineshetransvesal resolutionof the system.

In vibro-acoustograph both depthandtrans\ersalresolutionarerelatedto the spatialdis-
tribution of the systemPSFin the three-dimensionapace.Considera vibro-acoustographsystem
with two ultrasouncdbeamdocusedatr o with amplitudeof theacoustigotentialdescribedy f 4(rjro)
andf (rjro). The ultrasoundradiationforce dependsalsoon the focal pointrq. For simplicity, we
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considerthe amplitudeof the ultrasoundradiationforce asa complex quantity Hence,the comple
amplitudeof the dynamiccomponentf radiationforce on apoint-tagetatr canbewritten as

f(riro) = f2 (riro)er + fi(riro)ec (4.12)

wheree; andg, arethe unit vectorsin thetranserseandaxial directionsof the resultingultrasound
beam respectrely. Thefunctions f, and f, arethe comple amplitudesof theradiationforcein the
trans\erseandaxial directions(depth),respectrely. Thesefunctionscanbeobtainedrom Egs.(3.56)
and(3.62).In thethree-dimensionahodelfor theultrasoundadiationforce,thevibro-acoustograph
PSFcanbe de ned following the samestepsas describedn Sec.(2.3.2). However, that modelis

basedonly in the axial componentof the ultrasoundradiationforce. Here, we de ned the vibro-

acoustographPSFbasedn thethree-dimensionakdiationforce asfollows,

(4.13)

where q
f= f2+fZ (4.14)

4.4 Spherical concave transducer

Highlocalizedpressureelds canbeproducedy sphericakboncae transducerskigure4.2
shavs a sphericalkconcae transduceseenin the axial plane. The acoustigpotentialproducedby the
radiationof a sphericalconcae transducenf radiusa andfocal distancezy canbe easiertreatedif
a 2y, which correspondso Fresnelapptroximation In this approximationfq. (4.7) canbe usedto
calculatethe acoustic elds generatedy the concae transducer NeverthelessEq. (4.7) is strictly
true only for the potentialof a at transducein a planarrigid bafe. If thetransducers curved,the
integral neglectsthefactthatwavesradiatedfrom ary partof the surfacearediffractedby otherparts
of thetransducerThis secondaryliffractioneffectis relatively unimportanif thesurfaceWis slightly
curvedandits dimensionsaremuchlargerthanthe wavelength(seeRef. [83] for furtherdetails). To
avoid the dif culties presenteddy the secondandiffraction, we assumethat the ultrasoundbeam
initially follows a geometricray pathnormalto the surfaceof the transducerThus,we canconsider
new ultrasoundsourcegocatedatthebafe plane.Usingthisapproximationtheamplitudeof acoustic
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Figure4.4: Confocaltwo-elementransducer(a) Axial view of thetransducer(b) View in thefocal
plane.Thepolarcoordinategr; g) areadopted.

potentialproducedoy the sphericakconcae transducem thefar- eld regionis givenby [84]

2l Pexp  jwo(z+ r2=27)=cy
Zr%co 2pz
a< 2p @ i 0 0
Wol™> 2 1 exp jworrtcosq r gl

ex
0 0 pJZCozoz

frg =

(4.15)

P—— , . . . :
wherer = = x2+ y2. The potentialon the axis of the transduceis given by settingr = 0 in (4.15).
Thus,
pa® 2l . a 2

- jwo
f(0,20) = — —— sinc — — 1 ex
(0:2 2z roCo 20 Z P Co

z+ G
4

NI

; (4.16)

&l

wheresingx) = s"‘é—)‘(’x) andl g = Je% which canbeinterpretedasa scaledwavelengthby the ratio
a=z.
In thefocal planez = zj; the potentialis givenaccordingo Eq. (4.15)by
paz 1=2

f(r;z0) = W Toq N r=lo exp  jwo(Zo+ r’=2z0)=Co ; (4.17)

wherejinc(x)  J1(2px)=px, with J1(X) beingthe rst-order Bessefunctionof rst-kind. Theampli-
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Figure4.5: Axial componenbf the dynamicradiationforce on the focal planeof a confocaltrans-
ducer Thearravs representhetrans\erseradiationforce vector

tudeof theradialcomponenbf thevelocity particleon thefocal planeis givenby
. . JWor ¢
Ve (r; —f(r;20): 4.18
(1 20) CoZo (1 20) (4.18)
DifferentiatingEq. (4.15) with respecto z andperformingthe integration,we obtainthe axial com-
ponentof thevelocity particlefor z= zy asfollows

jwo 2

V(15 20) ' Ef (r; 20): (4.19)

In theneighborhooaf thefocal pointtheaxial componenof thevelocity eld is largerthantheradial
component.

4.4.1 Confocalarray transducer

For vibro-acoustographapplications confocalarraytransducershouldhave at leasttwo
sphericalconcentricelements,which permitsthe systemto operatein either dual or single beam
modes.Figure4.4 shavs atwo-elementonfocaltransducewhoseinnerandouterradii arespeci ed
by a; anday, respectiely. Theradiusof cunature(focal distance)f thetransducers zy. In single
beammode,both elementsare driven by the samemodulatedsignal. Becausehe ultrasoundbeams
producedby sphericalconcae transducerss betterfocusedtrans\erselythanin the depth,we shall
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Figure4.6: Trans\ersecomponenof the dynamicradiationforce on the focal planeof a confocal
transducerThe arravs representhe trans\erseradiationforce vector The magnitudes normalized
by the peakvalueof the axial componentf theforce.

analyzedthe vibro-acoustographPSFon the focal plane. In fact, the presentvibro-acoustograph
systemproducesC-scanmagesin which theimagingplaneis thetransducefocal plane.

To analyzethe PSFof a dual beamconfocaltransducerwe needto calculatethe acoustic
potentialof eachelemenin thefocal plane.By usingthesuperpositiorprinciple,theamplitudeof the
acoustigpotentialproducedoy eachelementof thetransducers givenby

2 1=2
; a 2l . = i
fOr) = 5F o e =Y & (4.20)
0
A 2 w@2h N C L
fOr = % Foto adjinc 42 adjinc r4) el (4.21)
0

— —(b) —(b) . .
wherel ¥ = 260 [7) = 260 [0 = 200y = ep  jwa(z0+ 1=220)=Co) ,andy = &P jWb(Zo+ 12=220)=Co)

Waag ’ Whpay Wpa,

The maincontrikution for the dynamicradiationforce producedy the confocaltransducer
comedrom thescatteringermof theforce. Accordingto Eqgs.(3.56),(3.57),and(3.58)theamplitude
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Figure4.7: Point-spreadunction of the confocaltransducebasedn thetotal andthe axial radiation
force. (a) Linearscale.(b) Logarithmicscale.

of theaxial andtrans\ersecomponent®f the dynamicradiationforce on thefocal planearegivenby

fio w fOr2)f® () (4.22)
f, u R, f@rf® (2 . = % N f 2 (4.23)
whereN, is thetrans\ersegradientwith respecto the z-direction.

