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Abstract

In this work, the beamformingand imageformationof vibro-acoustography systemsare

studied.Vibro-acoustography is animagingtechniquethatmapsthemechanicalresponseof anobject

(or biological tissue)to a localizeddynamicultrasoundradiationforce. This force is generatedby

a focusedmodulatedultrasoundbeam.Two schemesareusedfor this purpose:dualandamplitude-

modulatedsinglebeammodes.The former usestwo focusedultrasoundbeamsat slightly different

frequencies.The latter usesa focusedmodulatedultrasoundbeamwhosemodulationfrequency is

muchsmallerthanthecarrierfrequency. In responseto thedynamicradiationforce,theobjectvibrates

emittinganacoustic�eld which canbedetectedsomedistanceway by a microphoneor hydrophone.

Thedetectedsignalis usedto synthesizetheimageof theobject.Dual beammodepresentssuperior

resultsfor vibro-acoustographicimages.Thepoint-spreadfunction (PSF)of thesystemdependson

the dynamicradiationforce on a point-target in the focal zoneof the transducer. Stemmingfrom

the Brillouin radiation-stresstensor, the ultrasoundradiationforce exertedby modulatedwaveson

a point-target is calculatedby meansof acousticscatteringtheory. This formulationgeneralizesthe

collimatedquasi-planewave model.Both transverseandaxial componentsof theradiationforcecan

beassessedin this formulation. It is shown that the thecollimatedquasi-planewave modelis still a

goodapproximationfor beamformingin vibro-acoustography. Effectsof the transversecomponent

of theradiationforce in thespatialresolutionof systemis discussed.Threedifferenttransducersare

analyzedwith theradiationforceformulationproposedhere:confocalandsectorsphericaltransducers

andlinear arraytransducers.The �rst two transducersarestudiedbasedon analyticresultsfor the

acousticpotentialon the transducerfocal plane. Measurementsof the amplitudeof the axial and

transversecomponentsof radiationforceproducedby theconfocaltransducerarein goodagreement

with theoreticalresults. Ultrasoundwavesradiatedby linear arraytransducersarecomputationally

simulatedbasedon thespatialimpulsemethod.More emphasisis givento lineararraybeamforming

dueto thepotentialuseof thesetransducersfor clinical applications.
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Chapter 1

Intr oduction

Theuseof ultrasoundin medicalimagingandnondestructive materialevaluationis a well-

establishedjoint-ventureof scienceandtechnology. The pulse-echotechniqueis usedfor real-time

gray scaleimaging. Several specializedmethodshave beenproposedandinvestigatedsuchas3D-

ultrasoundimaging,tissueharmonicimaging,contrastagents,andelasticityimaging. The focusof

this thesisis on a techniquecalledvibro-acoustography which is a modality of elasticity imaging.

In this introduction,vibro-acoustography is presentedin the context of elasticity imaging. Several

conceptsassociatedwith vibro-acoustography suchasacousticradiationforceandacousticemission

arediscussed.Thisdissertationcanbesummarizedasfollows:

� Chapter1 givesanoverview of vibro-acoustography andits framework. Severalapplicationsof

vibro-acoustography arediscussed.

� Chapter2 presentsthebackgroundneededto developthis work. Someattentionis givento the

mathematicalbackground.Key conceptsof vibro-acoustography systemareexploredin more

detail.

� Chapter3 presentsthetheoryof ultrasoundradiationforceproducedby any kind of beamin the

three-dimensionalspace.

� Chapter4 studiesthe effectsof the axial andtransversecomponentsof radiationforce in the

systempoint-spreadfunction.

� Chapter5 studiesthebeamformingof lineararraytransducersin vibro-acoustography through

computationalsimulations.

� Chapter6 summarizesthiswork anddiscussesimportantaspectspresentedhere.

1



Chapter1: Introduction 2

1.1 Elasticity imaging

Changesin elasticityof softtissuesareoftenrelatedtopathology. Forexample,sometumors

of thebreastaredetectedby palpationthroughtheoverlying tissue.In palpationa forceis exertedon

the body surfaceandit spreadsover the tissues. If the responseof a tissueis suf�ciently different

from thesurroundingtissues,thephysicianmayidentify thetissueasabnormal.Elasticconstantsare

relatedto thermodynamicpropertiesof materialsandthey canbeassociatedto a varietyof physical

parameters.In soft tissue,elasticpropertiessuchasshearandYoung's (stiffness)moduli may vary

four ordersof magnitude.Furthermore,thesequantitiescanchangeby 1000-foldwithin the same

tissueduring suchprocessesastumor developmentor musclecontraction(asreportedin Ref. [1]).

Most soft tissuesarecomposedby 70 to 80% of water, while the remainingingredientsconsistof

variousorganic andinorganic compoundswith low molecularweight. The variability of soft tissue

densityis small. Thespeedof sound,which is relatedto thebulk modulus,of mostsoft tissuesmay

vary lessthan10%[2]. Imagingmethodsbasedonbulk modulusvariationusuallypresentlow image

contrastwhenappliedto soft tissues.For instance,methodsbasedon x-ray, which dependuponthe

radiationabsorptionrelatedto the materialdensity, have low contrastin soft tissues. An imaging

techniqueableto assesselasticpropertiesof tissuesmaybeappliedin anew setof medicaldiagnostic

problems.

Elasticityimaging[3] is thegeneral�eld of quantitativemethodsto imageelasticproperties

of tissues.The objective of elasticityimagingis to maptissueelasticpropertiesin an anatomically

meaningfulpictureto provide usefuldiagnosticinformation. Themethodsuseanexternalsourceof

forceto produceastaticor dynamicstressdistributionon theprobedtissue.Theappliedstresscauses

a displacementdistribution within thetissuewhich canbemeasuredby nuclearmagneticresonance,

ultrasound,or optical methods. Muthupillai et al. [4] developedmagneticresonanceelastography,

whichconsistsof visualizingthepropagationof shearwavesin amaterial(or tissue)with themagnetic

resonanceimaging(MRI) technique.Theshearwavesaregeneratedby anexternalsourceof force.

Theexternalforceproducesaspatiallywidestressdistribution insidetheobjector tissue.Analysisof

the responseof the region of interestwithin theobjectcanbecomplicateddueto thecomplexity of

thestressdistribution in theobject.

An alternative approachis to usea localizedstressdistribution directly in the region of

interest.Theuseof localizedacousticradiationforce to assesstissueproperties(hardness)was�rst

proposedby Sugimotoetal. [5]. In thismethod,animpulsive radiationforceis exertedona localized

region in the tissueby a focusedultrasoundpulsedbeam.Theforcecausesa displacementwhich is

measuredby ultrasoundpulse-echotechniques.Acoustic radiationforce producedby a modulated

ultrasoundbeamhasbeenusedto generateshearelasticwavesin tissueasan imagingmethod[6].

In this method,theresultingshearwavesdueto theradiationforcearegeneratedin the tissueat the



Chapter1: Introduction 3

Figure1.1: Vibro-acoustography systemdescription.Thecenteranddifferenceangularfrequencies
arew0 = 2p f0 andDw= 2pDf .

modulationfrequency. Theshearwavesaredetectedby animagingtransducer. Walker et al. [7] used

pulsatingacousticradiationforce to produceimagesof viscoelasticparametersin a mimicking gel

phantom.Nightingaleet al. [8] establishedtheacousticradiationforceimpulsive imaging(ARFI) in

which a singletransduceris usedto generatethe localizedradiationforceandmeasurethe resulting

displacementby meansof ultrasoundcorrelation-basedmethods.Fatemiet al. [9] proposedvibro-

acoustographyasanimagingmethodwhich is basedon localizeddynamicultrasoundradiationforce

exertedin tissue(or object)by anultrasoundmodulatedbeam.

1.2 What is vibr o-acoustography?

Whenan object is tapped,it emitsa sound,which basicallydependsuponits mechanical

properties.Tappinganobjectandhearingtheemittedsoundis a way to assessits mechanicalproper-

ties. In medicine,physicianscustomarilyusepalpationto recognizeabnormaltissues.Theutility of

palpationis limited to thesizeandlocationof theabnormaltissue.If theabnormalityis too small to

besensedby touch,or if it liesdeepin thebody, practicallynothingcanbeinferredby palpation.

Ultrasoundvibro-acoustography is an imagingtechniquethat producesa mapof the me-

chanicalresponseof anobjectto a localizeddynamicforce. This techniqueis basedon thedynamic

ultrasoundradiationforce generatedby a modulatedultrasoundbeam. The dynamicforce causesa

vibration in the object(tissue)which emitsan acoustic�eld that canbe detectedby a sensitive hy-

drophoneor microphonesomedistanceaway. Theobjectresponseto thedynamicradiationforce is

calledacousticemission. Therearetwo basicwaysto producedynamicultrasoundradiationforce:

amplitudemodulated(AM) singlebeamanddual beam. The former modeusesan AM ultrasound

beamto producethe radiationforce. This con�guration canbe accomplishedwith a focusedtrans-

ducerdriven by a modulatedsignal. The latter moderequirestwo ultrasoundbeamsintersectingin

space.Hence,theresultingultrasoundbeamis modulatedonly in theintersectingregion. Thiscon�g-
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Figure1.2: Driving signalsin vibro-acoustography. (a) and (b) Continuous-wave (CW) signalsat
frequenciesfa = 3 MHz and fb = 3:01 MHz. (b) Modulatedultrasound�eld whosemodulation
frequency is Df = 10 kHz. (d) Modulatedultrasoundwith toneburst (dottedline) with 150 ms of
pulseduration.

urationrequirestwo transducersto producetheultrasoundbeams.Experimentsshow thatdualbeam

modeis superiorto singlebeammode. This is becausein singlebeammode,the radiationforce is

producedalongthe wave pathfrom the transducerto the objecttarget. Furthermore,the transducer

itself producesanacousticemissionthatinterfereswith theacousticemissionof theobject.

In dualbeammodethemodulatedultrasoundbeamis producedby usingtwo continuous-

wave (CW) or tone-burst signalsat frequenciesfa = f0 and fb = f0 + Df slightly different. The

quantitiesf0 andDf arethecenterandthemodulationfrequencies,respectively. Theacousticemission

of the object occursat the beatfrequency Df of the ultrasoundbeams. In Figure 1.1, we have a

descriptionof a vibro-acoustography imagingsystem.A two-elementconfocalsphericaltransducer

of 45mmdiameter, operatingin dualbeammode,generatesthemodulatedultrasoundbeamin awater

tank. Eachelementis driven by a CW-signalat frequenciesfa = 3 MHz and fb = 3:01 MHz. The

driving frequenciesdependupon the transducercharacteristics.The ultrasoundbeamsinterferein

the focal zoneof the transducerproducinga dynamicradiationforceat thebeatfrequency Df = 10

kHz in theprobedobject. The frequency Df canbechosenfrom few Hertz to 100kHz. Figure1.2

shows thedriving signalsof thesystem.Thedimensionsof thefocal zoneof theconfocaltransducer

is typically (1:0� 1:0� 10:0) mm,laterally, in elevation,andaxially. Theresultingacousticemission

by theobjectis detectedby ahydrophonesomedistanceawayfrom. Theacousticemitted�eld carries
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information aboutlocal mechanicalpropertiesof the object as well as information of the object's

boundaryconditions. In the describedsystem,the imagingplaneis de�ned asthe transducerfocal

plane. The transducermechanicallyscansan object in rastermodeproducinga two-dimensional

imageof theobject.Thespatial resolutionor resolvingpower of thesystem,which accountsfor the

capacityto distinguishsmallandcloseobjects,dependson thedistribution of thedynamicradiation

forcein thefocal zoneof thetransducer.

1.2.1 Imagecharacteristics

Vibro-acoustography presentsseveralattractive characteristicsasanimagingmethodbased

onultrasound.Themostremarkableof thesecharacteristicsarelistedbelow:

� Specklessimages:A well-known artifactin ultrasoundimagesis thespecklenoise.This noise

is producedby the interferenceof backscatteredsignalsdueto multiple scatteringcausedby

small inhomogeneities(scatterers)in biological tissue. The sizeof thesescatterersis of the

orderof the ultrasoundwavelength. Imageswith specklepresenta texture which hasa more

rapidspatialvariation[10]. In vibro-acoustography, thedetectedsignal(acousticemission)has

wavelengthmuchlargerthanthetissueinhomogeneitiesdimensions.Consequently, theacoustic

emissiondoesnot suffer any interferenceby multiple scattering.Hence,vibro-acoustographic

imagesarefreeof speckle.

� Assessmentof dynamical propertiesof objects: Theapplicationof adynamicradiationforce

on an objectallows the investigation of dynamicalpropertiesof the object. Resonancesand

differentvibration modescanbe analyzedby applyingdifferentmodulationfrequenciesDf ,

which canvary from few Hertzto 100kHz. Theanalysisof dynamicpropertiesmaybeuseful

for materialcharacterizationandevaluation.

� High contrast imagesof hard inclusion in soft tissue: Vibro-acoustographicimagespresent

goodcontrastanddetailsof hard inclusionsin soft tissuedueto high acousticimpedanceof

the inclusion. Thesigni�cant differencein theacousticimpedancecomparedto thesoft tissue

makesthehardinclusiona goodultrasoundre�ector which resultsin a strongerradiationforce

ontheinclusion[11]. Furthermore,hardinclusionsproducestrongacousticemissionbecauseit

is abetterradiationsourcecomparedto thesurroundingtissue.

� Beamforming similar to ultrasound systems: For medicalimagingapplication,ultrasound

beamsmaybeproducedby differenttypesof transducerssuchasannular�at, annularconcave,

or linear arrays. Vibro-acoustography beamformingsharessimilaritieswith its counterpartin

conventionalultrasound(B-mode). However, someconceptualdifferencesshouldbe pointed
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Figure1.3: Imagesof a pig arteryin vitro. (a), (b), and(c) Vibro-acoustographicimageswith differ-
encefrequency at 7, 24,and41 kHz, respectively. (d) X-ray imagewith transversalphotographiesof
theartery. (e)Conventionalultrasoundimage(C-scan).

out: (a)vibro-acoustographicimagesaregeneratedby two intersectingultrasoundbeams,while

B-modeultrasoundusesonly onebeam;(b) thedepthresolutionof B-modeultrasounddepends

on thetransmittedpulseduration,in vibro-acoustography thedepthresolutionis relatedto how

oneincidentbeamintersectstheotherspatially;(c) vibro-acoustography usesnarrow-bandsig-

nals,while ultrasoundsystemsarebasedon broad-bandtransmittedpulses;and(d) in mostap-

plications,ultrasoundsystemsacquiredataalongoneline in depthat a time (so-calledA-line),

while vibro-acoustography collectsdatafrom onepoint at a time. Despitethesedifferences,

the goalsof beamformingfor vibro-acoustography remainto achieve narrow beamswith low

sidelobesandminoreffectsof gratinglobes.
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1.2.2 Stateof the art

Vibro-acoustography hasbeenusedin a varietyof medicalimagingapplicationsandmate-

rial characterization.Herewe list someof theseapplications.

� Imaging of arteries and vessels:Oneof the�rst applicationsof vibro-acous-tography wasto

imagearteriesandvessels[9]. Figure1.3showsapig arteryscannedatDf = 7; 24; and41kHz,

with acalci�ed regionasabrightspot,resemblingits x-ray image.Thechoiceof thedifference

frequency Df is arbitrary. However, imagesat higherfrequenciesexhibit moredetails. In this

�gure, wecancomparevibro-acoustographicandconventionalultrasoundimagesof theartery.

To produceimagescorrespondingto vibro-acoustographicimages,theconventionalultrasound

methodhadimagedthe artery in the transversalplaneor C-scanview. To obtain the C-scan

image,thearterywasscannedusingthesametransducerat3 MHz with thebeamperpendicular

to the transverseplane.Theechosfrom the interfacetissue-waterovertookthere�ected ultra-

soundwavesdueto theinterior structures,includingthecalci�cation. This exampleshows the

superiorityof vibro-acoustography to conventionalultrasoundappliedto imagecalci�cation.

� Imaging of heart valve lea�ets: Accumulationof calciumdepositsin heartvalvesmay in-

terferewith the function of the lea�ets to the point that the valve stopsits normal functions.

Early detectionof calciumdepositson heartvalve structuresis importantin diagnosingvalve

disease.Currently, no medicalimagingmethodis reliableto detectcalciumdepositson heart

valve lea�ets. Alizad et al. [12] usedvibro-acoustography to detectcalciumdepositson heart

valve lea�ets. Thevibro-acoustographicimagespresentedgoodcorrelationwith x-ray images,

indicatingthepotentialsof vibro-acoustography for cardiacapplications.However, in vivo ap-

plicationof vibro-acoustography for imagingmoving structures,suchasheartvalves,requires

furtherdevelopment.

� Imaging of bones:Calléet al. [13] investigatedvibro-acoustography for imagingbonetissue.

Variation of the acousticemissionamplitudewith the tissueporosity was observed. Vibro-

acoustographicimagescouldbeusedto detectbonedemineralizationfor diagnosisor prediction

of osteoporosis.

� Imaging with contrast agents: Liquids that containgasmicrobubbles(with typically 3 µm

diameter)areusedascontrastagentsin conventionalultrasoundto enhanceimagesof blood

�o w. Thesensitivity of vibro-acoustography to gasbubblescomesfrom thestrongdiscontinuity

in the acousticimpedance(variationof about106) in the interfacemediumbubble. Because

radiationforce dependson the acousticimpedance,the force exertedon the bubble is very

strong. Belohlavek et al. [14] demonstratedexperimentallythat the acousticemissionby a
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liquid �o w with microbubblesvarieslinearlywith themicrobubbleconcentrationupto thevalue

of 3:6� 105 bubbles/ml.Greenleafet al. [15] showedthat injectedmicrobubblesin a femoral

arteryof a livepig changesthecontrastof vibro-acoustographicimages.

� Imaging of microcalci�cation in breasttissue: Thedetectionof microcalci�cation in breast

tissuecanhelpearlydiagnosisof breastcancer. Currentlyx-raymammography is theonly clin-

ical imagingtechniqueusedfor detectionof breastmicrocalci�cation. Pregnantandlactating

womencanpresentextremelydensebreasttissue,which might changethe sensitivity of the

x-ray mammography. Furthermore,in theseconditions,patientsarerelatively contraindicated

to besubmittedto x-ray radiation. Conventionalultrasoundhasbeenusedto detectmicrocal-

ci�cation with somelimited resultsdueto specklenoise[16]. Vibro-acoustography hasbeen

appliedto imagebreastmicrocalci�cation[17]. Theresultingvibro-acoustographicimagesare

in agreementwith correspondingx-raymammography imagesof thespecimens.Theexistence

of microcalci�cation detectedby vibro-acoustography is con�rmed by histology. Microcalci-

�cation assmall as110 µm in diameteraredetectedin this method.The low performanceof

x-ray mammography to detectmicrocalci�cation in densebreasttissuemay be overcomeby

usingvibro-acoustography.

� Monitoring tissue stiffness changing with temperature variation: Konofagouet al. [18]

hasappliedvibro-acoustography to estimatethestiffnessof tissueafter theapplicationof high

intensity focusedultrasound. Experimentalresultsand simulationsshow that the resonance

frequency of tissuevibrationis shiftedasa functionof temperature.

� Study of foreignbodies: Imagesof solid foreignbodiessuchasmetalinclusionscanbeeasily

imagedby vibro-acoustography. Someusefulapplicationsof this methodareguidingcatheters

in body, imagingimplants,anddetectingforeignobjectsandfragments.

� Quantitati vemethods:Acousticemissionis relatedto themechanicalpropertiesof thevibrat-

ing object.To quantitatively determinethemechanicalparametersof anobjectit is necessaryto

havemoreinformationthanjust theacousticemission.Additional informationmaybeobtained

from the frequency responseof the objectwhich canbe assessedby sweepingthe vibration

frequency Df in therangeof interest.This methodis calledvibro-acousticspectrography. The

shearviscosityof isopropyl alcoholversustemperaturewasmeasuredusingthismethod[9]. In

thiscase,atuningfork is immersedin thealcoholandits naturalfrequency is measuredatdiffer-

enttemperaturesby vibro-acousticspectrography. Basedon thesemeasuredvalues,thechange

in the shearviscosity is determined.Chenet al. [19] establisheda methodto measureshear

modulusof gelphantomsby usingasmallembeddedsphereasa targetbasedonvibro-acoustic



Chapter1: Introduction 9

spectrography. In this method,thevibrationof thesphereis measuredby a laservibrometeror

Dopplerultrasound.