We evaluatedthe dynamicradiationforce elds for a confocaltransducewith a; = 15mm,
a = 22mm,andzy = 70 mmin water(cp = 1500m/s). The numericalcalculationsvereperformed
with MATLAB 6.2 (MathWorks, Inc.). The elementsare driven with frequenciesof about3 MHz.
Figure 4.5 shaws the axial componentf the dynamicradiationforce on the focal planewith the
trans\erseforcevectoroverlappedFigure4.6 shavs thetrans\erseradiationforce vector eld onthe
focal plane. The force tendsto contractandexpandradially in the neighborhoodf the focal point.
Theamplitudeof thetranswersecomponenof theforceis about10.9%( 19:2 dB) of thatin theaxial
direction. Noticethatin the neighborhoof the rst zeroof the axial force, the trans\ersalforceis
dominant.Thismeanghatasmallparticleplacedatthe rst zeroof theaxialforcewould besubjectto
thetrans\ersalforceonly. Furthermorecloseto thepeakof the rst sidelobethetrans\ersalradiation
force ips its phase.

In the Figure4.7,we have plots of the PSFbasedon the total andthe axial radiationforce.
The resultsare practicallythe same.However, in the total force modelthe PSFdoesnot go to zero
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Figure4.8: Sectorarraytransducewith apertureadiusa andfocal distancezy. (a) Axial plane.(b) 8-
elementarraydrivenalternatvely with frequenciesv, andwy. (c) Focalplaneparallelto thexy-plane.
Theoffsetangleof the n"-elements q,.

passingfrom the mainlobeto the rst sidelobe,asthe PSFbasedon the axial radiationforce does.
Thetranswerseresolutionof the systemin the focal planeis about(1:0 1:0) mm. Sidelobelevels
areunder 19dB. The rst sidelobeis dephasedby 180° with respecto the mainlobe.Notethatthe
sidelobe®f the sametransducepperatingn AM-single beamis about 35dB.

4.4.2 Sectorarray transducer

The confocaltransducepperatingin dual beammodeproduceshigh localizedultrasound
radiationforce. Anotherway to producea high localizedultrasoundradiationforce is to usesector
arraytransducersThis transduceis composedf N sphericalconcae sectorg(radial slices)which
canbedrivenindependently Figure4.8 shavs a sectorarraytransducewwith apertureradiusa and
focal distancez.

Sectorarraytransducersrea particularcaseof sectorvortex phasedarraytransducersA
sectorvortex transduceconsistof concentric-ringophasedarraysubdvidedinto sectors With appro-
priate phasingthis transducecanproducepower absorptiorpatternsusefulfor hyperthermiacancer
therapy [85]. For this purpose the transduceproducesvariablediameterannularringsin the focal
region. Suchfocal rings canbe effective in “cooking” sometumorsif directedaroundthe tumor pe-
riphery. Konofagouet al. [18] useda sectorarraytransduceto studytissuestiffnessvariationwith
temperaturehroughvibro-acoustograph

Considerasectorarraytransducewith N elementsTheamplitudeof theacoustigotential
radiatedby a symmetricpair of elementsn a sectortransducefseeFigure4.8.c)in the focal plane
(z= z9) canbedescribedy Eq.(4.15). However, noticethattheintegral over gPis splitin two integrals
overtheintenals g, Q;qn Qg+ %\19 and g, g+p;gn gq+p+ %\19 , Whereq, is the offsetangle
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Figure 4.9: Axial componentof the dynamicradiationforce on the focal plane of a sectorarray
transducerThearrows representhetrans\erseradiationforce vector

of theelementselatedto the x-axis. Hence we have

foi) = =2 Pexp  jwo(zo+ r2=220)=co
n\', -
I'oCo 2pzg
Z, Z» h i
drd® " dql elworrcosa® an )=t 4 g worr®cota® an )0
0 0

Usingthe Jacobi-Angeexpansion67]

' ¥
e/20% = Jo(2) + 2 § jMIm(2) cogma);

m=1

whereJy, is themi™-orderBessefunctionof rst-kind, andtherelationdn( 2) = ( 1)™JIn(2) we get

. 1= ' + 12=2z)=
£ (ra) 9 2l exp  jwo(zo+ r<=2zp)=co

loCo,, 2pzy "
Z a 2p.  wor% s (M wor%
drd £ 21 44§ L J i ;
0 N 0 CoZo rrel om S(2m)n(q) 2m CoZo
where ;
h p ' mp

Smr(d) = cosm G+ 0n G Sin o~
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Usingthe expressior86]

Z 2 ¥
, Bn(dt= 23 2(2) + 2MQ I 20+ 1)(2);
1=0

we nally obtain

222 21 Y2

fa(ng) = 0% oS exp  jwo(zo+ r?=220)=co

P 0 ~
2 ¥ m Jom+1 r=lo

4p_.. __ T [o] ( 1) @
jinc r=lo +loQ@ 2mn(d)
N Z,om S2mn r

13
o ¥ Jmi+y M=o
+ 4m2A A5 (4.24)

r2

=0

Someaspect®f thepotentialfunctionof two symmetricelementsn asectorarraycanbe pointedout:
thefunctionis symmetricaroundthe polarangleq andtheleadingtermof thefunctionis proportional
to the potentialfunctionof a sphericakconcae transducer
In the axial direction,the acoustigpotentialof the two symmetricelementss givenby
paz 1=2

fr(o="2 2 sine =
02N Tow 2

1 exp N0 . (4.25)

V44 1
y4 z

- a? 1
4 P4y

This expressionis identicalto Eq. (4.16)exceptfor thefactor1=N:
Now considera sectorarraytransducepperatingn dualbeammode.The amplitudeof the

acoustigpotentialproducedy thetransducepn thefocal planeis is givenby

N=2h i
fraz) =8 @ ,(ngz)+fQmaz) ; (4.26)
n=1

wherethe potentialsf ﬁa) andf ﬁb) aregiven by Eqg. (4.24) changingwg for w,; andwy, respectiely.
Similarly to the confocaltransducerthe axial and transwersecomponent®of the dynamicradiation
forceonthefocal planearegivenby Eqgs.(4.22)and(4.23). Using Eg. (4.26)the componentganbe
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Figure4.10: Transersecomponenbdf thedynamicradiationforce on thefocal planeof a sectorarray
transducerThearranvs representhe trans\erseradiationforce vector The magnitudes normalized
by the peakvalueof the axial componentf theforce.

written as
"7 2@ (b
. =2 )
fk v a fom(n)fy (), (4.27)
mn=1
! #
~ ~ N:Z A~ A~
f,o un N & f@ nafQ (g (4.28)
mn=1 =2
_ G 5 _
= owg kg (4.29)

We evaluatedthe axial and the trans\ersal componentf the radiation force produced
by a sectortransducemwith N = 8, radiusa = 235 mm, andfocal distancezg = 75 mm in water
(co = 1500m/s). Eachgroupof elementsasfrequenciesf; = 2 MHz + 5 kHz andf,= 2MHz 5
kHz. Egs.(4.27)and(4.29)wereimplementedn MATLAB 6.2. Figure4.9 shavs the axial radiation
force on the focal planewith the trans\erseradiationforce vectoroverlapped.In the mainlobe,the
trans\erseradiationforce pointsradially to the focal point. The axial radiationforce has8 sidelobes
circularly distributedaroundthe mainlobe.Sidelobesreseparatedby 22:5° which correspondso the
spatialdistribution of the elementdn the transducerin eachsidelobe the trans\erseradiationforce
pointsto the sidelobepeak. The magnitudeof the trans\erseradiationforceis shavn in Figure4.10.
The magnitudeof this force is about8% ( 21:9 dB) of the magnitudeof the axial radiationforce.
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Figure4.11: Point-spreadunctionof the sectorarraytransducebasedn thetotal radiationforce.