1.3 Acoustic radiation force

To characterizea vibro-acoustography system,we needto understandhow the ultrasound

(acoustic)radiationforce1 is generatedon the probedobject. Acoustic radiationforce wasproba-

bly �rst investigatedby Rayleigh[20]. A vastdiscussionof acousticradiationforce canbe seenin

Refs.[21, 22, 23,24] (andreferencestherein).

It is well known thatsoundwavescarrymomentum.Whena soundwave in a �uid strikes

an object,part of its momentumbecomesa force on the object. Furthermore,nonlinearproperties

of wave motion in the propagating mediumalsocontributesto the radiationforce on the object. In

simpleterms,acousticradiationforceis atimeaveragedforceexertedby anacoustic�eld onanobject

or boundarysurface. The physical processesleadingto acousticradiationforce arequite complex.

This force dependson the type of propagating medium(losslessor lossy �uids, elasticsolids,and

viscoelasticmaterials),mechanicalpropertiesandgeometryof thetargetobject.

1.3.1 Framework of acousticradiation force

Two typesof acousticradiationforce have beendiscussedin the literature[11]: Rayleigh

andLangevin. Theformeris de�ned astheforceactingon thewall of a closedvesselwhichcontains

thepropagatingmedium.Thelatteris de�ned astheforceexertedon a objectcompletelysurrounded

by the propagating medium. The presentwork will focus on the Langevin radiationforce which

coversall vibro-acoustography applications.We shall useEuleriancoordinates,which are �x ed in

space.Anotherreferenceframeadoptedin acousticsis theLagrangiancoordinates.This coordinate

systemis associatedto eachportionof thepropagatingmedium.

Usually, the calculationof acousticradiationforce on an object canbe divided into two

steps:determinethe radiation-stresstensorin thepropagatingmediumandsolve the linearacoustic

scatteringproblemfor the object. Brillouin (as reportedby Borgenis[23]) was the �rst to explain

the acousticradiationforce in ideal �uids in termsof the acousticradiation-stresstensorde�ned in

Euleriancoordinates.In his approach,the radiation-stresstensoris the time averageof the excess

of pressureandthewave momentum�ux density. Cantrell[25] derivedtheradiation-stresstensorfor

losslessisotropicelasticsolidsasthetimeaverageof theCauchy stresstensorandthewavemomentum

radiation�ux. He found that the radiationforce dependson the nonlinearitiesof the solid andthe

energy densityof thewave. Acousticradiationforce in lossy�uids werestudiedby Jianget al. [26]

1Theone-dimensionalacousticradiationforcein ¯uidsis alsocalledacousticradiationpressure.
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using Lagrangiancoordinatesand Doinikov [27] basedon the Navier-Stokes equationfor viscous

�uids. Considerabletheoreticalandexperimentalattentionhasbeengiven to problemsof radiation

forceonspheres,planewalls,andcylinders.

Acousticradiationforceis anonlinearphenomenon.Hence,any theorydealingwith acous-

tic radiationforceproblemsshouldat leastbeformulatedin second-orderapproximation.Beissneret

al. [28] showed that forth-orderapproximationof radiationforcecausedby planewavesis only 1%

moreaccuratethansecond-orderapproximation.Rooney [29] measuredthedependency of acoustic

radiationforceon thenonlinearparameter, B=A, in �uids. He concludedthateffectsof B=A aresmall

andlaid within themeasurementerrorof theexperiment.

1.3.2 Applications of acousticradiation force

Theuseof acousticradiationforcecanbedividedaccordingto thenatureof the radiation

forcewith respectto time dependency. Someapplicationsarebasedon staticradiationforce. More

recently, applicationsinvolving time-dependent(harmonicor pulsed)radiationforcehavebeendevel-

oped.Acousticradiationforcehasbeenusedandstudiedin differentapplicationasfollows:

� Measurethepoweroutputof transducersin medicalultrasoundmachinesby usingtheradiation

forceexertedby theultrasoundbeamonanabsorbingor re�ecting targetin water[30].

� Ultrasoundradiometerwhich usesradiationforceon a small sphereto measureultrasoundin-

tensity[31].

� Oscillationof gasbubblesin liquidscausedby radiationforce[32].

� Measuretheultrasoundpowerof transducersthroughthedynamicacousticradiationforceona

disk [33] or onashaped-wedgevane[34].

� Measureultrasoundabsorptioncoef�cient in liquids by using radiation force of modulated

soundwaves[35].

� Imageviscoelasticpropertiesusingradiationforceproducedby focusedultrasoundpulses[7].

� Ultrasoundvibro-acoustography.

In the �rst threeapplications,the radiationforce is static and it is producedby a monochromatic

soundwave, which canbe assumedasa planetraveling wave or a standingwave dependingon the

application.Theremainingapplicationsusethedynamicacousticradiationforce.
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1.3.3 Acoustic radiation forceon objects

Planewalls

Considera soundplanewave normally striking a planarperfectabsorbing(or re�ector)

targetin anideal�uid. Theradiationforceexertedon thetargetby theincidentwave is givenby [36]

f =
gW
c0

;

wherec0 is thespeedof soundin themediumandg= 1 for a perfectabsorberandperfectre�ector

g= 2. The speedof soundin water is 1500m/s, hencethe radiationforce on absorbingtarget per

Wattsis about7� 10� 4 N. Borginis [36] studiedthe radiationforcecausedby obliqueincidenceof

a collimatedplanewave. He concludedthat the radiationforce on a wedge-shapedvane(with 90o)

is independentof thecoef�cient of re�ection at theboundarybetweenthevaneandthepropagating

medium.

Sphere

In a pioneeringwork, King [37] calculatedtheradiationforcecausedby standingandtrav-

eling planewaves impinging on a rigid sphere2 in a compressible�uid. In this derivation thermal

andviscouseffectswereneglected.For a small sphere(by smallwe meana spherewhosediameter

is muchsmallerthanthe soundwavelength)in a standingwave �eld, he found that the directionof

the radiationforcedependson thedensityratio of thesphereandthesurroundingmedium. Heavier

spheresareattractedto velocity antinodesand lighter spheresto velocity nodes. Furthermore,the

acousticradiationforce exertedby a planetraveling wavesaremuchsmallerthanthat exertedby a

standingwavesof thesameamplitude.Measurementsof theacousticradiationforcedueto astanding

wave on a spherein theair [38] arein goodagreementwith King's theory. Theextensionof King's

resultto includethespherecompressibilitywaspresentedby Yosiokaetal. [39]. Crum[40] measured

the acousticradiationforce causedby a stationary�eld necessaryto trap a liquid bubble in an im-

miscibleliquid mediumat differentpositions.The resultsarein goodagreementwith the theoryof

Yosioka.Gor'kov [41] calculatedtheradiationforceonasmallcompressiblesphereasthegradientof

themeansquare�uctuation of thepressureandthevelocity at thepoint wherethesphereis located.

Only themonopoleanddipoletermsin thescatteredwave�eld wereconsidered.UsingKing's theory,

Nyborg [42] obtaineda simpleformulafor radiationforceon small rigid spheresimilar to Gor'kov's

result. Thein�uence of theelasticityof a spherein theradiationforcehasbeeninvestigatedtheoret-

2A body which doesnot suffer any deformationeven if externalforcesareappliedis calledrigid body. The speedof
soundin a rigid bodyis in®nity.
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ically andexperimentallyby Hasegawa et al. [43, 44, 45, 46]. Chenet al. [47] presenteda uni�ed

methodto calculatedtheradiationforcegeneratedby focusedaxisymmetricwave �elds on compres-

sive,rigid, andsolidspheres.Effectsof bulk viscosityof asphereontheacousticradiationforcewere

studiedby Löfstedet al. [48]. Theradiationforceexertedby anaxisymmetricsoundwave on a rigid

spherein a viscous�uid wastheoreticallyanalyzedby Doinikov [27] andmorerecentlyby Danilov

etal. [49]. In all citedworksabove,theacousticradiationforceis producedby monochromaticsound

waves. Consequently, the time averagedradiationforce is static. Chenet al. [19] calculatedthe

dynamicradiationforceexertedby amodulatedultrasoundplanewaveonasolidelasticsphereby ex-

tendingthetheoryof Hasegawa [43] for two ultrasoundplanewavesat slightly differentfrequencies.

Usingadynamicradiationforcedueto modulatedsoundwaves,Marston[50] showedthatadropcan

beexcited,deformed,andlevitatedin animmiscible�uid.

Cylinders

Theacousticradiationforceexertedonafreelysuspendedsolidcylinderby aplanetraveling

sound�eld wascalculatedby Hasegawa [51]. Wu et al. [52] studiedtheoreticallyandexperimentally

theacousticradiationforceexertedby astandingsoundwaveona long rigid cylinder.

Arbitrary shapedbodies

Theproblemof theradiationforceexertedby anarbitrarysoundwaveonanarbitraryshaped

bodyis morecomplex thantheaforementionedcaseshere.Theproblemcomplexity comesfrom how

to solve thescatteringproblemof anarbitraryincidentwavehitting anobjectwith complex geometry.

If theincidentwave is a planeor axisymmetricsomedif�culties maybeovercome.By consideringa

planewave,Westervelt [53, 54] derivedanexpressionfor theacousticradiationforcestemmingfrom

Brillouin radiation-stress.This radiationforceformuladependson theenergy densityof theincident

wave multiplied by thesumof thescatteringandabsorptioncross-sectionsof thetarget. Westervelt's

formulaof radiationforcehasbeenusedto modelbeamformingin vibro-acoustography systems.

1.4 Contrib utions of this work

Themain resultof this dissertationis to proposea completemodelof imageformationin

vibro-acoustography systembasedon thethree-dimensionalradiationforcevector. Thecontributions

of thiswork includes:

1. Formulateandsolve theproblemof dynamicacousticradiationforceexertedon a point-target

by any modulatedsoundbeamin a lossless�uid. Fromthebestof our knowledgethis problem
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hadnotbeentreatedpreviously.

2. Establishan experimentalmethodto measurethe axial andtransversecomponentsof the dy-

namicradiationforce exertedon cylindersusinga laservibrometer[55]. This work is an ex-

tensionof a methodto calculatethe acousticradiationforce exertedby focusedultrasound

beambasedon ray acoustics[56]. The methodcanbe usedto measurethe axial and trans-

versecomponentsof theultrasoundradiationforceon wire in orderto characterizethePSFof

vibro-acoustography systems.

3. Studyvibro-acoustography beamformingandresolutioncell dynamicsfor differentultrasound

transducerssuchas confocaland sectorsphericalarray transducer[57]. The presentvibro-

acoustography systemis basedon a confocalor a sectorarray transducer. In�uence of the

transversecomponentof theultrasoundradiationforcehadnotbeenstudiedpreviously.

4. StudyandoptimizethePSFof vibro-acoustography systemsbasedon lineararraytransducers

throughcomputersimulation[58, 59, 60, 61]. The simulationis basedon the spatialimpulse

method[62] whichcalculatestheacoustic�elds radiatedby aplanarpistonof arbitrarygeome-

try.

1.5 Summary

In this chapter, we introducedvibro-acoustography asan imaging techniquewithin elas-

tography. Acousticradiationforce wasdiscussedasthe main conceptbehindvibro-acoustography.

Severalapplicationsof vibro-acoustography werepresentedandbrie�y discussed.
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Background

“ I'm a travelerin bothtimeandspace
to bewhere I havebeen.” (Kashmir)

LedZeppelin.

In this chapter, we presentthe conceptsusedthroughoutthe vibro-acoustography imageformation

problem.In themathematicalbackground,resultsarepresentedwithoutany rigorousproof. Acoustic

wave propagation in ideal �uids is discussedstartingfrom �uid dynamicsequations.Thederivation

of the vibro-acoustography point-spreadfunction (PSF)basedon the collimatedquasi-planewave

approximationfor themodulatedultrasoundbeamis reviewed.

2.1 Mathematical background

Physicalquantitiescanberepresentedby scalars,vectors,andtensors.Usually, thesequan-

titiesarerealor complex functionsof thepositionvectorr in theR3-spaceandthetimet.

2.1.1 Scalars,vectorsand tensors

We presentsomeconceptsandde�nitions of scalars,vectorsandtensors.We de�ne these

mathematicalobjectsasfollows:

Scalars

A scalaris a quantityhaving magnitudebut no direction,suchasmass,length,time, and

any realnumber.

14
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Vectors

A vectoris a quantityhaving bothmagnitudeanddirection,suchasdisplacement,velocity,

andforce.

Tensors

A nth-ranktensor in an m-dimensionalspaceis a mathematicalobject that hasn indices

andmn componentsandobeys certaincoordinatesystemtransformationrules. Tensoranalysishas

beenappliedin generalrelativity theory, differentialgeometry, mechanics,elasticity, �uid dynamics,

electromagnetictheory, andother�elds of scienceandengineering.Furthermore,second-ranktensors

areusedto describeacousticradiationforceproblems.In thiscase,tensorsarerepresentedby (3� 3)-

matrices.

Dyads

A second-ranktensorin thethree-dimensionalspacemayberepresentedby a(3� 3)-matrix.

Anotherwayto representthesetensorscanbedoneby usingdyads.Let a, b, andc bearbitraryvectors.

A dyadof thevectorsa andb is de�ned asD(a;b) � ab. Thedot-productof a dyadanda vectoris

de�ned by (
a� bc � (a� b)c

ab� c � (b � c)a
: (2.1)

Thematrix representationof dyadscanbeobtainedfrom (2.1)asfollows

ab = (ba)T = ambn; m;n = 1;2;3; (2.2)

wheresuperscriptT denotesthematrix transposeoperation.

2.1.2 Coordinate systems

The choiceof which coordinatesystemshouldbe usedto describea physical problem

dependson the symmetryor constraintsof the problem. A Cartesiancoordinatesystemin which

r = (x;y;z) offerstheuniqueadvantagethatall threeunit vectors,ex; ey; andez; have constantdirec-

tion in space.Sometimeswewill referto theCartesiancoordinatesby (x1;x2;x3). Anothercoordinate

systemextensively usedin thiswork is thesphericalcoordinatesystem.Thissystemis de�ned by the
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following variables: 8
>>><

>>>:

r =
p

x2 + y2 + z2;

q = arccos
�

zp
x2+ y2+ z2

�
;

j = arctany
x:

(2.3)

In sphericalcoordinates,theunit vectorsaregivenin termsof theCartesianunit vectorasfollows

8
><

>:

er = sinqcosj ex + sinqsinj ey + cosqez;

eq = cosqcosj ex + cosqsinj ey � sinqez;

ej = � sinj ex + cosj ey:

(2.4)

Thepositionvectorcanbewrittenasr = rer .

2.1.3 Differ ential operations

Weshallbedealingin thiswork with realor complex functionsof spaceandtime. Functions

will beassumedsingle-value,that is thevalueis uniquelydeterminedby thefunctionarguments.All

differentialoperationswill betakenonsingle-valuefunctions.

Gradient

Let x(r ) be a scalarfunctiondifferentiableat eachpoint r = (x;y;z) in a certainregion in

space.Thegradientof x(r ) in Cartesiancoordinateis de�ned by

Ñx �
¶x
¶x

ex +
¶x
¶y

ey +
¶x
¶z

ez: (2.5)

Thegradientof x(r ) in sphericalcoordinatesis givenby

Ñx =
¶x
¶r

er +
1
r

¶x
¶q

eq +
1

r sinq
¶x
¶j

ej : (2.6)

Divergence

Let v(r ) = v1ex + v2ey + v3ez bea vectorwherev1, v2, andv3 aredifferentiablefunctions.

Thedivergenceof v(r ) in Cartesiancoordinatesis de�ned by

Ñ� v =
¶v1

¶x
+

¶v2

¶y
+

¶v3

¶z
: (2.7)

Thede�nition of divergenceof vectorscanbeexpandedto matrices.Let M = f Mmng bea
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differentiable(3� 3)-matrix. ThedotproductbetweenM andv is de�ned by

(v � M)n = (M � v)n =
3

å
m= 1

vmMmn (2.8)

Thenthedivergenceof M is de�ned as

(Ñ � M)n �
3

å
m= 1

¶Mmn

¶xm
; (2.9)

whereÑ =
�

¶
¶x1

; ¶
¶x2

; ¶
¶x3

�
. We noticethatthedivergenceof a matrix is a vector. It is straightforward

thatthegradientof thescalarfunctionx(r ) canbewrittenas

Ñx = Ñ� (xU); (2.10)

whereU is the(3� 3)-unit matrix.

Formulas involving Ñ

Let a andb be differentiablevectorfunctions,andx be a differentiablefunction. A dyad

formedby a andb is ab. Thefollowing identitiesof differentialoperationshold [63]

Ñ(a� b) = (b � Ñ)a+ (a� Ñ)b+ b � (Ñ � a) + a� (Ñ � b); (2.11)

Ñ � (xb) = Ñx � b+ xÑ� b: (2.12)

Ñ � ab = (Ñ � a)b+ (a� Ñ)b; (2.13)

where� is thevectorproductandÑ� a is therotationalof a.

The divergencetheoremof Gauss

This theoremstatesthatif avolumeV is boundedby aclosedsurfaceSandv(r ) is adiffer-

entiablevectorfunction,then Z

V
Ñ� vdV =

I

S
v � ndS; (2.14)

wheren is thepositive (pointingoutward)normalvectorof S, anddV anddSarethevolumeandthe

areaelements.The Gausstheoremcanbe extendedto matrices.Let M be a differentiable(3� 3)-

matrix, then Z

V
Ñ� MdV =

I

S
M � ndS; (2.15)
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2.1.4 The Fourier transform

Frequentlyin mathematicalphysicswe encounterpairsof functionsrelatedby an integral

transform.TheFourier transformis oneof themostusefulof possibleintegral transforms.Let f (t)

bea functionof time. TheFouriertransformF of thefunction f (t) is de�ned as

ef (w) = F f f (t)g �
Z + ¥

� ¥
f (t)e� jwtdt; (2.16)

where j is the imaginaryunity andw denotesangularfrequency. The inverseFourier transformis

givenby

f (t) = F � 1f ef (w)g =
1
2p

Z + ¥

� ¥
ef (w)ejwtdw: (2.17)

Theexistenceof theFourier transformdependson whetherthe function f (t) satis�estheDirichlet's

conditions(for detailsseeRef. [64]). A usefulrepresentationof theDirac deltafunction in termsof

Fouriertransformis givenby

d(w� w0) =
1
2p

Z + ¥

� ¥
e� j(w� w0)tdt: (2.18)

In connectionto theFouriertransformwede�ne theconvolutionoperationin time. Consider

two functions f (t) andg(t) with theFouriertransformef (w) andeg(w), respectively. Theconvolution

in timeof f andg of is de�ned by

f ?
t
g �

Z + ¥

� ¥
f (t0)g(t � t0)dt0: (2.19)

TheFouriertransformof aconvolution is simply theproductof theFouriertransformof eachindivid-

ual function,i.e.,

F f f ?
t
gg = ef (w)eg(w): (2.20)

In thefrequency-domain,theconvolution is givenby

ef ?
w

eg =
1
2p

Z + ¥

� ¥
ef (w0)eg(w� w0)dw0: (2.21)

TheinverseFouriertransformof thisexpressionis

F � 1f ef ?
w

egg = f (t)g(t): (2.22)
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2.1.5 Time average

Secondor higherorderacousticquantitiessuchasenergy, intensity, power, andradiation

force areusuallyexpressedastime averagedquantities.Let s(t) be a periodicfunction time of fre-

quency w0. Thetimeaverageof s(t) is de�ned as

hsi �
1
T

Z T=2

� T=2
s(t)dt; (2.23)

whereT is a long time interval comparedto thefunctionperiod.

In acoustics,quantitieslike energy, power, andintensityarerealnumbersexpressedasthe

time averageof theproductof acoustic�elds. In general,acoustic�elds suchaspressureor particle

velocity arerepresentedby a complex function. It is usefulto analyzethe time averageof products

of complex functions.Considertwo functionss1 ands2 which vary sinusoidallyin time at frequency

w0. Whens1 ands2 areexpressedin thecomplex forms ŝ1ejw0t andŝ2ejw0t , whereŝ1 andŝ2 arethe

complex amplitude,thetimeaverageof theproducts1s2 is givenby

hs1s2i =
1
2

Ref ŝ1ŝ�
2g; (2.24)

whereRemeanstherealpartof acomplex quantity.

In vibro-acoustography, thedynamicradiationforceis generatedby amodulatedultrasound

beam.Theultrasoundbeamhasthecarrierfrequency w0 muchlargerthanthemodulationfrequency

Dw. Theproducedradiationforcehasa time varyingcomponentat themodulationfrequency Dw. To

separatethis componentfrom thetotal radiationforce,we usetheshort-termtime average,which for

a functions(t) overaninterval T at thetime instancet is de�ned asfollows:

hsi T �
1
T

Z t+ T=2

t� T=2
s(t0)dt0: (2.25)

Considertwo timemodulatedfunctions1 ands2 givenby

s1(t) = Â1ej(w0+ Dw=2)t + B̂1ej(w0� Dw=2)t ;

s2(t) = Â2ej(w0+ Dw=2)t + B̂2ej(w0� Dw=2)t ;

whereÂ1, Â2, B̂1, andB̂2 arethecomplex amplitudesandDw� w0. Fromthede�nition (2.25),one
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canshow thattheshort-termtimeaverageof theproducts1s2 with 2p
w0

� T � 2p
Dw=2 is

hs1s2i T =
1
2

Re
�

Â1Â�
2

	
+

1
2

Re
�

B̂1B̂�
2

	
+ Re

��
Â1B̂�

2 + Â2B̂�
1

�
ejDwt 	 + O

" �
Dw
w0

� 2
#

: (2.26)

Notice that othertermsat the frequency aroundw0 arealsopresentwith lower amplitudein (2.26).

Nevertheless,thecomponentof hs1s2i T atDwcanbeexactlyextractedfrom Eq.(2.26).

2.2 Acousticwavepropagationin ideal �uids

Most of theacousticphenomenaanalyzedin this work take placein a �uid medium. It is

assumedthatthe�uid mediumis continuousandremainscontinuousundertheactionof any external

perturbation.Themolecularor atomicstructureof the �uid is ignored.Themediumparticlesarein

one-to-onecorrespondencewith thepointsof theR3-space(Euclideanspace).

To studysoundwave propagation in an ideal �uid, we needa setof equationsdescribing

the�uid dynamics.Ideal �uids (liquids or gases)are�uids wherethermalconductivity andviscosity

areunimportant.Henceno energy dissipationor heattransferbetweenpartsof the �uid or with the

exterior occur. Thelack of heattransfermeansthat thewave propagationis adiabaticthroughoutthe

medium.The �uid mediumis characterizedby the following acoustic�elds: pressureP, densityr 0,

speci�c entropy s(entropy perunit mass),andparticlevelocityv. All �elds arefunctionsof spaceand

time. In aninitial statewithout sound�eld thesequantitiescorrespond,respectively, to thefollowing

spatiallyconstantquantitiesP = P0, r 0= r 0, s = s0, andv = 0. ThequantityP� P0 is theacoustic

pressure.Severaltext books[65, 66] derive theequationsof �uid dynamicsfor ideal�uids stemming

from conservation principlesfor mass,momentum,entropy, and thermodynamicequilibrium. We

presenttheseequationsherewhenno external sourcesof mass,force, or energy areactingon the

�uid: 8
>>>><

>>>>:

¶r 0

¶t + Ñ� (r 0v) = 0

r 0
h

¶v
¶t + (v � Ñ)v

i
+ ÑP = 0

¶s
¶t + v � Ñs = 0

P = P(r 0;s)

(equationof continuity)

(Euler0sequation)

(adiabatichypothesis)

(equationof state):

(2.27)

The equationof continuity statesthat the massis conserved in the �uid. The Euler's equationrep-

resentsthe momentumconservation in the �uid. The adiabatichypothesisstatesthat the entropy of

the �uid is constant.Theequationof stateP = P(r 0;s) canbeexpandedin a Taylor seriesalongthe
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isentropes= s0 asfollows

P = P0 +
�

¶P
¶r 0

�

0
(r 0� r 0) +

1
2!

�
¶2P
¶r 02

�

0
(r 0� r 0)2 + : : : ; (2.28)

where the subscript0 indicatesthat the partial derivatives are evaluatedat the unperturbedstate

(r 0;s0).

Theequationsof �uid dynamicsgivenin (2.27)arenonlinearpartialdifferentialequations.

Theseequationsgivea full descriptionof thewavemotionin the�uid for aspeci�c initial andbound-

ary conditions.To obtainexactsolutionsof (2.27)is a dif�cult taskevenfor a simplecase.However,

consideringwaveswith smallamplitude,it is possibleto obtaina linearwaveequationto describethe

�uid. Weassumedthatthepressureandthedensity�elds arelinearquantitiesgivenby

P(r ;t) = P0 + p(r ;t) (2.29)

r 0(r ;t) = r 0 + r (r ;t); (2.30)

wherep andr aretheacousticpressureanddensity, respectively. In this approximation,theequation

of continuitybecomes
¶r
¶t

+ r 0Ñ� v = 0: (2.31)

From the equationof state(2.28) we seethat for small changesthe relationbetweenpressureand

densityis givenby

p =
�

¶P
¶r 0

�

0
r = c2

0r ; (2.32)

wherethe c0 is the small signalspeedof sound. Substitutingthis result in the continuity equation

(2.31),we �nd
¶p
¶t

+ r 0c2
0Ñ� v = 0: (2.33)

Thesecond-orderterm(v � Ñ)v in theEuler'sequationmaybeneglected.Hence,theEuler'sequation

becomes

r 0
¶v
¶t

+ Ñp = 0: (2.34)

Eqs.(2.33)and(2.34)giveacompletedescriptionof thesoundwave.

Thevelocity andpressure�elds canbeexpressedin termsof a scalarpotentialfunctionf .

By usingtheHelmholtz's theorem[67] andthefactthatthe�uid is lossless(irrotational),thevelocity

�eld is givenby v = � Ñf . Substitutingv into (2.34)weget

p = r 0
¶f
¶t

: (2.35)
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Now, substitutingv andp in termsof theacousticpotentialf into Eq.(2.33)yields

Ñ2f �
1
c2

0

¶2f
¶t2 = 0: (2.36)

This is thelinearwaveequation.Thisequationde�nesaboundaryvalueproblemfor whichgiventhe

boundaryconditionsthesolutionis unique. By taking theFourier transformF of (2.36),we obtain

thewaveequationin frequency-domain(theHelmholtz'sequation)asfollows

Ñ2ef +
�

w
c0

� 2
ef = 0; (2.37)

whereef = F f f g. The Green's function of the linear wave equationsatis�es the following partial

differentialequation

Ñ2G
�
r jr0;w

�
+

�
w
c0

� 2

G
�
r jr0;w

�
= � d

�
r � r0� : (2.38)

The Green's function G(r jr 0;w) canbe interpretedasa monopolesourceplacedat r 0 radiatingan

outgoingsphericalwaves.

In this work, thewave equationwill beusedin thefollowing subjects:acousticscattering,

calculationof acousticradiationforce, acousticemission,and radiationpatternof transducersfor

vibro-acoustography beamforming.It is importantto understandthat thesolutionsof Eq. (2.36)are

valid whenthe wave amplitudeis small andthe �uid is homogeneous.By homogeneouswe mean

that in the absenceof soundthe acoustic�elds do not vary spatially. If the wave amplitudeis not

small,Eq. (2.36)will not give a satisfactoryresult. In this case,nonlineartermsin Eq. (2.28)should

beconsidered.

2.3 Ultrasound vibr o-acoustography

Theprinciplebehindultrasoundvibro-acoustography is basedon thefact thatdifferentob-

jectsproducedifferentsoundemissionwhentappedby an exterior force. Most peopleareable to

distinguishthe soundemittedby a tappedmetalcomparedto wood tappedby the sameforce. Of

coursemetalandwood arequite differentmaterials.The soundemittedby a tappedobjectreveals

information about its mechanicalproperties. The emissiondependsalso on the object geometry.

Vibro-acoustography usesultrasoundradiationforce to “tap” an object and producea map of the

mechanicalresponseof the object. The ultrasoundintensity is modulatedto generateda dynamic

localizedradiationforce�eld at themodulationfrequency on theprobedobject.

Thespatialresolutionof thesystemis relatedto thevolumeenclosedby theradiationforce
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Figure2.1: Theoreticalresultof the radiationforce distribution on the focal planeof the confocal
two-elementarraytransducer. Sidelobesareunder� 18dB.

distribution at � 12 dB from its peak. A high resolutionsystemrequiresthis volumeto be assmall

aspossible. The spatialresolutionof a systembasedon a two-elementconfocaltransducerin the

transversedirection is about700 µm at � 6 dB [9]. Figure 2.1 shows the theoreticalresult of the

radiationstresson the focal planeof the confocaltwo-elementarraytransducerbasedon the quasi-

planewave approximationmodel for the modulatedultrasoundbeam[68]. We shall show that the

PSFof a vibro-acoustography operatingin the AM-single beammodeis a particularcaseof dual

beammode. However, the resultingultrasoundbeamin dual beammodeis modulatedonly in the

focal region of the transducer. While in AM-single beammode,the ultrasoundbeamis modulated

alongthewavepath.

2.3.1 Dynamic ultrasound radiation force

To producethe dynamicradiationforce we considerdual beammode. In this mode,two

intersectingultrasoundbeams,a andb focusedatr 0, producethedynamicradiationforceonanobject.

Eachultrasoundsourceis drivenby a continuous-wave (CW) signalat frequencieswa = w0 + Dw=2

andwb = w0 � Dw=2; wherew0 is theangularcenterfrequency, Dwis theangulardifferencefrequency,

andDw� w0.

In the planewave model, two collimatedplanewavesat frequencieswa andwb intersect

eachotherin thepropagatingmedium.Theoverlappingregion de�nes thefocal zoneof thesystem.

Thedirectionof propagationof thewavesis givenby theunit vectorea andeb, respectively. Let r a
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Figure2.2: Illustrationof theplanewaveapproximationmodelfor vibro-acoustography beamforming.
The small planartarget is placedat r 1 tangentto the surfaceW. The resultingultrasoundbeamis
focusedat r0. Theacousticemissionby thetargetis detectat r 2.

andrb bethepositionof theultrasoundsources.Thedirectionof propagationof theplanewavesare

givenby ea = r0� ra
jr0� raj andeb = r0� rb

jr0� rbj . SeeFigure2.2 for geometricdescription.We assumethat the

vectorsea andeb arecoplanar. In thefocal zonetheacousticpotentialis givenby

f D(r ;t) =
�

2Ic0

r 0

� 1=2

Re

(
ej(wat� ka�(r � ra))

wa
+

ej(wbt� kb�(r � rb)

wb

)

; (2.39)

whereI is thesoundintensity, r a andrb arethepositionof theultrasoundsources,ka = w0+ Dw=2
c0

ea,

andkb = w0� Dw=2
c0

eb.

The radiationforce causedby a soundwave on the areaelementdS of an object is given

by [69]

df = h� Ln+ r 0(v � n)vi dS; (2.40)

whereL = r 0(v�v)
2 � p2

2r 0c2
0

is the Lagrangiandensityof the wave, andn is the normalvectorof dS.

The total radiationforce on the objectcanbe obtainedby integrating(2.40) on the objectsurface.

Westervelt [53, 54] showed that the normalcomponentof the radiationforce causedby an in�nite
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extendedor collimatedplanewavestrikinganobjectof arbitraryshapeis givenby

fn = dr hEi ; (2.41)

wheredr is a functionof thescatteringandabsorptioncross-sectionsby theobjectandhEi is thetime

averagedenergy densityof thesoundwave.

Tosimplify theanalysisin thisproblem,consideraplanarperfectabsorberin theintersecting

region of the ultrasoundbeams.The ultrasoundradiationforce on the in�nitesimal areadS of the

perfectabsorbercan be obtainedby substituting(2.39) into (2.40) and taking the short-termtime

averagede�ned in (2.25).Accordingly,

df =
2I
c0

[(1� ea � eb) n+ (ea � n) eb + (eb � n) ea]cos[Dwt � ka � (r � ra) + kb � (r � rb)] : (2.42)

If theareaelementdSis perpendicularto theradiationforcewehave thecondition

(ea � n) (eb � m) + (eb � n) (ea � m) = 0; (2.43)

wherem is aunit vectorperpendicularto n. Considerqa andqb de�nedby cosqa = ea � n andcosqb =

eb � n. FromEq.(2.42)wehaveqa = qb. Hencethenormalvectorto dSis n = ea+ eb
jea+ ebj . In otherwords,

n =
(jr0 � raj + jr0 � rbj) r0 � (jr0 � rbj ra + jr0 � raj rb)

jr0 � raj jr0 � rbj
: (2.44)

The vectorn de�nes the surfaceWthat is perpendicularto dynamiccomponentof the ra-

diation force. In fact,any surfacewhosenormalvectoris n passingthroughthe focal region of the

transduceris perpendicularto thedynamiccomponentof theradiationforce. If thesourcesaresym-

metric andjr0j � jraj = jrbj, or the sourcesarelocatedin the samepoint of the spacethe vectorn

becomes

n =
r0

jr0j
: (2.45)

In thiscase,thevectorn de�nesacylindrical concavesurface.

Considertwo collimatedultrasoundwaveswhosespatialamplitudesvary in thetransverse

directionof thewave propagation. The transversevariationin eachwave is assumedto vary slower

comparedto that in the directionof the wave propagation. Hence,we canconsiderthesewavesas

collimatedquasi-planewaves.Theacousticpotentialin themediumis givenby

f D(r ;t) =
�

2Ic0

r 0

� 1=2

Re
�

1
wa

f̂ a (r jr0) ejwat +
1

wb
f̂ b (r jr0) ejwbt

�
; (2.46)
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whereD denotesdualbeammode,I is theultrasoundaverageintensityandf̂ a (r jr0) andf̂ b (r jr0) are

thecomplex dimensionlessamplitudeof theultrasoundbeams.Thenotationgiven in theamplitude

functionsof theultrasoundbeamsis to emphasizethatthebeamsarefocusedat r 0. Thiswill beuseful

to de�ne thesystempoint-spreadfunction.ConsideranAM-singleultrasoundbeamdescribedby the

acousticpotential

f S(r ;t) =
�

2Ic0

r 0w2
0

� 1=2

Re
�

f̂ 0 (r jr0) ejw0t cos
�

Dw
2

t
��

; (2.47)

whereSstandsfor AM-singlebeamandf̂ 0 is thedimensionlesscomplex amplitudeof theAM beam.

Usingthe identity cosa cosb = 1
2 [cos(a � b) + cos(a + b)], wherea andb aretwo arbitraryangles,

onecanshow that

f S(r ;t) =
1
2

�
2Ic0

r 0w2
0

� 1=2

Re
�

f̂ 0 (r jr0)
�
ejwat + ejwbt � 	 : (2.48)

We seefrom Eqs.(2.47)and(2.48)thatsinglebeammodeis a particularcaseof dualbeammodein

which f̂ a = wa
2w0

f̂ 0 andf̂ b = wb
2w0

f̂ 0. Wecontinueouranalysisbasedondualbeammode.

The instantaneousultrasoundenergy densityof the collimatedquasi-planewave is given

by1

E =
r 0

c2
0

�
¶f D

¶t

� 2

: (2.49)

Theenergy densityproducedby theincident�eld in (2.46)hasslow variationsin timewith frequency

Dw. To separatethis slow variationin time we usetheshort-termtime averagede�ned in 2.25. The

energy densityis calculatedby substituting(2.46) into (2.49). The short-termtime averageof the

energy density, with T satisfyingthecondition 2p
w0

� T � 4p
Dw, is givenby

hEi T =
I
c0

n�
� f̂ a (r jr0)

�
�2

+
�
� f̂ b (r jr0)

�
�2

+ 2Re
�
f̂ a (r jr0) f̂ �

a (r jr0) ejDwt �
o

: (2.50)

A linearimagingsystemis characterizedby its point-spreadfunction(PSF),whichis de�ned

as the responseof the systemto a point target. In ultrasoundimaging, the point-target at r 1 can

be representedby an in�nitesimal volume dV times the 3D-deltafunction d3(r � r1). The vibro-

acoustography PSFdependson thegenerateddynamiccomponentof theradiationforceon thepoint-

targetby theultrasoundbeam.Theradiationforceproducedonanobjectis avectorquantityin three-

dimensionalspace.To simplify thesystemanalysis,thepoint targetis representedby anin�nitesimal

planarobjectwith areadS with zero-thicknesslocatedat r 1. The orientationof dS is suchthat it is

alwaysperpendicularto thedynamiccomponentof theradiationforce. Thus,theradiationforcecan

betreatedasascalarquantity.

1Thetransversegradientof acollimatedquasi-planewavecanbeneglected.
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In thequasi-planewave approximationmodel,it is possibleto show that thereis a surface

W, which is alwaysperpendicularto thedynamiccomponentof theradiationforceasdescribedpre-

viously. The origin of the coordinatesystemcoincideswith the geometriccenterof the transducer

aperture.Thesmall object(point-target) is placedat r 1 tangentto thesurfaceW. Theobjectis free

to vibrateonly in thedirectionof thedynamiccomponentof theradiationforce. Theseassumptions

allow us to formulatetheproblemusingonly thenormalcomponentof the force,which is obtained

by substitutingthedynamicpartof (2.50)in (2.41).Theresultis

fn(t) =
2Idr

c0
Re

�
f̂ a (r1jr0) f̂ �

b (r1jr0) ejDwt 	 : (2.51)

2.3.2 Acousticemissionand point-spreadfunction

The dynamicradiationforce vibratesthe object target at the differencefrequency Dw. In

response,theobjectemitsanacoustic�eld (acousticemission).Theacousticemissionis proportional

to thedynamiccomponentof theradiationforceandrelatedto thesize,shape,andmechanicalprop-

ertiesof theobject.Thecomplex amplitudeof theacousticemissiondetectedat point r 2 by anobject

centeredat r1 canbeexpressedas[68]:

p(r2; r1jr0) =
2Idr

c0
f̂ a (r1jr0) f̂ �

b (r1jr0) Q(r1)G(r2; r1) ; (2.52)

wherer0 is the focuspoint of the transducer, G(r 2; r1) is the mediumtransferfunction andQ(r 1)

is the acousticout�ow by the objectper unit of force. The acousticout�ow is the total volumeof

the mediumin front of the objectsurfacethat is displacedper unit time dueto the objectvibration.

The functionQ(r1) representsthedynamiccharacteristicsof theobjectat the frequency Dw. These

characteristicsdependon the geometry, mechanicalparameters,andthe boundaryconditionsof the

object.

Vibro-acoustography imagesynthesisis basedon the acousticemissionin Eq. (2.52). To

obtain the vibro-acoustography PSF, the point-target is consideredasan in�nitesimal planarobject

(representinga volumedV) anda function representingthe object to be imagedshouldbe de�ned

from (2.52). By assumingthat thefunctionG(r 2; r1) is independentof theobject,thecharacteristics

of theobjectin Eq.(2.52)canberepresentedby dr andQ(r1). For anarbitraryobject,thesequantities

mayvaryspatially. Therefore,thefunctionrepresentingtheobjectis de�ned as

x(r ) � dr (r )Q(r ): (2.53)

This allows us to de�ne a unit point-target asx(r 1) = d3(r � r1). To calculatethe PSF, we assume
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that for a �x edfocal point r 0, theobjectcanvary its positionin theneighborhoodof r 0. This neigh-

borhoodis assumedto besmallenoughsuchthatG(r 2; r1) remainsunchanged.Thus,thenormalized

PSFof a vibro-acoustography coherentimagingsystemis de�ned in termsof the amplitudeof the

expression(2.52)asfollows

hpsf(r jr0) �
f̂ a (r jr0) f̂ �

b (r jr0)

f̂ a (r0jr0) f̂ �
b (r0jr0)

; (2.54)

wherewe droppedthesubindex in r 1. Thenotationusedabove emphasizesthat thePSFdependson

r0 (focalpoint),hencethesystemis spatiallyshift-variant.Inasmuchasthepoint-targetcanbeplaced

anywherein space,thePSFde�ned in (2.54)is a three-dimensionalfunctionof thespacecoordinates.