Figure 4.12: Experimentalsetupfor measurethe axial and trans\erseradiationforce. Two laser
vibrometergletectthe vibration of the steelwire.

The systemPSFin the lateraldirectioncanbe seenin Figure4.11. Sidelobesareunder 155 dB.
Thetrans\erseresolutionof the systemis about(1:6 1:6) mm. Simulationsshowv thatfor N = 16
sidelobesareunder 34dB.

4.5 Experimental measurementsof the systempoint-spreadfunction

An experimentalsetupto measureéboth axial andtrans\erseradiationforce componentss
shavn in Figure4.12. A clampedsteelwire of 300 um diameteris usedasa targetfor the radiation
force. Two laservibrometersarrangedoerpendicularlymeasurdhe axial andtrans\ersevibration of
the wire. A confocaltransducewith a; = 15mm,a; = 22 mm, andzg = 70 mm. The transducer
operatesn dualbeammodeat 3 MHz with differencefrequeny at 4.61kHz. The transducescans
theaxial plane.

Figure 4.14 shavs the measuredaxial and trans\erseradiationforce in depth (the axial
plane). Figure4.15 shaws plots the radiationforce component®n a line passingin the transducer
focal pointin lateraldirection. The theoreticalresultfor the dynamicradiationforce on the wire is
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Figure 4.13: Experimentalsetupfor measurethe axial radiationforce on a small sphere. A laser
vibrometerdetectghevibrationof the sphere.

obtainedby integratingEqs.(4.22)and(4.23)alongthewire. Theratio betweernthe measuredrans-
verseandaxial component®f theradiationforceis about11%. Theresultis in goodagreementvith
the theoreticalprediction. However, the matchingbetweenthe theoreticaland experimentaldatais
more qualitatve than quantitatve. We can obsenre that the measureccomponentf the radiation
forcearebroadetthantheirtheoreticakountermart. Thetrans\ersecomponengexhibits anasymmetry
comparedo the theoreticalresult. Somefactorsmay causethis asymmetry:misalignmentetween
the lasers,the wire, or the ultrasoundbeam;asymmetryin the usedconfocaltransducer;and the
non-symmetriddoundaryconditionsof the clampedwire. Chenetal. [70] reportedasymmetrianea-
surement®f the axial componenbf the dynamicradiationforce on a smallsphere Accordingly, the
sourceof theerrorlaid in theasymmetnyof the ultrasouncbeamgeneratedby the usedtransducer

Anotherexperimentalsetupwas usedto measurehe axial componenbf the dynamicra-
diation force dueto a sectortransducer A small steelsphereof about300 um radiusattachedo a
latex sheetis usedasa point-taget. A laservibrometermeasureshe axial amplitudeof the sphere
vibration. The experimentalsetupis describedn Figure4.13. Figure4.16 shavs the measureaxial
componenbf the dynamicradiationforce producedoy an 8-elementsectorarraytransducenf 23.5
mm radius. The transduceoperatesn dual beammodeat 2 MHz with differencefrequeng at 10
kHz. The experimentalresultarein goodagreementvith thetheoryshavn in Figure4.9. Sidelobes
areunder 16dB distributedradially spotsseparatethy 22:5° aroundthe mainlobe.
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Figure4.14: Measuredadiationforceonwire. (a) Axial component(b) Transsersecomponent.

4.6 Summary

In this chapter we appliedthe radiationforce theory developedin Chapter3 to analyzed
the beamformingof vibro-acoustographsystem. The ultrasoundoeamproducedby sphericalcon-
cave andsectortransducersvas calculatedon the focal planestemmingfrom the Rayleighintegral.
Theoreticaresultswerevalidatedwith experimentdo measurg¢heultrasoundadiationforce. Theex-
perimentafesultsarein goodagreementvith thetheory However, themeasuredxial andtrans\ersal
componentsf theforceproducedy aconcaetransducearestill notentirely tted by thetheoretical
predictions.Speciallyasymmetnyin the trans\ersalradiationforce which canbe linked to somesort
of asymmetryin the ultrasoundbeamgeneratedby thetransducer
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Chapter 5

Linear arrays for vibr o-acoustograply

In this chapterwe presentineararraytransducedesignfor vibro-acoustographsystems.
Firstly, we analyzef theresolutioncell basedon the axial componenof the dynamicradiationforce
givesa gooddescriptionof the system. Effects of beamsteeringandfocusingon the resolutioncell
areanalyzedasedn computersimulationsfor six differentlineararraytransducecon gurations.

5.1 Linear arrays in conventional ultrasound systems

Clinical applicationsof ultrasoundsystemgsequireelectronicbeamfocusingandsteering.
Linear arraytransducersrewidely usedfor this purpos€87], becausehey canfocusandsteerthe
ultrasoundoeamlaterally by electronicallydelayingthe signalsin the arrayelements.

In corventionalultrasoundimaging, the goalsin linear array beamforminghave beento
achiere narrav beamswith low sidelobesandsuppressedratinglobes.Moreover, lineararraydesign
is limited by probesizeandthenumberof arrayelementsSuppressionf gratinglobesis achieredby
reducingthe interelementistanceto lessthanhalf of the wavelength. The sidelobesanbe reduced
by weightingthe signalamplitudesof thearrayelementgapodizatiortechnique) Lineararraybeam-
forming for vibro-acoustographsharessimilarities with its counterparin corventionalultrasound
(B-scan).

Two array typesare commonlyusedin ultrasoundimaging systemg88]: switchedand
phasedinear arrays. Switchedlinear arrayshave a large numberof elementsnline. The beamis
laterallyincrementedy selectingsequentiabub-groupof the arrayelements.This con gurationis
suitable,for example,to producerectangulaB-scanimages.Phasedrraysproducea beamsteered
in asectorformatandsectorshapedmagesin B-scanmode.Thesetwo con gurationsof lineararray
transducerareshavn in Figure5.1. Theimagingplanesfor B- and C-scanimagesarethe xz-plane
(rangeplane)andxy-plane(elevationplane) respectrely.

64
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Figure5.1: Lineararraysin ultrasoundsystems(a) Linearphasedarray (b) Linearswitchedarray

Figure5.2: Lineararraylayout. Array parameterswidth w andheight! of the elementsandpitch d.
Thebeamis focusedatthe point (rp; o) in the xz-plane(azimuthplane).

A linear array consistsof N rectangularelementsof width w and heightl placedin a row
with a constantinterelemenspacingd (pitch). For a geometricdescriptionseeFig. 5.2. The beam
producedy alineararraycanbelaterally steerey anangleqq andfocusedat differentpointsin the
axial plane.