Theexpression(2.54)is valid for transducerswith any geometricalshape.Thespatialresolutioncell

of the systemis de�ned asvolumeenclosedby the systemPSFat � 12 dB, which correspondsto

25% of its the PSFpeakvalue. This de�nition is arbitrary. In Refs.[9, 68], the resolutioncell was

consideredat50%(� 6 dB) of thePSFpeak.Noticefrom Eq.(2.54)thattheresolutioncell dependson

therelativepositionof thesourcesa andb. For avibro-acoustography systemoperatingin AM-single

beammodethePSFbecomes

hpsf(r jr0) =
�

f̂ 0 (r jr0)

f̂ 0 (r0jr0)

� 2

: (2.55)

In general,a vibro-acoustography imagingsystemis shift-variant. However, we maycon-

siderthesystemto beshift-invariantwithin asmallneighborhoodof thefocalpoint. Hence,theimage

of agivenobjectx(r ) in theneighborhoodof r 0 is expressedby thespatialconvolutionof thefunction

x(r ) andthesystemPSF, i.e.,

c(r ) = hpsf(r jr0) ?
r
x(r ): (2.56)

In a systembasedon linear arrayswe shall show that the PSFsuffers distortionsas the

ultrasoundincidentbeamis steered.Indeed,the systemmay be consideredspatiallyshift-invariant

only within a region in spacewherethe distortion effects are minimum. Therefore,Eq. (2.56) is

strictly valid only within this region. If the objectextendsbeyond the neighborhoodof r 0, thenwe

have to usea differentPSFfor eachregion, i.e., theconvolution in (2.56)is calculatedin a piecewise

shift-invariantmanner.

In conventionalultrasoundterminology, two imageformatsarecommonlyused.Assuming

thattheultrasoundbeampropagatesin thez-direction,B-scanimagescorrespondto a scanningplane

parallel to the xz-plane,andC-scanimagescorrespondto a scanningplaneparallel to the xy-plane

(azimuthplane). Vibro-acoustography canproduceB- andC-scanimagesby steeringandfocusing

theultrasoundbeamsa andb atdifferentpointson thedesiredscanningplane.

Thetheoryof vibro-acoustography imageformationpresentedin thissectionis thegeneral-

izedform of thetheorypresentedin [68] for theparticularcaseof aconfocaltransducer.



Chapter2: Background 29

Figure2.3: Descriptionof thepresentvibro-acoustography imagingsystem.

2.3.3 Vibr o-acoustography systemdescription

The experimentalsetupusedto producevibro-acoustographicimagesis describedin Fig-

ure2.3. A two-elementconfocalultrasoundtransduceris usedto producethemodulatedultrasound

beam.Eachelementis drivenat3 MHz and3 MHz + Df by astableradio-frequency (RF)synthesizer

(HP-33120A,Hewlett-Packard). Geometricallythe two ultrasoundbeamsmeetin a small region at

thetransducerfocal zone.Theacousticemissioncausedby theobjectvibrationis measuredthrough

a hydrophone(ITC-6080C,InternationalTransducerCorp.). The probedobject,the transducer, and

thehydrophoneareimmersedin a tank �lled with degassedwater. Thedetectedsignalis �ltered at

Df andampli�ed by a lock-in ampli�er (7265-DSPLock-in Ampli�er , PerkinElmer Instruments).

The�ltered signalis digitizedby a12bits/sampledigitizer (HP-E1429A,Hewlett-Packard)at therate

higherthanthe Nyquist raterequiredfor the particularDf used.The digitized datais recordedand

displayedin acomputer.

2.4 Rationale

We have discusseda model for imageformation for vibro-acoustography systemin the

previous section. However, the imaging formationprocessis still not entirely understood.So far

in vibro-acoustography theory, theradiationforce is obtainedusingthecollimatedquasi-planewave

approximationfor the intersectingultrasoundbeams[68, 59]. Moreover, thepoint-target is assumed

to bea smallplanarobject.Theultrasoundwavesis constrainedto strike theobjectnormally. In this

approximation,theacousticradiationforceis reducedto ascalarquantity. Hence,only thecomponent

of theradiationforcein thedirectionof theultrasoundwavepropagationisconsidered.Chenetal. [70]
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studiedthebeamformingin vibro-acoustography basedonthequasi-planewaveapproximationmodel

for ultrasoundbeamsproducedby transducersoperatingin dual confocalandx-focal2 beams,and

AM-single beam.In this study, thetheoryis validatedby measuringonly theaxial componentof the

dynamicradiationforceonasmallsphere.For transducerwith �x edfocaldistance,thescalarradiation

forcegivesa satisfactorydescriptionof thesystem.However, for lineararraytransducers,whosethe

focal distancecanbe vary anddepthandbe steered,the scalarradiationforce theory imposesfew

complicatedassumptionsfor thetargetandtheultrasoundwaves.

In fact,theacousticradiationforceis a three-dimensionalvectorquantity. Thegoalof this

work is to presenta theoryof thedynamicradiationforceexertedby any modulatedultrasoundwave

onapoint-targetstemmingfrom theBrillouin radiation-stresstensor. Theradiationforceis calculated

by usingacousticscatteringtheory. Thetheoryis appliedto systemsbasedon sphericalconfocaland

sectortransducers,andlineararraytransducers.

2.5 Summary

We have presentedkey conceptsnecessaryto the developmentof this work. Specialat-

tentionwasgiven to the mathematicalbackground.Wave propagation in ideal �uids wasdescribed

basedon the linear wave equationwhich wasderived stemmingfrom the �uid dynamicsequations.

Vibro-acoustography theorybasedonquasi-planewavemodelfor theradiationforcewaspresented.

2In thismode,thetwo ultrasoundbeamscrosseachotherspatiallyresemblingtheletter'x'.
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Ultrasound radiation force

“A lack of informationcannotberemedied
byanymathematicaltrickery.”

Lanczos.

Vibro-acoustography is strictly relatedto ultrasoundradiationforce. In this chapter, we describe

acousticradiationforcestemmingfrom the�uid dynamicsequations(2.27).Theconnectionbetween

ultrasoundradiationforceandacousticscatteringis discussed.Thescatteringtheoryis appliedto cal-

culatetheradiationforcecausedby amodulatedultrasoundbeamhitting apoint-target.Thisproblem

is speci�cally importantto characterizea vibro-acoustography imagingsystem.Thenotationusedin

thischapteris thesameusedin Sec.2.2.

3.1 Ultrasound radiation forcein an ideal �uid

Theapproachto calculateultrasoundradiationforce is basedon generalequationsof �uid

dynamicsfor ideal �uids. Effects of viscosity and thermalconductionare not considered. Thus

no dissipationof energy occursduring the wave propagation. Effectsof the gravitational �eld are

neglected.

Wewanttoobtaintheconservationequationfor theacousticradiation-stress(Brillouin stress

tensor). Beforehand,let us write two importantrelation for the velocity �eld v. Using Eqs.(2.1)

and(2.13)onecanderive thefollowing expressions

(v � Ñ)v = Ñ� vv � (Ñ � v)v; (3.1)

r 0Ñ� vv = Ñ� (r 0vv) � (Ñr 0� v)v: (3.2)

31
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By combiningthedensityconservationequationin (2.27),(3.1),and(3.2) in themomentumequation

givenby (2.27),wehave
¶(r 0v)

¶t
+ Ñ � (r 0vv) + ÑP = 0; (3.3)

wherer 0v is the momentumdensityandr 0vv is the momentum�ux tensor. It doesnot make any

differenceif P is replacedby P� P0 in Eq.(3.3).Furthermore,to keepEq.(3.3) in second-order, r 0 is

replacedby r 0 in thesecondtermof LHS of this equation.Thususingexpression(2.10)in Eq. (3.3)

yields
¶(r 0v)

¶t
+ Ñ � [(P� P0)U+ r 0vv] = 0: (3.4)

Theexpansionof P� P0 in second-orderis givenby [11]

P� P0 = p+
p2

2r 0c2
0

�
r 0(v � v)

2
; (3.5)

wherep is the linear acousticpressure.By substituting(3.5) into (3.4) andusingÑp = � r 0
¶v
¶t we

have
¶(r v)

¶t
+ Ñ � s + Ñp = 0; (3.6)

where

s = � LU+ r 0vv (3.7)

is thesecond-orderradiationstresstensor. ThequantityL in Eq.(3.7)is theLagrangiandensityof the

sound�eld givenby

L =
r 0(v � v)

2
�

p2

2r 0c2
0
: (3.8)

Now we take thetimeaverage(2.23)of Eq.(3.6).Theresultis

Ñ � hsi = 0: (3.9)

Noticethat
D

¶(r v)
¶t

E
= 0 andhpi = 0. It shouldberemarkedthatthetimeaveragetakenin (3.9)depends

onthescaleof observationof theradiationforcephenomenon.Mostobservationdoneexperimentally

areinterestedto measurethestaticradiationforceproducedby monochromaticsoundwaves. In that

case,thetimeaveragecanbede�ned overawavecycle. However, vibro-acoustography is basedupon

dynamic(time-varying) radiationforce with frequenciesup to 100 kHz. To separatethe dynamic

componentof theradiationforce,weshallusetheshort-termtimeaverageasde�ned in (2.25).

The radiation-stressaveragedin time is a zerodivergencequantity in space.Two conse-

quencesof this resultshouldbepointedout: if thereis no targetin thewavepath,thereis noradiation
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force;if a targetis presentin thewavepath,theradiationforcecanbeobtainedby integratinghsi over

any surfaceenclosingthetarget.Therefore,theradiationforceproducedona targetis

f = �
I

S
hsi � ndS=

I

S
hLn � r 0 (v � n) vi dS; (3.10)

whereSis asurfaceenclosingthetargetandn is theunit normalvectorof Spointinginward.

We shouldanalyzethe contribution of the incident and scatteredwaves to the radiation

force.Thesoundscatteringby anobjectis followedby thearisingof theacousticradiationforceupon

the object. This canbe understoodin termsof the momentumtransferprocess.An incidentwave

carriesa momentum�ux, sodoesthescatteredwave. Thedifferencebetweenthemomentum�ux of

the incidentandscatteredwavescontributesto the radiationforceexertedon theobject. Hence,the

radiationforceon a objectcanbeobtainedby solvingthescatteringproblemfor theobject.Thetotal

particlevelocity andpressurein themediumcanbewritten asa sumof theincident(subscripti) and

scattered(subscripts) �elds asfollows

v = vi + vs; (3.11)

p = pi + ps: (3.12)

AssumethatthesurfaceSdescribedin Eq.(3.10)is very faraway from thetarget(controlsphere).In

termsof theincidentandscattered�elds, theradiationforcecanbeexpandedas

f(t) =
I

S
h(Lii + Lis + Lss) n

� r 0 [(vi � n) vi + (vi � n) vs+ (vs � n) vi + (vs � n) vs]i dS: (3.13)

where 8
>>><

>>>:

Lii = r 0(vi �vi )
2 � p2

i
2r 0c2

0
;

Lis = r 0(vi � vs) � pi ps
r 0c2

0
;

Lss = r 0(vs�vs)
2 � p2

s
2r 0c2

0

(3.14)

aretheLagrangiandensitiestermsof the incident,interference,andscatteredwaves,respectively. If

thereis no target on the wave path,no radiationforce arises.Thus,the contribution of the incident

waveyields I

S
hLii n � r 0 (vi � n) vi i dS= 0: (3.15)

Westervelt [54] statedthattheLagrangianof thescatteredwave shouldbezerowhentheobservation

point is very far way from the scatterer. He arguedthat the scatteredwavesin this region arevery
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Figure3.1: Scatteringof a planewave by an arbitraryshapedobject. (a) Incidentplanewave. (b)
Scatteredwave. (c) Incidentplusscatteredwaves.

closeto planewaves.Thus, I

S
hLssi ndS= 0: (3.16)

Therefore,the contributions to the radiationforce comefrom the interferenceof the incident and

scatteredwavesandthemomentumtransferredto theobject.Accordingly,

f = f is + fss (3.17)

where

f is =
I

S
hLisn � r 0 [(vs � n) vi + (vi � n) vs]i dS; (3.18)

fss = � r 0

I

S
h(vs � n) vsi dS: (3.19)

3.2 Acousticscatteringby a point-tar get

Scatteringproblemsconcernhow an incidentwave is affectedby an object. In the direct

scatteringtheory, the scatteredwave is determinedfrom a knowledgeof the incidentwave andthe

equationgoverningthewave motion. If theobjectis muchlarger thanthewavelengthre�ection and

refractionof thesoundwave occur. If theobjectis muchsmallerthanthewavelength,thescattered

soundwavepropagatesin all directionsin themedium.Exactanalyticsolutionsof thedirectscattering

problemin �uids are well known for incident planewaves scatteredby solid objectswith simple

geometrysuchasspheresandcylinders[71, 72]. For objectswith arbitraryshape,analyticalsolutions

arenot available. This is mostly becausearbitraryshapedobjectsmay not have spatialsymmetry.

However, scatteringproblemsin ideal�uids for objectswith any shapecanbeformulatedthroughthe
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Figure3.2: Scatteringby an inhomogeneousregion characterizedby a densityr V(r ) andcompress-
ibility kV(r ).

Lippmann-Schwingerequation[73]. This equationcanbesolvednumericallyusingthe fastFourier

transform[74] or spectralmethods[75]. Figure3.1 illustratesthe scatteringof an arbitraryshaped

object.

A soundwavecanbescatteredalsoby aninhomogeneousregion [76] in which its mechan-

ical properties,like densityandcompressibility, differ from their valuesin the restof the medium.

Modelsof wave scatteringin soft tissueby inhomogeneitieshave beenappliedto describeultrasound

imagingsystems[77, 78]. Soft tissuesareformedby differentcomponents,suchasmuscleandfat,

with differentdensityandcompressibility. If theamplitudevariationis small,thescatteredwave can

be obtainedfrom the interactionof the incident wave with the inhomogeneities.This casecorre-

spondsto weakscatteringwhichcanbesolvedthroughtheso-calledBornapproximation.With larger

amplitudevariation,multiplescatteringcanoccurproducingreverberationin themedium.

Consideran inhomogeneousregion with volumeV inside a homogeneousideal �uid of

densityr 0, soundspeedc0 andcompressibilityk0 = 1
c2

0r 2
0
. The�uid is consideredto beof in�nite ex-

tent.Without soundwavestheregionV hasdensityr V(r ), speedof soundcV(r ), andcompressibility

kV(r ) = 1
c2
V r 2

V
(seeFigure3.2). Becausethedensityandthespeedof soundof theunperturbed�uid

doesvaryspatially, Eq.(2.33)insidetheinhomogeneousregionbecomes

¶p
¶t

+ c2
V(r )

�
dr V(r )

dt
+ r V(r )Ñ � v

�
= 0: (3.20)
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By usingtherelation ¶v
¶t = � Ñp

r V (r ) and dr V
dt = 0 in Eq.(3.20),weget

Ñ �
�

Ñp
r V(r )

�
� kV(r )

¶2p
¶t2 = 0: (3.21)

BasedonEq.(3.21),thewaveequationfor theentireregioncanbewrittenas

Ñ2p�
1
c2

0

¶2p
¶t2 = �

�
Uk + Ur

�
p; (3.22)

whereUk = � gk(r )
c2

0

¶2

¶t2 andUr = � Ñ �
�
gr (r )Ñ

�
with

gk(r ) =

(
kV
k0

� 1;

0;

r 2 V

r =2 V
; gr (r ) =

(
1� r 0

r V
;

0;

r 2 V

r =2 V
: (3.23)

Eq. (3.22) is the inhomogeneouswave equation. The termsUk andUr are the potentialfunctions

responsiblefor thescatteringby theinhomogeneities.In fact,in thetime-domainthesefunctionsare

differentialoperatorsin time andspace.Notice that the scatteringpotentialhasa contribution from

thecompressibilityandthedensityof theinhomogeneousregion. Scatteringproducedby variationsin

compressibilityhasa monopoleradiationpattern.Scatteringdueto variationsin densityhasa dipole

radiationpattern.

It is convenient to analyzethe inhomogeneouswave equationin the frequency-domain.

Hence,by takingtheFouriertransformof (3.22)weobtain

Ñ2ep+
�

w
c0

� 2

ep = �
�

eUk + Ur

�
ep; (3.24)

where ep = F f pg and eUk =
�

w
c0

� 2
gk(r ). The total pressure�eld is a sumof the incidentand the

scatteredpressure�elds, i.e. ep = epi + eps. Becausewe expectthat all scatteredwavesareoutgoing

waves,thescatteredpressure�eld satis�estheSommerfeldradiationcondition lim
r! ¥

r
�

¶
¶r � j w

c0

�
eps =

0. Thescatteringproblemcanbeformulatedasthefollowing boundary-valueproblem:

8
>>><

>>>:

Ñ2ep+
�

w
c0

� 2
ep = �

�
eUk + Ur

�
ep;

ep = epi + eps;

lim
r! ¥

r
�

¶
¶r � j w

c0

�
eps = 0:

(3.25)

It is moreusefulto formulatethescatteringproblemin (3.25)asanintegralequation,rather

thana differentialequationplus boundaryconditions. It canbe shown that themodelfor scattering
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problemsin (3.25)correspondsto theLippmann-Schwingerequation[73]:

ep(r ;w) = epi (r ;w) +
Z

R3
G

�
r jr0;w

� �
eUk + Ur

�
ep

�
r0;w

�
dV(r0); (3.26)

where

G
�
r jr0;w

�
=

e� jw
c0

jr � r0j

4pjr � r0j
(3.27)

is theGreen's functionof anunboundedmediumin thefrequency-domain.

In general,Eq. (3.26)cannotbe solved exactly. This equationcanbe solved by meansof

successive approximations.If thescatteredwave is weakcomparedto theincidentwave, the�rst ap-

proximationin (3.26)givesasatisfactoryrepresentationof thescattered�eld. The�rst approximation

to solveEq.(3.26),known astheBornapproximation,results

ep(r ;w) = epi(r ;w) +
Z

R3
G(r jr0;w)

�
eUk + Ur

�
epi(r0;w)dV(r0): (3.28)

In theBornapproximation,we identify thepressuredistributionof thescatteredwaveas

eps(r ;w) =
Z

R3
G(r jr0;w)

�
eUk + Ur

�
epi(r0;w)dV(r0): (3.29)

The pressuredistribution of the scatteredwave in the time-domaincan be obtainedby taking the

inverseFourierin (3.29).Accordingly,

ps(r ;t) =
Z

R3
g(r jr0; t) ?

t

��
Uk + Ur

�
pi

�
r0; t

� �
dV(r0); (3.30)

where

g(r jr0; t) =
d(t � jr � r0j=c0)

4pjr � r0j
(3.31)

is theGreen's functionin thetime-domain.

So far, the scatteringtheorypresentedhereaccountsonly for scatteringof compressional

wavesby variationsin densityandcompressibility. Scatteringproblemsinvolving elasticor viscoelas-

tic homogeneousobjectsembeddedin ideal�uids is muchmorecomplex. In thesecases,shearwave

propagationandattenuationinsidetheobjectsshouldbetakeninto account.

We areparticularly interestedin the acousticscatteringdueto a point-target. By solving

this problem,onecandeterminethe radiationforce exertedon a point-target andusethe result to

de�ne thevibro-acoustography point-spreadfunction.Mathematically, a point-targetis a point (zero-

dimensional)occupying anin�nitesimal volumedV with somemechanicalpropertydescribedby the

Diracdeltafunction.Physically, noobjecthassuchcharacteristics.
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Assumethatapoint-targetplacedat r 0 with compressibilityanddensitygivenby

(
kV = k0 + (k0 � k1) d3 (r � r0) ;

r V = r 0 + 2r 0(r 1� r 0)
2r 1+ r 0

d3 (r � r0) ;
(3.32)

wherek1 andr 1 arethecompressibilityanddensityin thein�nitesimal volumedV andd3 (r � r0) is

thethree-dimensionalDirac deltafunction. Thechoiceof r V is basedon theloadcausedby the�uid

on a small spherein a sound�eld. For further detailsseeRef. [66]. Notice that whenr 6= r 0 both

compressibilityanddensitybecomek0 andr 0 asrequiredin Eq. (3.23).Thescatteringpotentialsfor

thepoint-targetdescribedby (3.32)aregivenby

8
<

:

eUk = Ak

�
w
c0

� 2
d3 (r � r0) ;

Ur = � Ar Ñ�
�
d3 (r � r0) Ñ

�
;

(3.33)

whereAk =
�

1� k1
k0

�
andAr = 2(r 1� r 0)

2r 1+ r 0
. If no target is presentin the medium,i.e. k1 = k0 and

r 1 = r 0, then eUk = Ur = 0. Furthermore,whenr 1 � r 0 thenAk � Ar � 1: Substituting(3.33) in

(3.29)givesusthescatteredpressuredistributionasfollows

eps(r ;w) = Ak

�
w
c0

� 2

epi (r0;w) G(r jr0;w) � Ar G(r jr0;w) Ñ2epi (r ;w)
�
�
r= r0

� Ar

Z

R3
G

�
r jr0;w

�
Ñ0epi

�
r0;w

�
� Ñ0d3 �

r0� r0
�

dV(r0); (3.34)

Evaluatingtheintegral in (3.34)by partsandusing(2.12)results

eps(r ;w) = Ak

�
w
c0

� 2

epi (r0;w) G(r jr0;w) + Ar
�
Ñ0epi

�
r0;w

�
� Ñ0G

�
r jr0;w

� �
r0= r0

(3.35)

The scatteredpressuredistribution hasa monopoleanda dipole radiationpattern(the �rst andthe

secondterms,respectively).