5.2 Linear arrays for vibr o-acoustograply

Considera transducemith two linear arrays,a andb; for a vibro-acoustographsystem.
Eachlinear arrayhasN elements.The elementsof the arraysare excited by two CW-signalswith
properphasevaluesto focusandsteertheresultingultrasoundoeam.The acoustigpotentialresulting
from two transducerdrivenby frequenciesv, andwy is givenby Eqg. (2.46). In the caseof two linear
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Figure5.3: Dualinline linear arraytransducersvith N = 4. Eachtransducehastwo lineararraysa
andb. (a) symmetricallyseparated(b) centeredand(c) interlaced.All arrayshave pitch d andthe
elementdave width w andheightl.

arraytransducersthe dimensionIessxmpIitudefunctionsza andfb, for the beamdocusedatrg, are
givenby

N

;o W )

farir)) = =28 ae Yoy ¢ rPow, (5.1)
n=1
N

. W o)

fo(rir)) = A& ae Yo OH r Vi, ; (5.2)
n=1

wheren is the elementnumber a, is the apodizationcoefcient, ygn) andyg‘) arethe phasedelay

functions,andH(r;w) is the spatialimpulsefunctionin the frequeng-domainof a rectangulaele-
ment. ThefunctionH(r;w) is givenby Eq. (4.6), wherethe spatialimpulsefunctionh(r;t) shouldbe
calculatedor arectangulapiston. The exactexpressiongor h(r;t) of arectangulapistonis givenin
Ref.[89]. Thevectorsr®” = x{":y{":0 andrf)”) = xf)”);yf)”);o arethe centerof the nth-element
in thearraysa andb, respectiely. Tables5.1and5.2 shav the positionof the elementdor all trans-
ducersdiscussedere. For a focal distancerg anda steeringangledo, the phasedelayfunctionsare
givenby

q
W, .
yd = 5 0 2+ X% 2 singo (5.3)
Wi .
yg‘) = 2 g r2+ XE)n)Z 2roxg'>smqo : (5.4)
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Figure5.4: Dual parallellineararraytransducersvith N = 8. Eachtransducehastwo lineararraysa
andb. (a) symmetricallyseparatedb) centeredand(c) interlaced Both arrayshave horizontalpitch
d andverticalpitch d,. Thearrayelementhave width w andheightl.

We areinterestedn analyzinghow the PSFin (2.54) changedor six differentgeometric
arrangementsf the arrays. The six transducemarrangementare divided into two cateyories: dual
inline linear arraysand dual parallellinear arrays. In Fig. 5.3, we have the dual inline linear array
transducers(a) symmetricallysepaated (b) centeed and(c) interlaced Fig. 5.4 shows the dual
parallellineararraytransducerseparatethy a distanced,: (a) symmetricallyseparatedb) centered,
and (c) interlaced. The two arraysin eachtransducehave the samecharacteristicexceptfor the
driving signal.

5.3 Computational method

A computerprogram,acoustic eld simulator(AFS) written in C programmingianguage,
wasdevelopedto calculatethe systemP SFbasedn thelineararraytransducersln Fig. 5.5,we have
ablockdiagramof the AFS. Theprogramwasexecutedn aPC-Pentiunwith Linux operatingsystem.
A descriptionof eachmoduleis givenasfollows:

+

Name: afs_main.c
Description:  This moduleis responsibldo call input/output(l/O) routinesthathave theinformationof
thearrayto besimulated.Themodulesendgheinformationto afs_mestkandafs_beamforming.c

Name: afs_io.c
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Table5.1: The positionof the elementsn theinline lineararrays.
In all con gurationsyy” = yg') = 0andn= 1;2;:::;N
(exceptin thecenteredarray).
Transducer Elementposition

W= N 1=2)d

separated
P x=(n 1=2)d
m_ (n N 1=2)d; n=1;2;::;N=2
centered = (n+ N=2 1=2)d; n= N=2+ 1;N=2+ 2;::;;N
xV=(n N=2 1=2)d
(n) _ _ _
interlaced X' =(n N=2 3=4)d+w

xV=(n N=2 5=4)d+w

Table5.2: Thepositionof theelementsn theparallellineararrays.

In all con gurationsxy” = X = (n N 1=2)dandn= 1;2;::;N
(exceptin thecenteredarray).
Transducer Elementposition

Yo, = (I+ dy)=2

separated yE,n) = I+ dy=2
(n _ (I+dy)=2; n=1;2;::;;N=4;3N=4+ 1;::;;N
centered &7 (+d)=2 n=N=4+1;N=4+ 2;:::;:3N=4
(n _ (I+dy)=2; n=1;2;::N=4;3N=4+ 1;:::;N
b~ (I+dy)=2; n= N=4+ 1;N=4+ 2;::;;3N=4
interlaced y(n) =( D1+ d)=2

W= ()" i+ d)=2

Description:  Thisis themoduleresponsibldor all I/O operationsn the AFS.

Name: afs_mesh.c
Description:  In this module, the lattice (3D-spatialpoints) representinghe propagting mediumis
generatedAlso, themeshgrid representinghe simulatedarrayis produced.

Name: afs_geometry.c

Description:  All geometricoperationf the AFS suchrotationanddistancedeterminatiorof objects
takesplacein this module.

Name: afs_math.c

Description:  Themathoperationsuchasmatrix productandsumis realizedin this module.

Name: afs_beamforming.c
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Description:

Name:

Description:

Name:

Description:

Name:

Description:

Figure5.5: Diagramof themodulesof theacousticeld simulatorprogram

Thismoduleseparatetheinformationof eachlineararrayin thetransduceandpasghem
to afs_impulse.

afs_time.c
The delaysof the driving signalsappliedto the array elementdor focusingpurposeare
calculatedn this module.

afs_apodization.c
Eight differentapodizatiorfunctionsfor thearrayelementsareimplementedn this mod-
ule.

afs_impulse.c

Thefunctionsto calculatethe spatialimpulsefunction h(r;t) of a rectangulapistonare
in this module. The codeof the main function of the modulecanbe seenin Appendix
A. Basically this modulecalculatesthe spatialimpulsefunctionsin (5.1) and (5.2) by
usingEq. (4.6)with h(r;t) givenby Ref.[89]. Eq.(4.6)is numericallyevaluatedusingthe
trapezoidatule. Figure5.6 shavsthepro les of the spatialimpulsefunctionh(r;t)=cq of
arectangulapistonsof dimensiona andb. Theresultsshavn arein completeagreement
with Ref.[89].

To simulateacousticcylindrical lenseacharrayelemenin the AFS canbedividedin n rect-

angularsub-elements elevation. A time delayis appliedonthesub-elementt focustheultrasound

beamgn elevationataspeci c distancen range.
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Figure5.6: Temporalevolution of the spatialimpulseresponsef a(a b) rectangulapiston. The
eld pointsareat: (a)x=a= 1;y=a= 1;(b)x=a= 0.2, y=a= 1;(c)x=a= 1, y=a= 0:2; (d) x=a= 0:2;
y=a= 0:2: For all pointsz=a = 2:5: Thepistonaspectatiois a=b = 1.6:

5.4 Results

Table5.3 summarizeshe transduceparametersisedin the computationakimulation. To
comparethe PSFof thetransducersye x edthetotal aperturesizeto (25:6 12) mm laterallyand
in elevationfor all transducersThe speedof soundwassetto ¢y = 1480m/s. Figure5.7 shavs the
planes(azimuthand elevation) wherethe PSFwas calculated. The focal point of the transduceis
speci ed by thepolarcoordinategro; qo).