Thedipoletermof (3.35)canbesimpli�ed eliminatingthegradientof theGreen's function

in termsof theprimevariables.Let r = (x1;x2;x3), r0= (x0
1;x0

2;x0
3), andR= jr � r0j. Thefollowing re-

lationshold ¶G
¶xk

= ¶G
¶R

¶R
¶xk

and ¶G
¶x0

k
= ¶G

¶R
¶R
¶x0

k
for k = 1;2;3. It follows immediatelythat ¶R

¶x0
k

= � ¶R
¶xk

, there-

fore ¶G
¶x0

k
= � ¶G

¶xk
. Hence,Ñ0G(r jr0;w) = � ÑG(r jr0;w). Taking the Fourier transformof Eq. (2.34)

yields Ñepi(r ;w)jr= r0
= jr 0wevi (r0;w). Therefore,wecanwrite Eq.(3.35)as

eps(r ;w) = Ak

�
w
c0

� 2

epi (r0;w) G(r jr0;w) � jr 0wAr evi (r0;w) � ÑG(r jr0;w) : (3.36)
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Figure3.3: Scatteringwavepatterns.(a)Scatteringby compressibility. (b) Scatteringby density.

TheFouriertransformof Eq.(2.35)gives ep = jwr 0ef . Usingthis result,weobtaintheacousticpoten-

tial of thescatteredwaveasfollows

ef s(r ;w) = � j
Akw
r 0c2

0
epi (r0;w) G(r jr0;w) � Ar evi (r0;w) � ÑG(r jr0;w) : (3.37)

Figure(3.3) shows theradiationpatternproducedby a monopoleanda dipolecenteredat theorigin

of thesystemcoordinate.

3.3 Ultrasound radiation forceon a point-tar get

A vibro-acoustography systemis characterizedby its PSFwhich is relatedto the spatial

distribution of thedynamicultrasoundradiationforceon a point-target. This forcecausesa vibration

of the point-target. Thus,the dynamicbehavior of the point-target at the modulationfrequency Dw

shouldalsobeanalyzed.Whenanexternalforceis appliedto anobjectthathasa restorationmecha-

nism,theobjectoscillatesaroundanequilibriumpoint. For example,aspring-masssystem,astringof

a guitar, a drum,anda simplependulum.In all cases,thereis a restorationmechanismin thesystem.

Weassumethatthepoint-targetcanvibrateat thefrequency Dwaroundanequilibriumpoint in thedi-

rectionof theradiationforce.Thepoint-targetcanbeimaginedasa spring-masssystem.In this case,

theacousticemissionof thepoint-targetfollowsadipoleradiationpattern.Nevertheless,theradiation

patternof thepoint-targetat the frequency Dw couldbea monopoleradiation,without changingthe

mainresultsaboutthesystemPSF. Theultrasoundradiationforceon a point-targetwill beanalyzed

for incidentmonochromaticandmodulatedultrasoundwaves.Theformerproducesa staticradiation

force.Thelattergeneratesa radiationforcewith astaticandadynamiccomponents.
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3.3.1 Monochromatic ultrasound waves

Most studiescarriedout on acousticradiationforce consideran incidentmonochromatic

planewave striking a target. Consideran ultrasoundwave with frequency w0 hitting a point-target

describedby Eq.(3.32).Thiswave is describedby thefollowing acousticpotential

f i(r ;t) = f̂ 0(r )ejw0t ; (3.38)

wheref̂ 0 is the complex spatialdistribution of the wave. Using Eq. (2.18)oneobtainsthe acoustic

potentialin frequency domainas

ef i(r ;w) = 2pf̂ 0(r )d(w� w0) : (3.39)

By substitutingthisequationin (3.37)andtakingtheinverseFouriertransform,weobtainthepotential

functionof thescatteredwaveasfollows

f s(r ;t) = �
jw0Ak

r 0c2
0

pi (r0; t) G(r jr0;w0) � Ar vi (r0; t) � ÑG(r jr0;w0) ; (3.40)

wherepi andvi aretheincidentpressureandparticlevelocity. To simplify theanalysis,we consider

that the point-target is at the origin of the coordinatesystem,r 0 =
�!
0 = (0;0;0), and the particle

velocity vi

� �!
0 ;t

�
is in the z-direction. In this case,the amplitudeof the potentialfunction of the

scatteredwave in theregion r ! ¥ canbewrittenas

f̂ s(r) �
r! ¥

�
Ak p̂i

r 0c2
0

�
Ar v̂i cosq

c0

�
w0e� j(w0r=c0� p=2)

4pr
; (3.41)

wherep̂i andv̂i aretheamplitudeof thepressureandvelocity �elds.

Let usexaminetheradiationforcetermdueto thescatteredwave. Considerthatthecontrol

surfaceS in Eq. (3.19) is a spherewith a very large radiuscenteredat thepoint-target. Substituting

vs = � Ñf s in Eq.(3.19)wehave

fss = � r 0

I

S
h(Ñf s � er ) Ñf si dS �

r! ¥
� 2pr2r 0ez

Z p

0

�
�
�
�
¶f̂ s

¶r

�
�
�
�

2

cosqsinqdq;

=
AkAr w4

0

12pc5
0

Ref p̂i v̂�
i g;

=
AkAr w4

0I

6pc5
0

; (3.42)

whereI = 1
2Ref p̂�

i v̂ig is thetime-averagedintensityvectorat thepoint-targetposition. Eventhough
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Eq. (3.42)wasobtainedfor a point-target at r 0 =
�!
0 with the particlevelocity vi in the directionof

ez, theequationis valid for a point-target localizedanywherein thespacewith anany velocity �eld.

This is becausea coordinatesystemcanalwaysbechosento satisfytheconditionsassumedto derive

Eq. (3.42). Thus,we concludethat thescatteringcomponentof theradiationforceis in thedirection

of thevelocity �eld at thetargetposition.

The radiationforce dueto the interferencebetweenthe incidentandthe scatteredwaves,

Eq.3.18,canbewrittenas

f is = r 0

I

S

��
(vi � vs) �

pi ps

r 0c2
0

�
er � [(vs � er ) vi + (vi � er ) vs]

�
dS: (3.43)

Changingthesurfaceintegral to avolumeintegralusingEqs.(2.10),(2.13),and(2.11)weobtain

f is = r 0

Z

V

�
1

r 2
0c2

0
Ñ(pi ps) + (Ñ � vs) vi + (Ñ � vi) vs

�
dV: (3.44)

UsingthelinearEulerequation(2.34),wecanrewrite thisexpressionas

f is = r 0

Z

V

��
Ñ � vs �

ps

r 0c2
0

¶
¶t

�
vi +

�
Ñ � vi �

pi

r 0c2
0

¶
¶t

�
vs

�
dV: (3.45)

Sincetheincidentwave is monochromatic,wehave

�
Ñ � vi �

pi

r 0c2
0

¶
¶t

�
vs =

�
Ñ2f i �

1
c2

0

¶2f i

¶t2

�
vs = 0; (3.46)

Thus,Eq.(3.45)turnsto

f is = r 0

Z

V

��
Ñ � vs �

ps

r 0c2
0

¶
¶t

�
vi

�
dV: (3.47)

Thisequationcanberewritten in termsof thescatteredacousticpotentialasfollows

f is = � r 0

Z

V

��
Ñ2f s �

1
c2

0

¶2f s

¶t2

�
vi

�
dV: (3.48)

To evaluateEq. (3.48) for a point-target at r 0, we shouldgo backto Eq. (3.40). Accordingto this
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equationwehave

Ñ2f s �
1
c2

0

¶2f s

¶t2 = �
jw0Ak pi (r0; t)

r 0c2
0

"

Ñ2G(r jr0;w0) +
�

w0

c0

� 2

G(r jr0;w0)

#

+ Ar vi (r0; t) � Ñ

"

Ñ2G(r jr0;w0) +
�

w0

c0

� 2

G(r jr0;w0)

#

=
jw0Ak pi (r0; t)

r 0c2
0

d3 (r � r0) � Ar vi (r0; t) � Ñd3 (r � r0) : (3.49)

By substitutingEqs.(3.49) into (3.48)we notethat the �rst term in the resultingexpressioncanbe

easilyintegrated.Thesecondtermcanbeintegratedby partsandrearrangedusingEq. (2.11). After

theseevaluations,theacousticradiationforcedueto theinterferencetermis givenby

f is = � Ñ

"

Ak



p2

i

�

2r 0c2
0

� Ar
r 0hvi � vi i

2

#

: (3.50)

Theradiationforceis givenasthegradientof thepotentialandkineticenergy densitiesof theincident

wave. For a planetraveling wave, the radiationforce due to interferenceis very small compared

to the radiationforce duethe scatteringterm given in (3.42). Therefore,the main contribution for

the radiationforce exertedby a planetraveling wave comesfrom the scatteringterm of the force.

However, this is not truewhenthetargetexperiencesaplanestandingwave.

Considera sphereof radiusa, densityr 1, andcompressibilityk1, in a planestandingwave

with wavelengthl , with a � l . The main contribution of the radiationforce can be calculating

simplyby integratingf is in thevolumeof thesphere.Theresultis in agreementwith thederivationof

Gor'kov [41] whichhasKing's [37] andYosioka's [39] theoriesasparticularcases.

3.3.2 Modulated ultrasound waves

Dynamicradiationforcecanbegeneratedby meansof anultrasoundmodulatedwave. As

previously mentioned,theultrasoundmodulatedbeamcanbeproduceby a dualor AM-single beam.

Here,wefocusondualbeammodebecauseAM-singlebeamcanbetreatedasaparticularcaseof the

formermode.

Consideramodulatedincidentwavedescribedby thefollowing acousticpotential

f i(r ;t) = f̂ (a)
i (r )ejwat + f̂ (b)

i (r )ejwbt ; (3.51)

wheref̂ (a)
i andf̂ (b)

i arethecomplex amplitudefunctionsof thewavesa andb, respectively. Thewave
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frequenciesarewa = w0 andwb = w0 + Dw. The superpositionprinciple canbe usedto solve the

scatteringproblemof wavesa andb, separately. Theresultingscatteredwave is givenby

f s(r ;t) = f̂ (a)
s (r )ejwat + f̂ (b)

s (r )ejwbt ; (3.52)

wheref̂ (a)
s andf̂ (b)

s arethecomplex amplitudefunctionsof thescatteredwavesa andb, respectively.

Thevelocity �elds of the incidentandscatteredwaveshave a contribution of eachultrasoundsource

a andb. Accordingly, (
vi(r ;t) = v̂(a)

i (r )ejwat + v̂(b)
i (r )ejwbt ;

vs(r ;t) = v̂(a)
s (r )ejwat + v̂(b)

s (r )ejwbt ;
(3.53)

wherev̂(:)(r ) standsfor thecomplex amplitudeof thevelocity �elds a andb.

Theradiationforceexertedby amodulatedultrasoundwaveobtainedthroughtheshort-term

time averagehasa dynamicandtwo staticparts. By calculatingthe incidentandscatteredpressure

distributionsandsubstitutingtheresultwith thevelocity �elds in (3.53)into (3.47),weget

f(t) = f(a) + f(b) + f(d)(t); (3.54)

wheref(a) and f(b) are the static radiationforce causedby eachindividual ultrasoundwave given

in Eq. (3.50)andf(d) is the dynamiccomponentof the radiationforce. This term is causedby the

interferencebetweenthe ultrasoundbeamin the overlappingregion. The radiationforce given in

Eqs.(3.18)and(3.19)is still valid for a modulatedincidentwave describedby (3.51). However, the

radiationforceshouldbecalculatedthroughtheshort-termtimeaveragede�ned in (2.25).

Thescatteringtermof theradiationforcegivenby (3.19)canbeexpandedusingEq. (3.53)

as

f(d)
ss = � r 0

Z

S

D�
v(a)

s � er

�
v(b)

s +
�

v(b)
s � er

�
v(a)

s

E

T
dS: (3.55)

We considerthesamehypothesesfor thepoint-targetandthevelocity �eld asassumedin Sec.3.3.1.

Substitutingtheacousticpotentialf (a)
s andf (b)

s in this expression,performinga similar derivationas

Eq.(3.42),andusingEq.(2.26)wehave

f(d)
ss = A0

h
I (a) + I (b)

i
; (3.56)
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whereA0 is aconstant,

I (a) =
Re

n
p̂(b)

i v̂(a)�
i ejDwt

o

2
; (3.57)

I (b) =
Re

n
p̂(a)

i v̂(b)�
i ejDwt

o

2
(3.58)

arethe time-varying intensityvectorsin the directionof v̂(a)
i andv̂(b)

i , respectively. We canrewrite

Eq.(3.56)in termsof theacousticpotentialamplitudesasfollows

f(d)
ss µ Re

n
Ñ[f̂ (a)

i f̂ (b)�
i ]ejDwt

o
; (3.59)

Now wefocusontheinterferencetermof theradiationforce.It canbeshown fromEq.(3.45)

thattheinterferencetermof thedynamicradiationforceis givenby

f(d)
is = � r 0

" Z

V

*  

Ñ2f (b)
s �

1
c2

0

¶2f (b)
s

¶t2

!

v(a)
i

+

T

dV

+
Z

V

*  

Ñ2f (a)
s �

1
c2

0

¶2f (a)
s

¶t2

!

v(b)
i

+

T

dV

#

: (3.60)

UsingEq.(3.49)in thisexpression,weget

f(d)
is = �

Ak

r 0c2
0

�
wa

wb
p(a)

i Ñp(b)
i +

wb

wa
p(b)

i Ñp(a)
i

�

T
+ r 0Ar Ñ

D
v(a)

i � v(b)
i

E

T
: (3.61)

This componentof the radiationforce canbe further simpli�ed by expandingthe terms wa
wb

and wb
wa

,

with Dw
w0

� 1. Accordingly, we �nd

f(d)
is = � Ñ

*
Ak p(a)

i p(b)
i

2r 0c2
0

�
Ar r 0

�
v(a)

i � v(b)
i

�

2

+

T

: (3.62)

Thistermbecomesverysmallfor planeor quasi-planeprogressivewavesif theanglebetweenv(a)
i and

v(b)
i is small. If this angleis largeor theincidentultrasound�eld is a standingwave, thecontribution

of Eq.(3.62)to thedynamicradiationforceshouldbetakeninto account.

Consideracollimatedultrasoundbeamformedby two quasi-planeprogressivewavepropa-
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gatingin thez-directiondescribedby Eq.(3.51).Theamplitudeof theacousticpotentialsare

f̂ (a)
i (r ) = f̂ (a)(r )e� waz=c0; (3.63)

f̂ (b)
i (r ) = f̂ (b)(r )e� wbz=c0; (3.64)

wheref̂ (a) andf̂ (b) arethecomplex amplitudesof theultrasoundwaves.Weassumethatthetransverse

variationof the potentialsgiven in (3.63)and(3.64) is muchsmallerthanthat in theaxial direction

andalsotheconditions

¶f̂ (a)
i

¶z
' �

jwa

c0
f̂ (a)

i ; (3.65)

¶f̂ (b)
i

¶z
' �

jwb

c0
f̂ (b)

i : (3.66)

If thesehypotheseshold,themaincontributionfor thedynamicradiationforcecomesfrom Eq.(3.56).

Therefore

f(d)(t) µ Re
n

f̂ (a)
i f̂ (b)�

i ejDwt
o

ez: (3.67)

Thedynamicradiationforceexertedby acollimatedquasi-planewaveonapoint-targetis proportional

to theproductof thespatialamplitudedistribution of theultrasoundwaves. This resultis similar to

Eq.(2.51)whichdescribestheradiationforceonaplanartarget.

3.4 Summary

The theoryof ultrasoundradiationforce for vibro-acoustography wasdevelopedbasedon

the radiation-stresstensor. The radiationforce exertedon a point-target by any incidentultrasound

wavewascalculatedby solvingtheacousticscatteringproblem.Resultsshow thatin dualbeammode

the radiationforceon a point-target is proportionalto thesumof the intensityvectorsof eachultra-

soundbeam.Thepresentedradiationforcetheorygeneralizesthequasi-planewave modelfor vibro-

acoustography, in whichonly thecomponentof theforceparallelto thewavepropagationdirectionis

considered.



Chapter 4

Beamforming and imageformation in

vibr o-acoustography

Imagingtechniquesbasedonultrasoundwavessuchasultrasonography andvibro-acoustography

illuminatetheregion of interestby meansof focusedultrasoundbeams.To form a picture,theultra-

soundbeamshouldscantheregion of interest.Thescanningprocesscanbeaccomplishedeitherby

mechanicallymoving the transduceror electronicallysteeringthe beamby usingarraytransducers.

Beamformingin vibro-acoustography involvestheformationof continuous-wave(CW) ultrasoundfo-

cusedbeams.Thetheoryof ultrasoundradiationfrom baf�ed pistonsbasedonlinearacousticsis used

to modelthegenerationof therequiredultrasoundbeamsin vibro-acoustography. Imagesynthesisin

vibro-acoustography dependsupontheacousticemissionof theregion of interest.We presenta sim-

plemodelfor theacousticemissionof hardsmallobjectwhich followsadipoleradiationpattern.The

point-spreadfunction (PSF)of vibro-acoustography systemsbasedon sphericalconfocalandsector

transducersis derivedbasedon thetheoryof theultrasoundradiationforcepresentedin Chapter3.

4.1 Ultrasound beamforming

An ultrasoundtransducercanbemodeledasapistonmountedin anin�nite extendedplanar

rigid baf�e. It is assumedthatthebaf�e is immovable,henceonly thepistoncanmovein its normaldi-

rection(seeFigure4.1).Thepressure�eld radiatedby apistonmainlydependsonits geometricshape

andthenormalvelocitydistributionappliedon thepistonsurface.Consideraproblemof determining

thepressure�eld at a spatialpoint in thehalf-spacez � 0 resultingfrom theradiationof a pistonW

mountedin a baf�ed planesurfaceat z= 0. Theproblemis formulatedasa classicalboundary-value

problemto solve the linearwave equation(2.36)for theacousticpotentialf (r ;t). Themathematical

46
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Figure4.1: An arbitraryshapedpistonwith surfaceWin a rigid baf�e.

speci�cationof theboundary-valueproblemyieldsthefollowing systemof equation

8
>><

>>:

Ñ2f (r ; t) � 1
c2

0

¶2f (r ;t)
¶t2 = 0;

¶f
¶z = � vn(r ;t);

f (r ;0) = ¶f (r ;t)
¶t

�
�
�
t= 0

= 0;

r 2
�

R3
�
� z> 0

	
;

r 2 W; t > 0;

r 2
�

R3
�
� z> 0

	
;

(4.1)

wherevn is the normalcomponentof the velocity �eld on the piston. Basedon the linear system

theoryandthetime-dependentGreen's function,Stepanishen[62] obtaineda solutionof (4.1) asthe

timeconvolution integral

f (r ;t) = vn(t) ?
t
h(r ;t); (4.2)

whereh(r ;t) is thespatialimpulseresponsefunctionof thepiston.Theimpulseresponsefunctionis

de�ned as

h(r ;t) �
Z

W

d(t � jr � r0j =c0)
2pjr � r0j

dS(r0): (4.3)

Thespatialimpulsefunctionh(r ;t) is time limited, amplitudebounded,andpiecewisecontinuousin

time. The time durationof h(r ;t) is typically the time that the acousticwave takesto transitacross

thepistonsurface.Severalmethodshave beenproposedto calculateh(r ;t) numericallyfor arbitrary

shapedpistons[79, 80,81].