5.4.1 Dynamic radiation force

Before calculatingthe component®f the dynamicradiationforce, it is worthwhile to in-
vesticateif the conditions(3.65)and(3.66) hold for ultrasoundvavesradiatedby linear arrays. We
alsoneedto know whatis thelargestintersectinganglea betweertheincidentvelocity elds of each
ultrasoundwave generatedy the lineararraytransducersliscussedhere. This is importantbecause
the dynamicradiationforce may have a contrikution from Eq. (3.62). To estimatea, let usassume
thatthe wavespropa@teasraysin the focal zoneof the transducerIn this case the velocity elds
producedy theinline separatetransducehave the largestintersectingangleamongall transducers.
In fact,theothertransducerfave this anglepracticallyequalto zero.Onecanshow thatfor theinline
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Figure5.7: Planeswherethe PSFis calculated. The elevation planeis perpendiculato range.The
centerof the planesarespeci ed by thetransducefocuspoint (rp; do).

Table5.3: Parametersisedin the computersimulations.

Parameters Values
numberof elementgN) 64 (inline) and128 (parallel)
elementwidth (w) 0:15mm
elementheight(l) 12 mm (inline) and6 mm (parallel)
pitch (d) 0:2 mm (0:4 mm for theinline interlacedtransducer)
verticalpitch (dy) 0
lateralaperturewidth (D) 25.6mm
aperturewidth in elevation (L) 12mm
focusin elevation 50mm
ultrasoundrequeny (fo) 3 MHz
differencefrequeng (Df) 10kHz

separatéransducethe anglebetweertheincidentvelocity elds is givenby

23 D?
a= g o : (5.5)

2 -4 2 2gi
rg+ D?=4 = D2rgsingo

whereD is thelateralaperturewidth. For o = O we have a = 14:4°. As we increasep the anglea
decreasesTherefore we may neglectthe contrikution of Eq. (3.62)to the dynamicradiationforce.
Figure5.8shavs plotsof —& 1"1?—':) and—a 1"1?—'2@ Theamplitudeof bothplotsis 12.5mm * which
correspondso the value % usedin the simulation. The amplitudesof the ultrasoundvavesa andb
areplottedin Figure5.10. The wave patternresemblegollimatedplanewaves. The radiationforce
in the xz-planecanbe seenin Figure5.10.c. In the focal zone,the dynamicradiationforce pointsto

the axial direction. Therefore the conditions(3.65)and(3.66) areapplicablefor theinline separated
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Figure5.8: Plotsof the axial componenof the velocity elds normalizedby the respectre acoustic
potential elds. Theseareproduceddy theinline separatetransducem thevicinity of thefocal point
ro= 50mmandqg = 0. (a) Ultrasoundwave a. (b) Ultrasoundwave b.

transduceandthe maincontritution for the dynamicradiationforce comesrom theaxial component
of theforce.

The axial andtranswersecomponent®f the dynamicradiationforce producedby a inline
separatettansducewithoutsteeringareshavn in the Figuress.9and5.11. Thetransduceis focused
atro = 50 mmin range.The magnitudeof thetrans\erseforceis only 3.4%( 29:2 dB) of the peak
of theaxial force. Figure5.12shavs the axial forcewhenthe ultrasoundbeamis steeredy 30°. The
magnitudeof the trans\ersefor remains3.4%of the peakof the axial force. However, thetranserse
vector eld is asymmetridn the mainlobe.Becausef thesmallmagnitudeof thetrans\erseradiation
force, we can continuethe analysisof the PSFof linear array transducerdasedonly in the axial
componentf theradiationforce.

5.4.2 Point-spreadfunction

Figure5.13shaws the PSFof the linear arraytransducergvaluatedalongthearc 30° <
g < 3 atthefocal distancerg = 50 mm. Theinline separatedransducehasthe widestmainlobe
width (224 mm) at 12 dB from its peak. The restof the transducer$ave the main lobe width of
aboutl.2 mm. All transducerfiave sidelobesunder 26 dB, exceptthe inline centeredransducer

whosesidelobesarejustunder 7:4 dB.
Figure5.14shovsthe PSFpro le of all transducergn range. At 12dB from thepeakthe
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Figure5.9: Axial componenbf thedynamicradiationforce on thefocal planeof theinline separated
array Thearravs representhetrans\erseradiationforce vector

PSFwidth of all transducerss about18 mm, exceptfor theinline centeredransducewhosewidth is
29.5mm. In all transducershesidelobesarebelovn 14:0 dB.

Figure 5.15 shows the PSFpro les of all transducersn elevation. At 12 dB from the
peak,the PSFof theinline transducerfiasa width of about2.6 mm with sidelobeselov 288 dB
. The PSFof the parallel separateénd centeredransducersaswidth about5 mmat 12 dB and
sidelobedelov 26:8 dB. The PSFwidth of the parallelinterlacedtransducers 2.6 mmat 12dB
andsidelobesarebelov  27:0 dB.

5.4.3 Grating lobesand sidelobes

Linear arraysproducegratinglobeswhenthe arraypitchis d > | =2, wherel is theultra-
soundwavelength.In our simulationstheultrasoundvavelengthis| ' 0:5mm. Theinline interlaced
transduceexhibits gratinglobesbecauséhe arraypitchis d = 0:4 mm. In fact,eacharrayindividu-
ally producegyratinglobesthatoverlapin space.Hence the productof thetwo beamsn Eq. (2.54)
alsohasgratinglobes.Figure5.16shavs gratinglobesin the PSFof theinterlacedransducerswhen
thebeamis steeredrom 0° to  4(° thegratinglobelevel increaseérom 36:4dBto 4:4dB.The
othertransducersglo not exhibit gratinglobesbecausel < | =2.

The sidelobegpresentn the vibro-acoustographPSFcomefrom the overlap of the side-
lobesof ultrasouncbeamsa andb. By reducingthe sidelobesf thebeamin eacharray the sidelobes
in the systemPSFis reduced.Figure5.17 showvs the PSFof the inline andparallelinterlacedtrans-
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Figure5.10: Ultrasound elds produceddy theinline separatedrrayon the xz-plane.(a) Ultrasound
wave a: (b) Ultrasoundwave b. (¢) Radiationforcedistribution. Thearravs representheforcevector
eld in theplane.

ducersjn which eachindividual arraywasapodizedoy the Bartlett's function

2)(( n)
D L

an=1 (5.6)

wherex(" is the centerof the ni'-arrayelementandD = 25:6 mm is the transducetateralaperture.
In bothtransduceaftertheapodizationthe sidelobdevelsof thesystemPSFareaslow as 36:0 dB
andmainlobeis 5 dB lower thanthenon-apodizedSF Furthermorethemainlobewidthat 12dB
becomed 2%wider afterthe apodization.

5.4.4 Effectsof beamsteeringand focusing

The shapeof the resolutioncell is subjectto distortionsas the total ultrasoundbeamis
steeredand focusedat different pointsin the medium. This effect is shawvn in the separatedind
interlacedransducersWe de ne therelative broadeningf theresolutioncellasDh (1  hi=hy)
100% whereis h; is thecell width alongrange azimuth,or elevation. Theultrasoundeamis focused
atthepositioni = 1;2; speci edin polarcoordinatedy (r1;q:) and(ro;g2), respectiely. Becausdhe
interlacedtransducerpresenthe bestperformanceaccordingto Figs.5.13,5.14,and5.15,we shall
focusonthesetransducersomparinghemmainly with theinline separatedransducer
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Figure5.11: Trans\ersecomponenbdf the dynamicradiationforce on the focal planeof inline sepa-
ratedtransducerThearrows representhetrans\erseradiationforcevector Themagnitudds normal-
izedby the peakvalueof the axial componenbf theforce.