Vibro-acoustography applicationsrequiretransducersdrivenby CW-signals.Considerthat

thenormalcomponentof thevelocityon thesurfaceof thepistonis givenby

vn(t) = v0ejw0t ; (4.4)
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Figure4.2: Sphericaltransducerin theaxial plane.

wherev0 is the amplitudeof the oscillationandw0 is the angularfrequency. Substituting(4.4) into

(4.3),usingv0 =
�

2I
r 0c0

� 1=2
andtheFouriertransformon (4.3),onecanshow that

f (r ;t) =
�

2I
r 0c0

� 1=2

H(r ;w0)ejw0t ; (4.5)

whereH(r ;w0) is givenby theFourier transformof thespatialimpulsefunctionat thefrequency w0

asfollows

H(r ;w0) =
Z + ¥

� ¥
h(r ;t)e� jw0tdt: (4.6)

By evaluatingthis integralwecanrewrite Eq.(4.5)as

f (r ;t) =
�

2I
r 0c0

� 1=2

ejw0t
Z

W

e� jw0jr � r0j=c0

2pjr � r0j
dS(r0): (4.7)

This is the Rayleighintegral [82]. Eq. (4.7) canbe understoodasthe Huygens' principle in which

everyelementdSon thesurfaceWis consideredapoint-sourceemittingasphericalwave.

4.2 Acousticemission

An objectthat is submittedto a dynamicforce respondsto the force accordingto its me-

chanicalpropertiesandboundaryconditions.A simpleexampleis tappingadrumwith atime-varying

force. The mechanicalpropertiesof the drum's membranesuchaselasticityanddensityproducea

speci�c typeof sound.Theboundaryconditionof thedrumis relatedto its geometricshape.A drum

with differentshapemayproducea differentsoundpatternaswell asa differenttensionin themem-
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Figure4.3: Coordinatesystemfor thedipolesource.

branecanproducedifferentsoundsin pitch. Furthermore,thepositionwheretheforceis appliedalso

in�uencesthesoundproducedby themembrane.

The exampleof the drum canbe adaptedto understandthe responseof objectsto the dy-

namicradiationforce. In ultrasoundvibro-acoustography, a dynamicforce distributedon lessthan

1 mm2 transversely“taps” an objectembeddedin the propagating medium. In response,the object

vibratesaccordingto its mechanicalpropertiesandboundaryconditions.Theobjectemitsanacous-

tic �eld in the propagating mediumwhich canbe detectsomedistanceaway. The detectedsignal

hasinformationof theobjectmechanicalpropertiesandboundaryconditions.This signalis usedto

synthesizeanimageof theobject.

We areinterestedin calculatingthe acousticemissionof a point-target. Considerthat the

point-targetbehavesasanin�nitesimal dipolesource.Thevibratingpoint-targetneedsto beconnected

to somesortof restorationforcemechanism.Assumea small spheresuspendedby a string forming

a simplependulum.Theacousticemissionby a simplependulumcouldbeapproximatedto a dipole

radiationpatternif the oscillationamplitudeof the pendulumis small. In this case,the restoration

forceis thegravitationalforce.

Considera in�nitesimal dipole in anin�nite mediumplacedat theorigin of thecoordinate

systemasdescribedby Fig. 4.3. The radiationforce responsiblefor the dipole vibration is in the

directionof thez-axis.Thedipoleproducesapressure�eld givenby [65]

p = f̂ cosq
¶
¶r

"
ejDw(t� r=c0)

4pr

#

; (4.8)

where f̂ is the amplitudeof the magnitudeof the dynamiccomponentof the radiationforce,which

is the total force neededto move the point-target in translatoryfashion. The far-�eld of the dipole

radiationpattern,Dw
c0

r � 1, is dominatedby monopoleradiationwhichdecreaseas1=r. Considerthat
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theacousticemissionis detectedin thefar-�eld region. In thiscase,Eq.(4.8)becomes

p =
jDwf̂ cosq

c0

ejDw(t� r=c0)

4pr
: (4.9)

Now, we cangeneralizeEq. (4.9) for a point-target in anarbitrarypositionr 1. In this case,

theamplitudeof theacousticemissionmeasuredat r 2 is givenby

p(r2jr1) =
jDw
c0

f̂ (r1) cosq1G(r2jr1;Dw) ; (4.10)

whereq1 is the anglebetweenthe directionof the radiationforce with r 2 andG(r2jr1;Dw) is the

Green's functiongivenin Eq.(3.27).Thisexpressionhasthesameform asEq.(2.52).Noticethatthe

functionQ presentedin Eq.2.52herebecomesconstant:Q = jDw
c0

.

Theintensityof theacousticemissionis givenby

I =
1
3

�
Dw
c0

� 2 �
� f̂

�
�2

: (4.11)

This resultshows thathigherdifferencefrequenciesDwproducestrongeremittedsignals.

4.3 Vibr o-acoustography imagesynthesis

An imagingsystemis commonlydescribedthroughits point-spreadfunction(PSF),which

describesthedegreethata point-target is blurredon theimagingplane.To form antwo-dimensional

imageof anobjectweneedto de�ne animagingplaneandanobjectfunction.Theimageof anobject

is obtainedby convolving the systemPSFwith the objectfunction on the imagingplane. In vibro-

acoustography, thisconvolutionis givenby Eq.(2.56).ThePSFdeterminesthespatialresolutionlimit

of thesystem.Physicalcharacteristicsof theimagingtechniquede�nesthePSFof thesystem.

Conventionalultrasoundimagingsystemsareusuallybasedon transmittedpulsesin tissue.

Theresultingscatteredwavesby tissueinhomogeneitiesaredetectedby sensorsandprocessedto form

theimage.Thepulsedurationdeterminesthedepthresolutionof thesystem,which is theresolution

alongthe beampropagation direction(A-line). The transversaldimensionsof the ultrasoundpulse

determinesthetransversal resolutionof thesystem.

In vibro-acoustography, bothdepthandtransversalresolutionarerelatedto thespatialdis-

tribution of thesystemPSFin the three-dimensionalspace.Considera vibro-acoustography system

with two ultrasoundbeamsfocusedatr 0 with amplitudeof theacousticpotentialdescribedby f̂ a(r jr0)

andf̂ b(r jr0). The ultrasoundradiationforce dependsalsoon the focal point r 0. For simplicity, we
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considertheamplitudeof theultrasoundradiationforceasa complex quantity. Hence,thecomplex

amplitudeof thedynamiccomponentof radiationforceonapoint-targetat r canbewrittenas

f̂(r jr0) = f̂? (r jr0)e? + f̂k(r jr0)ek; (4.12)

wheree? andek aretheunit vectorsin the transverseandaxial directionsof theresultingultrasound

beam,respectively. Thefunctions f̂? and f̂k arethecomplex amplitudesof theradiationforcein the

transverseandaxialdirections(depth),respectively. Thesefunctionscanbeobtainedfrom Eqs.(3.56)

and(3.62).In thethree-dimensionalmodelfor theultrasoundradiationforce,thevibro-acoustography

PSFcanbe de�ned following the samestepsasdescribedin Sec.(2.3.2). However, that model is

basedonly in the axial componentof the ultrasoundradiationforce. Here, we de�ned the vibro-

acoustography PSFbasedon thethree-dimensionalradiationforceasfollows,

hpsf �
f̂ (r jr0)

f̂ (r0jr0)
; (4.13)

where

f̂ =
q

f̂ 2
? + f̂ 2

k : (4.14)

4.4 Spherical concave transducer

High localizedpressure�elds canbeproducedby sphericalconcavetransducers.Figure4.2

shows a sphericalconcave transducerseenin theaxial plane.Theacousticpotentialproducedby the

radiationof a sphericalconcave transducerof radiusa andfocal distancez0 canbe easiertreatedif

a � z0, which correspondsto Fresnelapproximation. In this approximation,Eq. (4.7)canbeusedto

calculatethe acoustic�elds generatedby the concave transducer. Nevertheless,Eq. (4.7) is strictly

trueonly for thepotentialof a �at transducerin a planarrigid baf�e. If the transduceris curved,the

integral neglectsthefactthatwavesradiatedfrom any partof thesurfacearediffractedby otherparts

of thetransducer. Thissecondarydiffractioneffect is relatively unimportantif thesurfaceWis slightly

curvedandits dimensionsaremuchlarger thanthewavelength(seeRef. [83] for furtherdetails).To

avoid the dif�culties presentedby the secondarydiffraction, we assumethat the ultrasoundbeam

initially follows a geometricray pathnormalto thesurfaceof thetransducer. Thus,we canconsider

new ultrasoundsourceslocatedatthebaf�e plane.Usingthisapproximation,theamplitudeof acoustic
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Figure4.4: Confocaltwo-elementtransducer. (a) Axial view of thetransducer. (b) View in thefocal
plane.Thepolarcoordinates(r;q) areadopted.

potentialproducedby thesphericalconcave transducerin thefar-�eld region is givenby [84]

f̂ (r;z) =
�

2I
r 0c0

� 1=2 exp
�
� jw0(z+ r2=2z)=c0

�

2pz

�
Z a

0

Z 2p

0
exp

�
� j

w0r02

2c0z0

�
z0

z
� 1

��
exp

�
jw0rr0cosq0

c0z

�
r0dr0dq0; (4.15)

wherer =
p

x2 + y2. Thepotentialon theaxisof the transduceris givenby settingr = 0 in (4.15).

Thus,

f̂ (0;z) =
pa2

2z

�
2I

r 0c0

� 1=2

sinc
�

a

2l 0

�
z0

z
� 1

� �
exp

�
� jw0

c0

�
z+

a2

4

�
1
z

�
1
z0

���
; (4.16)

wheresinc(x) = sin(px)
px andl 0 = 2pc0z0

w0a which canbe interpretedasa scaledwavelengthby the ratio

a=z0.

In thefocalplanez= z0; thepotentialis givenaccordingto Eq.(4.15)by

f̂ (r;z0) =
pa2

z0

�
2I

r 0c0

� 1=2

jinc
�

r=l 0

�
exp

�
� jw0(z0 + r2=2z0)=c0

�
; (4.17)

wherejinc(x) � J1(2px)=px, with J1(x) beingthe�rst-order Besselfunctionof �rst-kind. Theampli-
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Figure4.5: Axial componentof the dynamicradiationforce on the focal planeof a confocaltrans-
ducer. Thearrows representthetransverseradiationforcevector.

tudeof theradialcomponentof thevelocityparticleon thefocalplaneis givenby

v̂r (r;z0) '
jw0r
c0z0

f̂ (r;z0): (4.18)

DifferentiatingEq. (4.15)with respectto z andperformingthe integration,we obtaintheaxial com-

ponentof thevelocityparticlefor z= z0 asfollows

v̂z(r;z0) '
jw0

c0
f̂ (r;z0): (4.19)

In theneighborhoodof thefocalpoint theaxialcomponentof thevelocity �eld is largerthantheradial

component.

4.4.1 Confocalarray transducer

For vibro-acoustography applications,confocalarraytransducersshouldhave at leasttwo

sphericalconcentricelements,which permits the systemto operatein either dual or single beam

modes.Figure4.4showsa two-elementconfocaltransducerwhoseinnerandouterradii arespeci�ed

by a1 anda2, respectively. Theradiusof curvature(focal distance)of the transduceris z0. In single

beammode,bothelementsaredrivenby thesamemodulatedsignal. Becausetheultrasoundbeams

producedby sphericalconcave transducersis betterfocusedtransverselythanin thedepth,we shall
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Figure4.6: Transversecomponentof the dynamicradiationforce on the focal planeof a confocal
transducer. Thearrows representthe transverseradiationforcevector. Themagnitudeis normalized
by thepeakvalueof theaxial componentof theforce.

analyzedthe vibro-acoustography PSFon the focal plane. In fact, the presentvibro-acoustography

systemproducesC-scanimagesin which theimagingplaneis thetransducerfocalplane.

To analyzethe PSFof a dual beamconfocaltransducer, we needto calculatethe acoustic

potentialof eachelementin thefocalplane.By usingthesuperpositionprinciple,theamplitudeof the

acousticpotentialproducedby eachelementof thetransduceris givenby

f̂ (a)(r) =
pa2

1

z0

�
2I

r 0c0

� 1=2

jinc
�

r=l
(a)
1

�
ejway a; (4.20)

f̂ (b)(r) =
p
z0

�
2I

r 0c0

� 1=2h
a2

2jinc
�

r=l
(b)
2

�
� a2

1jinc
�

r=l
(b)
1

�i
ejwby b; (4.21)

wherel
(a)
1 = 2pc0z0

waa1
, l

(b)
1 = 2pc0z0

wba1
, l

(b)
2 = 2pc0z0

wba2
, y a = exp

�
� jwa(z0 + r2=2z0)=c0)

�
, andy b = exp

�
� jwb(z0 + r2=2z0)=c0)

�
.

Themaincontribution for thedynamicradiationforceproducedby theconfocaltransducer

comesfrom thescatteringtermof theforce.Accordingto Eqs.(3.56),(3.57),and(3.58)theamplitude
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Figure4.7: Point-spreadfunctionof theconfocaltransducerbasedon thetotal andtheaxial radiation
force.(a)Linearscale.(b) Logarithmicscale.

of theaxial andtransversecomponentsof thedynamicradiationforceon thefocalplanearegivenby

f̂k µ f̂ (a)(r;z0)f̂ (b)� (r;z0); (4.22)

f̂? µ Ñ?

h
f̂ (a)(r;z)f̂ (b)� (r;z)

i

z= z0

=
c0

2w0
Ñ? f̂k

�
�
z= z0

; (4.23)

whereÑ? is thetransversegradientwith respectto thez-direction.

We evaluatedthedynamicradiationforce�elds for a confocaltransducerwith a1 = 15mm,

a2 = 22 mm,andz0 = 70 mm in water(c0 = 1500m/s). Thenumericalcalculationswereperformed

with MATLAB 6.2 (MathWorks, Inc.). The elementsaredriven with frequenciesof about3 MHz.

Figure 4.5 shows the axial componentof the dynamicradiationforce on the focal planewith the

transverseforcevectoroverlapped.Figure4.6shows thetransverseradiationforcevector�eld on the

focal plane. The force tendsto contractandexpandradially in theneighborhoodof the focal point.

Theamplitudeof thetransversecomponentof theforceis about10.9%(� 19:2 dB) of thatin theaxial

direction. Notice that in theneighborhoodof the �rst zeroof theaxial force,the transversalforce is

dominant.Thismeansthatasmallparticleplacedatthe�rst zeroof theaxial forcewouldbesubjectto

thetransversalforceonly. Furthermore,closeto thepeakof the�rst sidelobethetransversalradiation

force�ips its phase.

In theFigure4.7,we have plotsof thePSFbasedon thetotal andtheaxial radiationforce.

The resultsarepracticallythesame.However, in the total forcemodelthePSFdoesnot go to zero
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Figure4.8: Sectorarraytransducerwith apertureradiusa andfocaldistancez0. (a)Axial plane.(b) 8-
elementarraydrivenalternatively with frequencieswa andwb. (c) Focalplaneparallelto thexy-plane.
Theoffsetangleof thenth-elementis qn.

passingfrom the mainlobeto the �rst sidelobe,asthe PSFbasedon the axial radiationforce does.

The transverseresolutionof the systemin the focal planeis about(1:0 � 1:0) mm. Sidelobelevels

areunder� 19 dB. The�rst sidelobeis dephasedby 180o with respectto themainlobe.Notethatthe

sidelobesof thesametransduceroperatingin AM-singlebeamis about� 35dB.

4.4.2 Sectorarray transducer

The confocaltransduceroperatingin dual beammodeproduceshigh localizedultrasound

radiationforce. Anotherway to producea high localizedultrasoundradiationforce is to usesector

arraytransducers.This transduceris composedof N sphericalconcave sectors(radial slices)which

canbe driven independently. Figure4.8 shows a sectorarraytransducerwith apertureradiusa and

focaldistancez0.

Sectorarraytransducersarea particularcaseof sector-vortex phasedarraytransducers.A

sector-vortex transducerconsistsof concentric-ringphasedarraysubdividedinto sectors.With appro-

priatephasing,this transducercanproducepower absorptionpatternsusefulfor hyperthermiacancer

therapy [85]. For this purpose,the transducerproducesvariablediameterannularrings in the focal

region. Suchfocal ringscanbeeffective in “cooking” sometumorsif directedaroundthetumorpe-

riphery. Konofagouet al. [18] useda sectorarraytransducerto studytissuestiffnessvariationwith

temperaturethroughvibro-acoustography.

Considerasectorarraytransducerwith N elements.Theamplitudeof theacousticpotential

radiatedby a symmetricpair of elementsin a sectortransducer(seeFigure4.8.c)in the focal plane

(z= z0) canbedescribedbyEq.(4.15).However, noticethattheintegraloverq0is split in two integrals

over theintervals
�
qn � q;qn � q+ 2p

N

�
and

�
qn � q+ p;qn � q+ p+ 2p

N

�
, whereqn is theoffsetangle
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Figure 4.9: Axial componentof the dynamicradiationforce on the focal planeof a sectorarray
transducer. Thearrows representthetransverseradiationforcevector.

of theelementsrelatedto thex-axis.Hence,wehave

f̂ n(r;q) =
�

2I
r 0c0

� 1=2 exp
�
� jw0(z0 + r2=2z0)=c0

�

2pz0

�
Z a

0
dr0r0

Z 2p
N

0
dq0

h
ejw0rr0cos(q0+ qn� q)=c0 + e� jw0rr0cos(q0+ qn� q)=c0

i
:

UsingtheJacobi-Angerexpansion[67]

ejzcosq = J0(z) + 2
¥

å
m= 1

jmJm(z) cos(mq);

whereJm is themth-orderBesselfunctionof �rst-kind, andtherelationJm(� z) = (� 1)mJm(z) weget

f̂ n(r;q) = 2
�

2I
r 0c0

� 1=2 exp
�
� jw0(z0 + r2=2z0)=c0

�

2pz0

�
Z a

0
dr0r0

"
2p
N

J0

�
w0r0r
c0z0

�
+ 4

¥

å
m= 1

(� 1)m

2m s(2m)n(q)J2m

�
w0r0r
c0z0

� #

;

where

smn(q) = cos
h
m

� p
N

+ qn � q
� i

sin
� mp

N

�
:
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Usingtheexpression[86]

Z z

0
tJm(t)dt = zJm+ 1(z) + 2m

¥

å
l= 0

Jm+ 2(l+ 1)(z);

we �nally obtain

f̂ n(r;q) =
2a2

pz0

�
2I

r 0c0

� 1=2

exp
�
� jw0(z0 + r2=2z0)=c0

�

�

2

4 p2

N
jinc
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r=l 0

�
+ l 0

¥
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(� 1)m
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s(2m)n(q)
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@
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r=l 0
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0

¥
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J2(m+ l+ 1)
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r=l 0
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r2

1

A

3

5 : (4.24)

Someaspectsof thepotentialfunctionof two symmetricelementsin asectorarraycanbepointedout:

thefunctionis symmetricaroundthepolarangleq andtheleadingtermof thefunctionis proportional

to thepotentialfunctionof asphericalconcave transducer.

In theaxial direction,theacousticpotentialof thetwo symmetricelementsis givenby

f̂ n(0;z) =
pa2

Nz

�
2I

r 0c0

� 1=2

sinc
�

a

2l 0

�
z0

z
� 1

��
exp

�
� jw0

c0

�
z+

a2

4

�
1
z

�
1
z0

���
; (4.25)

Thisexpressionis identicalto Eq.(4.16)exceptfor thefactor1=N:

Now considera sectorarraytransduceroperatingin dualbeammode.Theamplitudeof the

acousticpotentialproducedby thetransduceron thefocalplaneis is givenby

f̂ (r;q;z0) =
N=2

å
n= 1

h
f̂ (a)

2n� 1(r;q;z0) + f̂ (b)
2n (r;q;z0)

i
; (4.26)

wherethe potentialsf̂ (a)
n andf̂ (b)

n aregiven by Eq. (4.24)changingw0 for wa andwb, respectively.

Similarly to the confocaltransducer, the axial andtransversecomponentsof the dynamicradiation

forceon thefocal planearegivenby Eqs.(4.22)and(4.23).UsingEq. (4.26)thecomponentscanbe
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Figure4.10:Transversecomponentof thedynamicradiationforceon thefocalplaneof asectorarray
transducer. Thearrows representthe transverseradiationforcevector. Themagnitudeis normalized
by thepeakvalueof theaxial componentof theforce.

writtenas

f̂k µ
N=2

å
m;n= 1

f̂ (a)
2m� 1(r;z0)f̂ (b)�

2n (r;z0); (4.27)

f̂? µ Ñ?