Figure 5.18 shawvs contourplots of the systemPSFin the azimuthplane. The positions
1 and2 are (30mm;0°) and (70 mm;0°) : The relative broadeningof the resolutioncell alongthe
rangeis Dh = 782%. Figure 5.19 shavs contourplots of the systemPSFin the elevation plane.
In azimuth, the relative broadeningof all transducerss Dh = 54:3%, exceptthe inline separated
for which Dh = 55.4%. In elevation, all transducerdiave have Dh=  11.1%, exceptthe parallel
separatedransducemwhich hasDh = 23:5%.

Figure 5.20 shawvs contourplots of the systemPSFin the azimuth planewith the beam
steeredo qp = 3(° for the inline separatedransducerlndthe interlacedtransducers.n this case,
the positions1 and 2 are, respectiely, (30 mm;30°) and (70 mm; 30°) : Besidesthe distortion, the
resolutioncellsareno longersymmetricin range.Therelative broadeningn rangefor all transducers
is Dh= 68:5%.

In Figure5.21,we have contourplotsof thesystemPSFE with thebeamsteeredatq= 30°, in
theelevationplanerotatedby 30° aroundthey-axis(seeFigure5.7)for theinline separatettansducer
andtheinterlacedransducersln azimuth the paralleltransducerbave Dh = 53:1%, while theinline
transducerbave Dh= 59:0%. In elevation,all transducerhave Dh= 14:2%. Considethepositions
1 and2 as(50mm;0°) and (50 mm;30°). In this casefor all transducer®h = 23:0% in range.In
azimuth,all transducerbave Dh = 18:4%, excepttheinline separatettansducethathasDh= 7:7%:
In elevation, all transducerdave Dh = 6:5%.



Chapter5: Linear arraysfor vibro-acoustgraphy 76

(dB)
0

-1 10

o

420

elevation (mm)
o

125

5 0 5
lateral (mm)

Figure5.12: Axial componenbf thedynamicradiationforceonthefocal planeof theinline separated
arraywith qo = 30°. Thearrows representhetrans\erseradiationforce vector

5.4.5 Numerical error

Themainsourceof erroronthe simulatingprogramis the numericalevaluationof Eqg. (4.6)
dueto thediscontinuitiedn time of h(r;t). Themeanerrorin numericalcalculationof pressureelds
usingtheresultsof Ref.[89] andthefastFouriertransformis lessthan10%for samplingfrequencies
abose 500MHz [90]. In our simulationsthe samplingfrequenciesvereabove this limit. Hence,it is
expectedhatour meanerrorto belessthan10%.

5.5 Real-timesystems

Thedesignof areal-timevibro-acoustographsystemshouldtake into accountwo intrinsic
characteristic®f the systemimagesynthesis.First, vibro-acoustographproducesmagesbasedon
acousticemissionin steady-stateThe vibrationscausedy the dynamicradiationforce on a tissue-
like mediummay needfew cyclesat the frequeny Dw to reachthe steady-state Secondthe time-
of- ight of the acousticemissionfrom the scannegoint to the detectormay take few microseconds.
Thelongestime-of- ight of theacoustiemissiorandthetime interval requiredto reachthevibration
steady-statdeterminesiov mary framespersecondhesystencanexhibit. If nj, pixelsaredisplayed
perframeandn, is the numberof cyclesneededor the acousticemissionto reachthe steady-state,
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Figure5.13: PSFevaluatedalongthearc 30° < q< 3(° atthefocal distancerp = 50 mm. Inline
transducersia) separated(b) centeredand (c) interlaced. Parallel transducers{d) separated(e)
centeredand(f) interlaced.

thenumberof framespersecondf the systemis

2pne N Omax

Dw Co ’

ng= nNp (5.7)
wheredmax is the distancebetweernthe farthestscannedoint in the mediumandthe detector The
quantitydmax=Co is thelongesttime-of- ight of theacousticeld emittedto thedetector

Let us considera systembasedon the interlacedparalleltransducespeci ed by Table5.3
producinga B-scanimagecenteredat 50 mm away of the transducewith (20 20) mm of area.In
polar coordinateghis areacorrespond$o ro = 40 mmto 60 mmandgo= 11:3°to 11:3° Fora
scanningareaof with n, = 1600pixels,n; = 5 cycles,anddmax = 50 mm, the minimum difference-
frequeng to produceoneframepersecondaccordingo Eq. (5.7),is 8 kHz.

5.6 Summary

Thelinear arraybeamformingfor vibro-acoustographwasstudiedin this chapter It was
shavn that the quasi-planevave modelfor the radiationforce is still a good approximationfor the
linear array beamforming. The variation of the systemresolutioncell asthe focal point is changed
spatiallywasshavn throughsereral computationakimulations.Basedon the results,we concluded
thatvibro-acoustographsystemsasedn lineararraysfor clinical applicationsarefeasible.
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Figure5.19: Contourplots of the systemPSFin the elevationplane.The beamis focusedatrg = 30,

50, and70 mm without steering.(a-c) Inline separatedransducer(d-f) Inline interlacedtransducer

(g-i) Parallel separatedransducer (j-) Parallel interlacedtransducer Legend: solid line 30 dB,

thick line 12dB, anddottedline 6 dB.
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Chapter 6

Summary and conclusion

6.1 Summary

Themaingoalof this dissertatiorwasto present studyof beamformingandimagingsyn-
thesisin vibro-acoustographsystems.A generalizatiorof the collimatedquasi-planevave model
was proposedbasedon the Brillouin radiation-stressensor The point-spreadunction (PSF)of the
systemwhich depend®ntherespons®f a point-tagetto the dynamicradiationforce,wasobtained.
Theaxial andtransyersecomponentsf theradiationforce exertedby ary ultrasoundnodulatecbeam
canbecalculatedrom thetheorypresentedhere. Theradiationforceexertedby atraveling ultrasound
wave on a point-tagetis proportionalo the ultrasoundntensityvector Thevibro-acoustographres-
olution cell may have a complicatedpatternof vibration. However, the main contribution for the
dynamicradiationforce comesfrom the axial componenbf the force. The trans\erseforce corre-
spondgo 3-11%of theaxial componenfor differenttransducersEventhoughthis representa small
amountof the total force, it may produce,combinedwith sidelobessomesort of imageartifacts.
For example,the edgebrightnessffect obsered in somearteryimages(seeFigure1.3). However,
morestudiesneedto be continuedin this subject. Theoreticalexpressionfor the PSFof an speci ¢
transducebasedon the three-dimensionaladiationforce vectorcanbe usedasa startingpoint for
decorvolution of vibro-acoustographitnages.