"
N=2

å
m;n= 1

f̂ (a)
2m� 1(r;z)f̂ (b)�

2n (r;z)

#

z= z0

: (4.28)

=
c0

2w0
Ñ? fk

�
�
z= z0

: (4.29)

We evaluatedthe axial and the transversal componentsof the radiation force produced

by a sectortransducerwith N = 8, radiusa = 23:5 mm, and focal distancez0 = 75 mm in water

(c0 = 1500m/s). Eachgroupof elementshasfrequenciesfa = 2 MHz + 5 kHz and fb = 2 MHz � 5

kHz. Eqs.(4.27)and(4.29)wereimplementedin MATLAB 6.2. Figure4.9shows theaxial radiation

force on the focal planewith the transverseradiationforce vectoroverlapped.In the mainlobe,the

transverseradiationforcepointsradially to thefocal point. Theaxial radiationforcehas8 sidelobes

circularlydistributedaroundthemainlobe.Sidelobesareseparatedby 22:5o whichcorrespondsto the

spatialdistribution of theelementsin the transducer. In eachsidelobe,the transverseradiationforce

pointsto thesidelobepeak.Themagnitudeof thetransverseradiationforceis shown in Figure4.10.

The magnitudeof this force is about8% (� 21:9 dB) of the magnitudeof the axial radiationforce.
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Figure4.11:Point-spreadfunctionof thesectorarraytransducerbasedon thetotal radiationforce.

Figure 4.12: Experimentalsetupfor measurethe axial and transverseradiationforce. Two laser
vibrometersdetectthevibrationof thesteelwire.

The systemPSFin the lateraldirectioncanbe seenin Figure4.11. Sidelobesareunder� 15:5 dB.

The transverseresolutionof thesystemis about(1:6� 1:6) mm. Simulationsshow that for N = 16

sidelobesareunder� 34dB.

4.5 Experimental measurementsof the systempoint-spreadfunction

An experimentalsetupto measurebothaxial andtransverseradiationforcecomponentsis

shown in Figure4.12. A clampedsteelwire of 300µm diameteris usedasa target for theradiation

force. Two laservibrometersarrangedperpendicularlymeasuretheaxial andtransversevibrationof

the wire. A confocaltransducerwith a1 = 15mm,a2 = 22 mm, andz0 = 70 mm. The transducer

operatesin dualbeammodeat 3 MHz with differencefrequency at 4.61kHz. The transducerscans

theaxial plane.

Figure 4.14 shows the measuredaxial and transverseradiationforce in depth(the axial

plane). Figure4.15shows plots the radiationforce componentson a line passingin the transducer

focal point in lateraldirection. The theoreticalresult for the dynamicradiationforce on the wire is
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Figure 4.13: Experimentalsetupfor measurethe axial radiationforce on a small sphere. A laser
vibrometerdetectsthevibrationof thesphere.

obtainedby integratingEqs.(4.22)and(4.23)alongthewire. Theratio betweenthemeasuredtrans-

verseandaxial componentsof theradiationforceis about11%.Theresultis in goodagreementwith

the theoreticalprediction. However, the matchingbetweenthe theoreticalandexperimentaldatais

morequalitative thanquantitative. We canobserve that the measuredcomponentsof the radiation

forcearebroaderthantheir theoreticalcounterpart.Thetransversecomponentexhibitsanasymmetry

comparedto the theoreticalresult. Somefactorsmaycausethis asymmetry:misalignmentbetween

the lasers,the wire, or the ultrasoundbeam;asymmetryin the usedconfocaltransducer;and the

non-symmetricboundaryconditionsof theclampedwire. Chenet al. [70] reportedasymmetricmea-

surementsof theaxial componentof thedynamicradiationforceon a smallsphere.Accordingly, the

sourceof theerrorlaid in theasymmetryof theultrasoundbeamgeneratedby theusedtransducer.

Anotherexperimentalsetupwasusedto measurethe axial componentof the dynamicra-

diation force dueto a sectortransducer. A small steelsphereof about300 µm radiusattachedto a

latex sheetis usedasa point-target. A laservibrometermeasuresthe axial amplitudeof the sphere

vibration. Theexperimentalsetupis describedin Figure4.13. Figure4.16shows themeasuredaxial

componentof thedynamicradiationforceproducedby an8-elementsectorarraytransducerof 23.5

mm radius. The transduceroperatesin dual beammodeat 2 MHz with differencefrequency at 10

kHz. Theexperimentalresultarein goodagreementwith thetheoryshown in Figure4.9. Sidelobes

areunder� 16dB distributedradially spotsseparatedby 22:5o aroundthemainlobe.
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Figure4.14:Measuredradiationforceonwire. (a)Axial component.(b) Transversecomponent.

4.6 Summary

In this chapter, we appliedthe radiationforce theorydevelopedin Chapter3 to analyzed

the beamformingof vibro-acoustography system.The ultrasoundbeamproducedby sphericalcon-

cave andsectortransducerswascalculatedon the focal planestemmingfrom the Rayleighintegral.

Theoreticalresultswerevalidatedwith experimentsto measuretheultrasoundradiationforce.Theex-

perimentalresultsarein goodagreementwith thetheory. However, themeasuredaxialandtransversal

componentsof theforceproducedby aconcavetransducerarestill notentirely�tted by thetheoretical

predictions.Speciallyasymmetryin thetransversalradiationforcewhich canbelinkedto somesort

of asymmetryin theultrasoundbeamgeneratedby thetransducer.
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Figure4.16: Experimentalresultof theaxial componentof thedynamicradiationforceon the focal
planeof an8-elementsectorarraytransducer.



Chapter 5

Linear arrays for vibr o-acoustography

In this chapter, we presentlineararraytransducerdesignfor vibro-acoustography systems.

Firstly, we analyzeif theresolutioncell basedon theaxial componentof thedynamicradiationforce

givesa gooddescriptionof thesystem.Effectsof beamsteeringandfocusingon the resolutioncell

areanalyzedbasedoncomputersimulationsfor six differentlineararraytransducercon�gurations.

5.1 Linear arrays in conventional ultrasound systems

Clinical applicationsof ultrasoundsystemsrequireelectronicbeamfocusingandsteering.

Lineararraytransducersarewidely usedfor this purpose[87], becausethey canfocusandsteerthe

ultrasoundbeamlaterallyby electronicallydelayingthesignalsin thearrayelements.

In conventionalultrasoundimaging, the goalsin linear array beamforminghave beento

achievenarrow beamswith low sidelobesandsuppressedgratinglobes.Moreover, lineararraydesign

is limited by probesizeandthenumberof arrayelements.Suppressionof gratinglobesis achievedby

reducingtheinterelementdistanceto lessthanhalf of thewavelength.Thesidelobescanbereduced

by weightingthesignalamplitudesof thearrayelements(apodizationtechnique).Lineararraybeam-

forming for vibro-acoustography sharessimilaritieswith its counterpartin conventionalultrasound

(B-scan).

Two array typesare commonlyusedin ultrasoundimaging systems[88]: switchedand

phasedlinear arrays. Switchedlinear arrayshave a large numberof elementsinline. The beamis

laterally incrementedby selectingsequentialsub-groupsof thearrayelements.This con�guration is

suitable,for example,to producerectangularB-scanimages.Phasedarraysproducea beamsteered

in asectorformatandsectorshapedimagesin B-scanmode.Thesetwo con�gurationsof lineararray

transducersareshown in Figure5.1. The imagingplanesfor B- andC-scanimagesarethexz-plane

(rangeplane)andxy-plane(elevationplane),respectively.

64
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Figure5.1: Lineararraysin ultrasoundsystems.(a)Linearphasedarray. (b) Linearswitchedarray.

Figure5.2: Lineararraylayout. Array parameters:width w andheightl of theelementsandpitch d.
Thebeamis focusedat thepoint (r0;q0) in thexz-plane(azimuthplane).

A lineararrayconsistsof N rectangularelementsof width w andheightl placedin a row

with a constantinterelementspacingd (pitch). For a geometricdescriptionseeFig. 5.2. The beam

producedby a lineararraycanbelaterallysteeredby anangleq0 andfocusedatdifferentpointsin the

axial plane.

5.2 Linear arrays for vibr o-acoustography

Considera transducerwith two linear arrays,a andb; for a vibro-acoustography system.

Eachlinear arrayhasN elements.The elementsof the arraysareexcited by two CW-signalswith

properphasevaluesto focusandsteertheresultingultrasoundbeam.Theacousticpotentialresulting

from two transducersdrivenby frequencieswa andwb is givenby Eq.(2.46).In thecaseof two linear
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Figure5.3: Dual inline lineararraytransducerswith N = 4. Eachtransducerhastwo lineararraysa
andb. (a) symmetricallyseparated,(b) centered,and(c) interlaced.All arrayshave pitch d andthe
elementshavewidth w andheightl .

arraytransducers,thedimensionlessamplitudefunctionsf̂ a andf̂ b, for thebeamsfocusedat r 0, are

givenby

f̂ a(r jr0) =
wa

c0

N

å
n= 1

ane� jy (n)
a (r0)H

�
r � r (n)

a ;wa

�
(5.1)

f̂ b(r jr0) =
wb

c0

N

å
n= 1

ane� jy (n)
b (r0)H

�
r � r (n)

b ;wb

�
; (5.2)

wheren is the elementnumber, an is the apodizationcoef�cient, y (n)
a andy (n)

b arethe phasedelay

functions,andH(r ;w) is the spatialimpulsefunction in the frequency-domainof a rectangularele-

ment.ThefunctionH(r ;w) is givenby Eq.(4.6),wherethespatialimpulsefunctionh(r ;t) shouldbe

calculatedfor a rectangularpiston.Theexactexpressionsfor h(r ;t) of a rectangularpistonis givenin

Ref. [89]. Thevectorsr (n)
a =

�
x(n)

a ;y(n)
a ;0

�
andr (n)

b =
�

x(n)
b ;y(n)

b ;0
�

arethecenterof thenth-element

in thearraysa andb, respectively. Tables5.1and5.2show thepositionof theelementsfor all trans-

ducersdiscussedhere.For a focal distancer0 anda steeringangleq0, thephasedelayfunctionsare

givenby

y (n)
a =

wa

c0

�
r0 �

q
r2
0 + x(n)2

a � 2r0x(n)
a sinq0

�
; (5.3)

y (n)
b =

wb

c0

�
r0 �

q
r2
0 + x(n)2

b � 2r0x(n)
b sinq0

�
: (5.4)
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Figure5.4: Dualparallellineararraytransducerswith N = 8. Eachtransducerhastwo lineararraysa
andb. (a) symmetricallyseparated,(b) centered,and(c) interlaced.Botharrayshavehorizontalpitch
d andverticalpitchdv. Thearrayelementshavewidth w andheightl .

We areinterestedin analyzinghow the PSFin (2.54)changesfor six differentgeometric

arrangementsof the arrays. The six transducerarrangementsaredivided into two categories: dual

inline linear arraysanddual parallel linear arrays. In Fig. 5.3, we have the dual inline linear array

transducers:(a) symmetricallyseparated, (b) centered, and(c) interlaced. Fig. 5.4 shows the dual

parallellineararraytransducersseparatedby adistancedv: (a) symmetricallyseparated,(b) centered,

and (c) interlaced. The two arraysin eachtransducerhave the samecharacteristicsexcept for the

driving signal.

5.3 Computational method

A computerprogram,acoustic�eld simulator(AFS) written in C programminglanguage,

wasdevelopedto calculatethesystemPSFbasedon thelineararraytransducers.In Fig. 5.5,wehave

ablockdiagramof theAFS.Theprogramwasexecutedin aPC-Pentiumwith Linux operatingsystem.

A descriptionof eachmoduleis givenasfollows:

+

Name: afs_main.c

Description: This moduleis responsibleto call input/output(I/O) routinesthathave theinformationof

thearraytobesimulated.Themodulesendstheinformationtoafs_meshandafs_beamforming.c .

Name: afs_io.c
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Table5.1: Thepositionof theelementsin theinline lineararrays.

In all con�gurationsy(n)
a = y(n)

b = 0 andn = 1;2; :::;N
(exceptin thecenteredarray).

Transducer Elementposition

separated
x(n)

a = (n� N � 1=2) d

x(n)
b = (n� 1=2) d

centered
x(n)

a =
�

(n� N � 1=2) d;
(n+ N=2� 1=2) d;

n = 1;2; :::;N=2
n = N=2+ 1;N=2+ 2; :::;N

x(n)
b = (n� N=2� 1=2) d

interlaced
x(n)

a = (n� N=2� 3=4) d+ w

x(n)
b = (n� N=2� 5=4) d+ w

Table5.2: Thepositionof theelementsin theparallellineararrays.

In all con�gurationsx(n)
a = x(n)

b = (n� N � 1=2) d andn = 1;2; :::;N
(exceptin thecenteredarray).

Transducer Elementposition

separated
y(n)

a = (l + dv) =2

y(n)
b = � (l + dv) =2

centered
y(n)

a =
�

� (l + dv) =2;
(l + dv) =2;

n = 1;2; :::;N=4;3N=4+ 1; :::;N
n = N=4+ 1;N=4+ 2; :::;3N=4

y(n)
b =

�
(l + dv) =2;
� (l + dv) =2;

n = 1;2; :::;N=4;3N=4+ 1; :::;N
n = N=4+ 1;N=4+ 2; :::;3N=4

interlaced
y(n)

a = (� 1)n (l + dv) =2

y(n)
b = (� 1)n� 1 (l + dv) =2

Description: This is themoduleresponsiblefor all I/O operationsin theAFS.

Name: afs_mesh.c

Description: In this module, the lattice (3D-spatialpoints) representingthe propagating mediumis

generated.Also, themeshgrid representingthesimulatedarrayis produced.

Name: afs_geometry.c

Description: All geometricoperationsof theAFS suchrotationanddistancedeterminationof objects

takesplacein thismodule.

Name: afs_math.c

Description: Themathoperationssuchasmatrixproductandsumis realizedin thismodule.

Name: afs_beamforming.c
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Figure5.5: Diagramof themodulesof theacoustic�eld simulatorprogram

Description: Thismoduleseparatestheinformationof eachlineararrayin thetransducerandpassthem

to afs_impulse.

Name: afs_time.c
Description: The delaysof the driving signalsappliedto the arrayelementsfor focusingpurposeare

calculatedin thismodule.

Name: afs_apodization.c
Description: Eightdifferentapodizationfunctionsfor thearrayelementsareimplementedin thismod-

ule.

Name: afs_impulse.c
Description: The functionsto calculatethespatialimpulsefunctionh(r ;t) of a rectangularpistonare

in this module. The codeof the main function of the modulecanbe seenin Appendix

A. Basically, this modulecalculatesthe spatialimpulsefunctionsin (5.1) and (5.2) by

usingEq.(4.6)with h(r ;t) givenby Ref.[89]. Eq.(4.6)is numericallyevaluatedusingthe

trapezoidalrule. Figure5.6showsthepro�les of thespatialimpulsefunctionh(r ;t)=c0 of

a rectangularpistonsof dimensiona andb. Theresultsshown arein completeagreement

with Ref. [89].

To simulateacousticcylindrical lenseacharrayelementin theAFScanbedividedin n rect-

angularsub-elementsin elevation.A timedelayis appliedonthesub-elementsto focustheultrasound

beamsin elevationataspeci�c distancein range.
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Figure5.6: Temporalevolution of the spatialimpulseresponseof a (a� b) rectangularpiston. The
�eld pointsareat: (a)x=a = 1; y=a = 1; (b) x=a = 0:2; y=a = 1; (c) x=a = 1; y=a = 0:2; (d) x=a = 0:2;
y=a = 0:2: For all pointsz=a = 2:5: Thepistonaspectratio is a=b = 1:6:

5.4 Results

Table5.3 summarizesthe transducerparametersusedin thecomputationalsimulation. To

comparethePSFof the transducers,we �x edthe total aperturesizeto (25:6� 12) mm laterallyand

in elevation for all transducers.Thespeedof soundwassetto c0 = 1480m/s. Figure5.7 shows the

planes(azimuthandelevation) wherethe PSFwascalculated.The focal point of the transduceris

speci�edby thepolarcoordinates(r0;q0).

5.4.1 Dynamic radiation force

Beforecalculatingthe componentsof the dynamicradiationforce, it is worthwhile to in-

vestigateif theconditions(3.65)and(3.66)hold for ultrasoundwavesradiatedby lineararrays.We

alsoneedto know whatis thelargestintersectinganglea betweentheincidentvelocity �elds of each

ultrasoundwave generatedby the lineararraytransducersdiscussedhere.This is importantbecause

the dynamicradiationforce may have a contribution from Eq. (3.62). To estimatea, let us assume

that the wavespropagateasraysin the focal zoneof the transducer. In this case,thevelocity �elds

producedby theinline separatedtransducerhave thelargestintersectingangleamongall transducers.

In fact,theothertransducershavethisanglepracticallyequalto zero.Onecanshow thatfor theinline
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Figure5.7: Planeswherethe PSFis calculated.The elevation planeis perpendicularto range.The
centerof theplanesarespeci�edby thetransducerfocuspoint (r0;q0).

Table5.3: Parametersusedin thecomputersimulations.
Parameters Values

numberof elements(N) 64 (inline) and128(parallel)
elementwidth (w) 0:15mm
elementheight(l ) 12mm(inline) and6 mm(parallel)
pitch (d) 0:2 mm(0:4 mmfor theinline interlacedtransducer)
verticalpitch (dv) 0
lateralaperturewidth (D) 25.6mm
aperturewidth in elevation(L) 12mm
focusin elevation 50mm
ultrasoundfrequency ( f0) 3 MHz
differencefrequency (Df ) 10kHz

separatetransducertheanglebetweentheincidentvelocity �elds is givenby

a =
2r2

0 � D2
q �

r2
0 + D2=4

� 2 � D2r2
0 sinq0

; (5.5)

whereD is thelateralaperturewidth. For q0 = 0 we have a = 14:4o. As we increaseq0 theanglea

decreases.Therefore,we mayneglect thecontribution of Eq. (3.62) to thedynamicradiationforce.

Figure5.8showsplotsof 1
maxÃf (a)

¶Ãf (a)
i

¶z and 1
maxÃf (b)

¶Ãf (a)
i

¶z . Theamplitudeof bothplotsis 12.5mm� 1 which

correspondsto thevalue w0
c0

usedin thesimulation.Theamplitudesof theultrasoundwavesa andb

areplottedin Figure5.10. Thewave patternresemblescollimatedplanewaves. Theradiationforce

in thexz-planecanbeseenin Figure5.10.c. In thefocal zone,thedynamicradiationforcepointsto

theaxial direction.Therefore,theconditions(3.65)and(3.66)areapplicablefor theinline separated
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Figure5.8: Plotsof theaxial componentof thevelocity �elds normalizedby therespective acoustic
potential�elds. Theseareproducedby theinline separatedtransducerin thevicinity of thefocalpoint
r0 = 50mmandq0 = 0. (a)Ultrasoundwavea. (b) Ultrasoundwaveb.

transducerandthemaincontribution for thedynamicradiationforcecomesfrom theaxialcomponent

of theforce.

The axial andtransversecomponentsof the dynamicradiationforce producedby a inline

separatedtransducerwithoutsteeringareshown in theFigures5.9and5.11.Thetransduceris focused

at r0 = 50 mm in range.Themagnitudeof thetransverseforceis only 3.4%(� 29:2 dB) of thepeak

of theaxial force.Figure5.12shows theaxial forcewhentheultrasoundbeamis steeredby 30o. The

magnitudeof thetransversefor remains3.4%of thepeakof theaxial force. However, thetransverse

vector�eld is asymmetricin themainlobe.Becauseof thesmallmagnitudeof thetransverseradiation

force, we can continuethe analysisof the PSFof linear array transducersbasedonly in the axial

componentof theradiationforce.

5.4.2 Point-spreadfunction

Figure5.13shows thePSFof the lineararraytransducersevaluatedalongthearc � 30o <

q < 30o at the focal distancer0 = 50 mm. The inline separatedtransducerhasthewidestmain lobe

width (2:4 mm) at � 12 dB from its peak. The restof the transducershave the main lobe width of

about1.2 mm. All transducershave sidelobesunder� 26 dB, exceptthe inline centeredtransducer

whosesidelobesarejustunder� 7:4 dB.

Figure5.14showsthePSFpro�le of all transducersin range.At � 12dB from thepeak,the
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Figure5.9: Axial componentof thedynamicradiationforceon thefocalplaneof theinline separated
array. Thearrows representthetransverseradiationforcevector.