An analyticexpressiorof the acousticpotentialof a sectortransduceis obtainedfrom the
Rayleighintegral. Theoretically sidelobesn the PSFof the 8-elementsectorarray transducemare
under 158 dB in eightspotscircularly distributedand separatedby 22:5°. Simulationsshow that
for N = 16 sidelobdevelsbecomdessthan 34 dB. This happendecauséy increasinghe number
of sectorswe getcloserto AM-single beammodewhosesidelobesareunder 35 dB. Sidelobesn
the PSFof a confocaltransducers about 18:2 dB.
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Specialattentionhasbeengivento lineararraytransducerbecaus¢hesetransducersanbe
usedfor clinical applicationof vibro-acoustographsystem.Currently vibro-acoustographsystems
arebasedn confocalor sectortransducersThefeasibility of six differentlineararraycon gurations
for vibro-acoustographwasanalyzed.Theinline interlacedransducewith N = 64 andthe parallel
interlacedtransducemith N = 128 presentedhe bestresolutioncells. With the beamfocusedat
50 mm without steeringthe resolutioncell of thesetransducerss (1:2 2:6 18 mm in azimuth,
elevation, andrange. Betterresolutionin rangecanbe achiesed by increasingthe numberof array
elements.The sidelobedn the interlacedtransducersverereducedto lessthan 37:6 dB through
the apodizationtechnique.Variationsin the resolutioncell dueto focusingandsteeringmay reduce
imagequality. Therelative broadeningf theresolutioncell hasmorevariationin rangeDh = 78:2%;
asthe beamis focusedfrom 30 mm to 70 mm. Whenthe beamis steeredrom 0° to 30° at 50 mm,
the maximumvariationis Dh = 23:0% in range.Thesevariationscanbe minimizedif thetransducer
aperturevariesasa functionof thefocusposition. If thefocuspointis far avay from the transducer
moreactive arrayelementsareneededo keepthe sameresolutionasthe focuspointis closerto the
transducer

The PSFof the linear arraytransducerfiave betterresolutiontrans\ersallythanin depth.
This indicatesthatthelineararraytransducersnalyzecherewould producebetterimagesin C-scan
comparedo B-scan. NeverthelessC-scanimagesrequirebeamsteeringandfocusingin elevation.
Beamsteeringin elevation can be accomplishedy mechanicallysteeringthe ultrasoundbeamor
by using 2D-linear arrays. The latter solution involves certaincompleity in probeand hardware
manufcturingdueto thelarge numberof arrayelementsThetheoryandsimulationpresentedh this
work canbe adaptedwvithout major modi cations to study 2D-linear array beamformingfor vibro-
acoustograph Theinline andthe parallelinterlacedtransducerpresentedhe bestresolutioncells
amongthestudiedtransducersMoreover, the pathof thetwo ultrasoundeamproducedy thearrays
in thesetransduceare practicallythe same.Having a commonpathfor both ultrasoundoeamsamay
reducethe error of focusingthe beamsdueto inhomogeneitie®r variationson the speedof sound
in tissue.Theinline interlacediransducecould be usedasa switchedlineararrayin linearscanning
mode.For this con guration,thegratinglobesareunder 36 dB andsidelobesanbereducedo less
than 36 dB by applyingapodization.The parallelinterlacedtransducercould be usedasa phased
lineararraybecauséeheresultingbeamcanbe steeredvithout gratinglobes.

6.2 Conclusion

We presentedh theoryto describethe spatialresolutioncell of a vibro-acoustographsys-
tem. This theorycanbe only appliedto ideal uids. Despitethis limitation, the theory providesa
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usefulframework for vibro-acoustographimageformationbasedon linearacoustics.This includes
the analysisof the systemPSFfor ary ultrasoundbeamand a descriptionof the dynamicsof the
systenresolutioncell.

The radiationforce producedby confocal and sectortransducersvere validatedexperi-
mentally Thetranswerseandaxial component®f the radiationforce were measuredor a confocal
transduceusinga steelwire asatarget. For the sectortransducepnly the axial componentvasmea-
sured. Theresultsarein goodagreementvith the theoreticalpredictions.No experimentaldatafor
lineararraytransducerareavailableup until now. We arestill usingthecomputationasimulationfor
guidancdn thedesignof systemdasedn lineararrays.

6.3 Futurework

Ultrasoundvibro-acoustographis a very youngimagingmodality Thetheorybehindthe
scenesof vibro-acoustographis still not quite understood. The study of vibro-acoustographin
different propagting mediumssuchas viscous uids, viscoelasticmaterials,or solids, consistsa
setof new problems. Effects of nonlinearity of the propa@ting mediumcould also be explored.
Optimizationof vibro-acoustographbeamforminghasedn intrinsic characteristicef systemcanbe
studied. Speciallyusingrandomlinear arraytransducersFinally, validationof the resultsfor linear
arraysis a naturalpathof this work.



Appendix A

Computer codefor evaluation of the
spatial impulse function

We startfrom the spatialimpulsefunctionde nition

Zodt jr r9=c)

h(r;t) P S ds(r9: (A.1)

This astatemenof Huygensprinciplethatthe eld is foundby summingtheradiatedsphericalwaves
from all partsof the pistonsurface.This canbereformulatedpy usingacoustiaeciprocity as nding
the partof the sphericalwave emanatingrom the eld pointthatintersectghe pistonsurface.Hence
thetaskis to projectthe eld pointontothe planecoincidingwith the pistonsurface,andthen nd the
intersectiorof the projectedsphericalwave (a circle) with the active surfaceW. Writing this integral
in polarcoordinatesve have

Z&Zadit Rs
Y — =Co) a
h(r;t) = W o TR r%rdq®

wherer?is the radiusof the projectedcircle andR = jr  r§ is the distancefrom the eld pointto
the pistonsurfacegivenby R? = r2+ z3. Herezq is the distanceof the point to the xy-plane(bafed
plane).Theprojecteddistancesl; andd, arethe closestandthefarthestdistancegrom the projected

pointto the edgesof W, andq; andg» arethe corresponding@nglesfor a giventime. Introducingthe
transformatiorRdR = rdr we have

ZnZ
hr= . Cdt Reco)dRg® (A.2)

1 1
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wherethe quantitiesR; andR, denotethe closesiandfarthestedgesawayto the eld point. Usingthe

substitutiort®= R=cy yields
Co Z Q2Z t2
h(r;t) = = dit  t9dt%g® (A.3)
2p gt

For a giventime instancethe contribution alongthearcis constanandtheintegral gives

h(r;t) = 2%(% o) (A.4)

The anglesq; andq, aredeterminedoy the intersectionof the apertureandthe projectedspherical
wave. Thus,the spatialimpulseresponseanbe determinedoy keepingtrack of theintersectionsas
afunctionof time. Below we have a computercodein C programmindanguagenhich calculateghe
anglesg; andgy basedntheresultsof Ref.[89].

Program codein C

[* afs_impulse_rect.c - Calculate  the spatial  impulse response of a
* rectangular aperture in a point r
*

* Usage: void afs_impulse_rect( r, a b oc t, fs)
*

* r - point in the 3D-space

* a,b - width and height

* c - sound speed

* tl - initial time

* fs - sampling frequency

*

*

Glauber T. Silva
* February, 2002.
*

void afs_impulse_rect(
Point t r,
double a,
double b,
double ¢,
double*  tl_ptr,
double fs

)

unsigned int I, ns;

double di, d2, d3, d4, d fi,d f2, d 3, d_f4,
double d sl, d.s2, ds3, d s4

double t, t0, ta, th, tc, td, tmin, tmax, t_ini
double ts1, ts2;

double sigma, dt, z 2, x, y, z, cl;

x = fabs(r.x);
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y = fabs(ry);
z = fabs(r.z);
[ oa>h
if ( ab)
{
SWAP(X,y);
SWAP(a,b);
}
a*= .5
cl = 1/(2.*PIl);
ns = 0;

[* Distance to the field point to the straight lines

dl = x - a

d2 =y - b;

d3 = x + a

d4 =y + b;

d_fl = ABS(d1);

d_f2 = ABS(d2);

d_f3 = ABS(d3);

d_f4 = ABS(d4);

d_sl = (double) SGN(d1);
d_s2 = (double) SGN(d2);
d_s3 = (double) SGN(d3);
d_s4 = (double) SGN(d4);

[* Sampling interval */
dt = 1.ffs;

[* Transit times from the vertices
7.2 = 7%z

ta = sqrt(d1*dl
tb = sqrt(d2*d2
tc = sqrt(d1*dl
td = sqrt(d3*d3
| =0

/* Region . x>=a, y>=b */
if (x>=a && y>=h)

{

d2*d2 + z.2
d3*d3 + z_ 2
d4*d4d + z_ 2
d4*d4 + z 2

+ 4+ + +

/
/
/
/

a0

[* Calculate  the number of sampled points  *
ns = ceil((td - ta)¥fs);

to a field point

to rect. lines

¥

/¥ Implement equations (11) and (12) of the reference */

tini = ta;
t =t inj
tmin = MIN(tb,tc);
tmax = MAX(tb,tc);
while (t>=ta && t<=tmin)
{
sigma = sgrt(c*c*t*t - 2.2);

*H ->valuetl) = (sigma>0.) ? ¢l * ( 5P

- ALPHA(d1/sigma)

*/
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-ALPHA(d2/sigma)
[++;
t 4= dt
}
while (t>tmin  && t<=tmax)
{
sigma = sqrt(c*c*t*t - 2.2)
if  (tmin==tb)

) 04

*H ->valuetl) = cl * ( ALPHA(d3/sigma) - ALPHA(dl/sigma) );

else

*H ->valuetl) = cl * ( ALPHA(d4/sigma) - ALPHA(d2/sigma) );

[++;

t += dt
}
while (t>tmax && t<=td)
{

sigma = sqrt(c*crt*t - 2.2);

*H ->valuetl) =cl * ( -5*PI + ALPHA(d3/sigma) + ALPHA(d4/sigma)

[++;
t 4= dt

¥ Region II: x<=a, y>=b *
if (x<=a && y>=b)

ts2 = sgri(d2*d2  + z_2)/c;

[* Calculate  the number of sampled points  *
ns = ceil((td - ts2)*s);
tini = ts2

t =t inj;

while ( t=ts2  && tta )
{

sigma = sqrt(c*crtrt - 2.2);

*H ->valuetl) = (sigma>0.) ? ¢l * ( Pl - 2*ALPHA(d2/sigma) )

0.,
[++;
t += dt;
}
while (t>=ta && t<=th)
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->value+tl) =cl * ( 5*Pl - ALPHA(dl/sigma)
[++;
t += dt

while (t>tb  && t<=tc)
{

sigma = sqrt(c*ct*t - 2.2);

- ALPHA(d2/sigma)

*H ->valuetl) =cl * ( -Pl - ALPHA(dl/sigma) + ALPHA(d3/sigma)

+ 2.*d_s4*ALPHA(d_f4/sigma)
[++;

);

)

)
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else

}

t += dt

while (t>tc  && t<=td)

{

[*
if

sigma = sqrt(c*c*t*t - 2.2);

*H ->valuetl) =cl * ( -5*Pl + ALPHA(d3/sigma) + ALPHA(d4/sigma) );
[++;

t += dt

Region Ill:  x>=a, y<=b *
(x>=a && y<=h)

ts1 = sgri(dl*dl  + z_2)/c;
/¥ Calculate  the number of sampled points  */
ns = ceil((td - ts1)Hfs);
tini = tsl;
t =t ini;
tmin = MIN(tb,tc);
tmax = MAX(th,tc);
while ( t=tsl && t<ta )
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->valuetl) = (sigma>0.) ? ¢l * ( 2.%d_s3)*ALPHA(d_f3/sigma)
- 2*ALPHA(d1/sigma) ) . 0
[++;
t += df
}
while (t>=ta && t<=tmin)
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->value+) =cl * ( -5PI - ALPHA(d1/sigma)
- ALPHA(d2/sigma) + 2.*(d_s3)*ALPHA(d_f3/sigma)
[++;
t += dt
}
while  (t>tmin  && t<=tmax)
{
sigma = sqrt(c*c*t*t - 2.2);
if  (tmin==th)
*H ->valuetl) =cl * ( -ALPHA(dl/sigma) + ALPHA(d3/sigma));
else
*H ->valuetl)

cl * -PI - ALPHA(d2/sigma)
+ ALPHA(d4/sigma)
+ 2% d_s3 * ALPHA(d f3/sigma) );
[++;
t += dt
}
while  (t>tmax  && t<=td)
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->value+l) =cl * ( -5*PI + ALPHA(d3/sigma)
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+ ALPHA(d4/sigma) );

[++;
t += dt;
Region IV: x<=a, y<=b *
(x<=a && y<=h)
t0 = z/c;
[* Calculate  the number of sampled points  */
ns = ceil((td - 10)*fs);
tini=  t0;
t = tini;
tmin = MIN(tb,tc);
tmax = MAX(th,tc);
while ( ©=t0 && t<ta)
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->valuetl) = (sigma>0.) ? 2 *cl* (- P
- d_s1*ALPHA(d_f1/sigma)
- d_s2*ALPHA(d_f2/sigma)
+ d_s3*ALPHA(d_f3/sigma)
+ d_s4*ALPHA(d_f4/sigma) )
0
[++;
t += dt
}
while (t>=ta  && t<=tmin)
{
sigma = sqrt(c*c*t*t - 2.2);
*H ->valuetl) =cl * ( -15PI - ALPHA(dl/sigma)
- ALPHA(d2/sigma)

+ 2.*d_s3*ALPHA(d_f3/sigma)
+ 2.*d_s4*ALPHA(d_f4/sigma) );

[++;
t += dt
}
while  (t>tmin  && t<=tmax)
{
sigma = sqrt(c*c*t*t - 2.2);
if  (tmin==tb)
*H ->valuetl) =cl * ( -PI
- ALPHA(d1/sigma) + ALPHA(d3/sigma)
+ 2.*d_s4*ALPHA(d_f4/sigma) );
else

*H ->valuetl) =cl ¥ -PI - ALPHA(d2/sigma)
+ ALPHA(d4/sigma)
+ 2.*d_s3*ALPHA(d_f3/sigma) );
[++;
t += dt
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while  (t>tmax  && t<=td)

{
sigma = sqrt(c*c*t*t - 2.2);
*H ->valuetl) =cl * ( -5*P1 + ALPHA(d3/sigma)
+ ALPHA(d4/sigma) );
[++;
t += dt
}
}
*l_ptr = tinj;
H->cols = ns;
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