PSFwidth of all transducersis about18mm,exceptfor theinline centeredtransducerwhosewidth is

29.5mm. In all transducersthesidelobesarebelow � 14:0 dB.

Figure5.15 shows the PSFpro�les of all transducersin elevation. At � 12 dB from the

peak,thePSFof the inline transducershasa width of about2.6mm with sidelobesbelow � 28:8 dB

. The PSFof the parallelseparatedandcenteredtransducershaswidth about5 mm at � 12 dB and

sidelobesbelow � 26:8 dB. ThePSFwidth of theparallelinterlacedtransduceris 2.6mm at � 12 dB

andsidelobesarebelow � 27:0 dB.

5.4.3 Grating lobesand sidelobes

Lineararraysproducegratinglobeswhenthearraypitch is d > l =2, wherel is theultra-

soundwavelength.In oursimulations,theultrasoundwavelengthis l ' 0:5 mm. Theinline interlaced

transducerexhibits gratinglobesbecausethearraypitch is d = 0:4 mm. In fact,eacharrayindividu-

ally producesgratinglobesthatoverlapin space.Hence,theproductof thetwo beamsin Eq. (2.54)

alsohasgratinglobes.Figure5.16showsgratinglobesin thePSFof theinterlacedtransducers.When

thebeamis steeredfrom 0o to � 40o thegratinglobelevel increasesfrom � 36:4 dB to � 4:4 dB. The

othertransducersdonotexhibit gratinglobesbecaused < l =2.

The sidelobespresentin the vibro-acoustography PSFcomefrom the overlapof the side-

lobesof ultrasoundbeamsa andb. By reducingthesidelobesof thebeamin eacharray, thesidelobes

in thesystemPSFis reduced.Figure5.17shows thePSFof the inline andparallelinterlacedtrans-
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ducers,in whicheachindividualarraywasapodizedby theBartlett's function

an = 1�

�
�
�
�
�
2x(n)

D

�
�
�
�
�
; (5.6)

wherex(n) is thecenterof thenth-arrayelementandD = 25:6 mm is the transducerlateralaperture.

In bothtransduceraftertheapodization,thesidelobelevelsof thesystemPSFareaslow as� 36:0 dB

andmainlobeis 5 dB lower thanthenon-apodizedPSF. Furthermore,themainlobewidth at � 12dB

becomes12%wideraftertheapodization.

5.4.4 Effectsof beamsteeringand focusing

The shapeof the resolutioncell is subjectto distortionsas the total ultrasoundbeamis

steeredand focusedat different points in the medium. This effect is shown in the separatedand

interlacedtransducers.Wede�ne therelativebroadeningof theresolutioncell asDh � (1� h1=h2) �

100%; whereis h i is thecell width alongrange,azimuth,or elevation.Theultrasoundbeamis focused

at thepositioni = 1;2; speci�edin polarcoordinatesby (r1;q1) and(r2;q2), respectively. Becausethe

interlacedtransducerspresentthebestperformanceaccordingto Figs.5.13,5.14,and5.15,we shall

focuson thesetransducerscomparingthemmainlywith theinline separatedtransducer.
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Figure5.11: Transversecomponentof thedynamicradiationforceon thefocal planeof inline sepa-
ratedtransducer. Thearrowsrepresentthetransverseradiationforcevector. Themagnitudeis normal-
izedby thepeakvalueof theaxial componentof theforce.

Figure5.18 shows contourplots of the systemPSFin the azimuthplane. The positions

1 and2 are (30mm;0o) and(70mm;0o) : The relative broadeningof the resolutioncell along the

rangeis Dh = 78:2%. Figure 5.19 shows contourplots of the systemPSFin the elevation plane.

In azimuth, the relative broadeningof all transducersis Dh = 54:3%, except the inline separated

for which Dh = 55:4%. In elevation, all transducershave have Dh = � 11:1%, except the parallel

separatedtransducer, whichhasDh = 23:5%.

Figure 5.20 shows contourplots of the systemPSFin the azimuthplanewith the beam

steeredto q0 = 30o for the inline separatedtransducerandthe interlacedtransducers.In this case,

the positions1 and2 are, respectively, (30mm;30o) and(70mm;30o) : Besidesthe distortion, the

resolutioncellsareno longersymmetricin range.Therelativebroadeningin rangefor all transducers

is Dh = 68:5%.

In Figure5.21,wehavecontourplotsof thesystemPSF, with thebeamsteeredatq = 30o, in

theelevationplanerotatedby 30o aroundthey-axis(seeFigure5.7)for theinline separatedtransducer

andtheinterlacedtransducers.In azimuth,theparalleltransducershaveDh = 53:1%,while theinline

transducershaveDh= 59:0%. In elevation,all transducershaveDh= � 14:2%. Considerthepositions

1 and2 as(50mm;0o) and(50mm;30o). In this case,for all transducersDh = 23:0% in range.In

azimuth,all transducershaveDh= 18:4%,excepttheinline separatedtransducerthathasDh= 7:7%:

In elevation,all transducershaveDh = 6:5%.
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Figure5.12:Axial componentof thedynamicradiationforceonthefocalplaneof theinline separated
arraywith q0 = 30o. Thearrows representthetransverseradiationforcevector.

5.4.5 Numerical error

Themainsourceof erroron thesimulatingprogramis thenumericalevaluationof Eq.(4.6)

dueto thediscontinuitiesin timeof h(r ;t). Themeanerrorin numericalcalculationof pressure�elds

usingtheresultsof Ref. [89] andthefastFouriertransformis lessthan10%for samplingfrequencies

above 500MHz [90]. In our simulations,thesamplingfrequencieswereabove this limit. Hence,it is

expectedthatourmeanerrorto belessthan10%.

5.5 Real-timesystems

Thedesignof areal-timevibro-acoustography systemshouldtakeinto accounttwo intrinsic

characteristicsof thesystemimagesynthesis.First, vibro-acoustography producesimagesbasedon

acousticemissionin steady-state.Thevibrationscausedby thedynamicradiationforceon a tissue-

like mediummay needfew cyclesat the frequency Dw to reachthe steady-state.Second,the time-

of-�ight of theacousticemissionfrom thescannedpoint to thedetectormaytake few microseconds.

Thelongesttime-of-�ight of theacousticemissionandthetimeinterval requiredto reachthevibration

steady-statedetermineshow many framespersecondthesystemcanexhibit. If np pixelsaredisplayed

per frameandnc is thenumberof cyclesneededfor theacousticemissionto reachthesteady-state,
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Figure5.13: PSFevaluatedalongthe arc � 30o < q < 30o at the focal distancer0 = 50 mm. Inline
transducers:(a) separated,(b) centered,and(c) interlaced. Parallel transducers:(d) separated,(e)
centered,and(f) interlaced.

thenumberof framespersecondof thesystemis

nf =
�
np

�
2pnc

Dw
+

dmax

c0

�� � 1

; (5.7)

wheredmax is the distancebetweenthe farthestscannedpoint in the mediumandthe detector. The

quantitydmax=c0 is thelongesttime-of-�ight of theacoustic�eld emittedto thedetector.

Let usconsidera systembasedon the interlacedparalleltransducerspeci�ed by Table5.3

producinga B-scanimagecenteredat 50 mm away of the transducerwith (20� 20) mm of area.In

polar coordinatesthis areacorrespondsto r0 = 40 mm to 60 mm andq0 = � 11:3o to 11:3o. For a

scanningareaof with np = 1600pixels,nc = 5 cycles,anddmax = 50 mm, theminimumdifference-

frequency to produceoneframepersecond,accordingto Eq.(5.7),is 8 kHz.

5.6 Summary

The lineararraybeamformingfor vibro-acoustography wasstudiedin this chapter. It was

shown that the quasi-planewave modelfor the radiationforce is still a goodapproximationfor the

linear arraybeamforming.The variationof the systemresolutioncell asthe focal point is changed

spatiallywasshown throughseveralcomputationalsimulations.Basedon theresults,we concluded

thatvibro-acoustography systemsbasedon lineararraysfor clinical applicationsarefeasible.
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Figure5.14: PSFevaluatedin rangefrom 10 mm to 90 mm. Inline transducers:(a) separated,(b)
centered,and(c) interlaced.Paralleltransducers:(d) separated,(e) centered,and(f) interlaced.
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Figure5.15: PSFevaluatedin elevation. Inline transducers:(a) separated,(b) centered,and(c) inter-
laced.Paralleltransducers:(d) separated,(e) centered,and(f) interlaced.
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Figure5.16: Gratinglobesproducedby the inline interlacedtransducer. (a) Gratinglobesareunder
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�10 �8 �6 �4 �2 0 2 4 6 8 10
�160

�120

�80

�40

0  

q (degree)

no
rm

. a
m

pl
itu

de
 (d

B
)

(a)

non�apodized
apodized

�10 �8 �6 �4 �2 0 2 4 6 8 10
�160

�120

�80

�40

0  

q (degree)

no
rm

. a
m

pl
itu

de
 (d

B
)

(b)

non�apodized
apodized

�25.6 dB �36.4 dB 

�26 dB �36.6 dB 
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Figure5.18:Contourplotsof thesystemPSFin theazimuthplane.Thebeamis focusedatr0 = 30,50,
and70 mm without steering.(a)-(c) Inline separatedtransducer. (d)-(f) Inline interlacedtransducer.
(g)-(i) Parallelseparatedtransducer. (j)-(l) Parallel interlacedtransducer. Legend:solid line � 30 dB,
thick line � 12dB, anddottedline � 6 dB.

�2 0 2
�5

0

5

el
ev

at
io

n 
(m

m
)

(a)

�2 0 2
�5

0

5
(b)

�2 0 2
�5

0

5
(c)

�2 0 2
�5

0

5

el
ev

at
io

n 
(m

m
)

(d)

�2 0 2
�5

0

5
(e)

�2 0 2
�5

0

5
(f)

�2 0 2
�5

0

5

el
ev

at
io

n 
(m

m
)

(g)

�2 0 2
�5

0

5
(h)

�2 0 2
�5

0

5
(i)

�2 0 2
�5

0

5

el
ev

at
io

n 
(m

m
)

azimuth (mm)

(j)

�2 0 2
�5

0

5

azimuth (mm)

(k)

�2 0 2
�5

0

5
(l)

azimuth (mm)

r
0
 = 30 mm r

0
 = 50 mm r

0
 = 70 mm 

Figure5.19:Contourplotsof thesystemPSFin theelevationplane.Thebeamis focusedat r0 = 30,
50, and70 mm without steering.(a-c) Inline separatedtransducer. (d-f) Inline interlacedtransducer.
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Figure5.20: Contourplotsof thesystemPSFin theazimuthplane.Thebeamis focusedat r0 = 30,
50,and70 mm with steeringangleq0 = 30o. (a-c)Inline separatedtransducer. (d-f) Inline interlaced
transducer. (g-i) Parallel interlacedtransducer. Legend: solid line � 30 dB, thick line � 12 dB, and
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Figure5.21: Contourplots of the systemPSFin the elevation planerotatedby 30o aroundy-axis.
Thebeamis focusedat r0 = 30, 50, and70 mm with steeringangleq0 = 30o. (a-c) Inline separated
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Chapter 6

Summary and conclusion

6.1 Summary

Themaingoalof this dissertationwasto presenta studyof beamformingandimagingsyn-

thesisin vibro-acoustography systems.A generalizationof the collimatedquasi-planewave model

wasproposedbasedon theBrillouin radiation-stresstensor. Thepoint-spreadfunction (PSF)of the

system,whichdependson theresponseof apoint-targetto thedynamicradiationforce,wasobtained.

Theaxialandtransversecomponentsof theradiationforceexertedby any ultrasoundmodulatedbeam

canbecalculatedfrom thetheorypresentedhere.Theradiationforceexertedby atravelingultrasound

waveonapoint-targetis proportionalto theultrasoundintensityvector. Thevibro-acoustography res-

olution cell may have a complicatedpatternof vibration. However, the main contribution for the

dynamicradiationforce comesfrom the axial componentof the force. The transverseforce corre-

spondsto 3-11%of theaxialcomponentfor differenttransducers.Eventhoughthis representsasmall

amountof the total force, it may produce,combinedwith sidelobes,somesort of imageartifacts.

For example,the edgebrightnesseffect observed in somearteryimages(seeFigure1.3). However,

morestudiesneedto becontinuedin this subject.Theoreticalexpressionfor thePSFof anspeci�c

transducerbasedon the three-dimensionalradiationforce vectorcanbe usedasa startingpoint for

deconvolutionof vibro-acoustographicimages.

An analyticexpressionof theacousticpotentialof a sectortransduceris obtainedfrom the

Rayleighintegral. Theoretically, sidelobesin the PSFof the 8-elementsectorarray transducerare

under� 15:8 dB in eight spotscircularly distributedandseparatedby 22:5o. Simulationsshow that

for N = 16sidelobelevelsbecomelessthan� 34dB. Thishappensbecauseby increasingthenumber

of sectorswe get closerto AM-single beammodewhosesidelobesareunder� 35 dB. Sidelobesin

thePSFof aconfocaltransduceris about� 18:2 dB.

82
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Specialattentionhasbeengivento lineararraytransducersbecausethesetransducerscanbe

usedfor clinical applicationof vibro-acoustography system.Currently, vibro-acoustography systems

arebasedonconfocalor sectortransducers.Thefeasibilityof six differentlineararraycon�gurations

for vibro-acoustography wasanalyzed.Theinline interlacedtransducerwith N = 64 andtheparallel

interlacedtransducerwith N = 128 presentedthe bestresolutioncells. With the beamfocusedat

50 mm without steeringthe resolutioncell of thesetransducersis (1:2 � 2:6 � 18) mm in azimuth,

elevation, andrange. Betterresolutionin rangecanbe achieved by increasingthe numberof array

elements.The sidelobesin the interlacedtransducerswerereducedto lessthan� 37:6 dB through

theapodizationtechnique.Variationsin the resolutioncell dueto focusingandsteeringmayreduce

imagequality. Therelativebroadeningof theresolutioncell hasmorevariationin rangeDh = 78:2%;

asthebeamis focusedfrom 30 mm to 70 mm. Whenthebeamis steeredfrom 0o to 30o at 50 mm,

themaximumvariationis Dh = 23:0% in range.Thesevariationscanbeminimizedif thetransducer

aperturevariesasa functionof thefocusposition. If thefocuspoint is far away from thetransducer,

moreactive arrayelementsareneededto keepthesameresolutionasthefocuspoint is closerto the

transducer.

The PSFof the linear arraytransducershave betterresolutiontransversallythanin depth.

This indicatesthat the lineararraytransducersanalyzedherewould producebetterimagesin C-scan

comparedto B-scan. Nevertheless,C-scanimagesrequirebeamsteeringandfocusingin elevation.

Beamsteeringin elevation can be accomplishedby mechanicallysteeringthe ultrasoundbeamor

by using 2D-linear arrays. The latter solution involves certaincomplexity in probeand hardware

manufacturingdueto thelargenumberof arrayelements.Thetheoryandsimulationpresentedin this

work canbe adaptedwithout major modi�cations to study2D-lineararraybeamformingfor vibro-

acoustography. The inline andthe parallel interlacedtransducerspresentedthe bestresolutioncells

amongthestudiedtransducers.Moreover, thepathof thetwo ultrasoundbeamproducedby thearrays

in thesetransducerarepracticallythesame.Having a commonpathfor bothultrasoundbeamsmay

reducethe error of focusingthe beamsdueto inhomogeneitiesor variationson the speedof sound

in tissue.Theinline interlacedtransducercouldbeusedasa switchedlineararrayin linearscanning

mode.For thiscon�guration,thegratinglobesareunder� 36dB andsidelobescanbereducedto less

than� 36 dB by applyingapodization.Theparallelinterlacedtransducercouldbeusedasa phased

lineararraybecausetheresultingbeamcanbesteeredwithoutgratinglobes.

6.2 Conclusion

We presenteda theoryto describethespatialresolutioncell of a vibro-acoustography sys-

tem. This theorycanbe only appliedto ideal �uids. Despitethis limitation, the theoryprovidesa



Chapter6: Summaryandconclusion 84

usefulframework for vibro-acoustography imageformationbasedon linearacoustics.This includes

the analysisof the systemPSFfor any ultrasoundbeamand a descriptionof the dynamicsof the

systemresolutioncell.

The radiationforce producedby confocaland sectortransducerswere validatedexperi-

mentally. The transverseandaxial componentsof the radiationforceweremeasuredfor a confocal

transducerusingasteelwire asa target.For thesectortransduceronly theaxial componentwasmea-

sured.The resultsarein goodagreementwith the theoreticalpredictions.No experimentaldatafor

lineararraytransducersareavailableupuntil now. Wearestill usingthecomputationalsimulationfor

guidancein thedesignof systemsbasedon lineararrays.

6.3 Futur ework

Ultrasoundvibro-acoustography is a very youngimagingmodality. Thetheorybehindthe

scenesof vibro-acoustography is still not quite understood. The study of vibro-acoustography in

different propagating mediumssuchas viscous�uids, viscoelasticmaterials,or solids, consistsa

set of new problems. Effects of nonlinearityof the propagating mediumcould also be explored.

Optimizationof vibro-acoustography beamformingbasedonintrinsiccharacteristicsof systemcanbe

studied.Speciallyusingrandomlineararraytransducers.Finally, validationof the resultsfor linear

arraysis anaturalpathof thiswork.



Appendix A

Computer codefor evaluation of the

spatial impulse function

Westartfrom thespatialimpulsefunctionde�nition

h(r ;t) �
Z

W

d(t � jr � r0j =c0)
2pjr � r0j

dS(r0): (A.1)

Thisastatementof Huygensprinciplethatthe�eld is foundby summingtheradiatedsphericalwaves

from all partsof thepistonsurface.Thiscanbereformulated,by usingacousticreciprocity, as�nding

thepartof thesphericalwave emanatingfrom the�eld point thatintersectsthepistonsurface.Hence

thetaskis to projectthe�eld pointontotheplanecoincidingwith thepistonsurface,andthen�nd the

intersectionof theprojectedsphericalwave (a circle) with theactive surfaceW. Writing this integral

in polarcoordinateswehave

h(r ;t) =
Z d2

d1

Z q2

q1

d(t � R=c0)
2pR

r0dr0dq0;

wherer0 is the radiusof the projectedcircle andR = jr � r0j is the distancefrom the �eld point to

thepistonsurfacegivenby R2 = r2 + z2
d. Herezd is thedistanceof thepoint to thexy-plane(baf�ed

plane).Theprojecteddistancesd1 andd2 aretheclosestandthefarthestdistancesfrom theprojected

point to theedgesof W, andq1 andq2 arethecorrespondinganglesfor a giventime. Introducingthe

transformationRdR= rdr wehave

h(r ;t) =
Z R2

R1

Z q2

q1

d(t � R=c0)dRdq0; (A.2)
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wherethequantitiesR1 andR2 denotetheclosestandfarthestedgesaway to the�eld point. Usingthe

substitutiont0= R=c0 yields

h(r ;t) =
c0

2p

Z q2

q1

Z t2

t1
d(t � t0)dt0dq0: (A.3)

For agiventime instancethecontributionalongthearcis constantandtheintegralgives

h(r ;t) =
c0

2p
(q2 � q1) : (A.4)

The anglesq1 andq2 aredeterminedby the intersectionof the apertureandthe projectedspherical

wave. Thus,thespatialimpulseresponsecanbedeterminedby keepingtrackof the intersectionsas

a functionof time. Below we have a computercodein C programminglanguagewhich calculatesthe

anglesq1 andq2 basedon theresultsof Ref. [89].

Program codein C

/* afs_impulse_rect.c - Calculate the spatial impulse response of a
* rectangular aperture in a point r
*
* Usage: void afs_impulse_rect( r, a, b, c, tI, fs )
*
* r - point in the 3D-space
* a,b - width and height
* c - sound speed
* tI - initial time
* fs - sampling frequency
*
* Glauber T. Silva
* February, 2002.
*/

void afs_impulse_rect(
Point_t r,
double a,
double b,
double c,
double* tI_ptr,
double fs

)
{

unsigned int l, ns;
double d1, d2, d3, d4, d_f1,d_f2, d_f3, d_f4;
double d_s1, d_s2, d_s3, d_s4;
double t, t0, ta, tb, tc, td, tmin, tmax, t_ini;
double ts1, ts2;
double sigma, dt, z_2, x, y, z, c1;

x = fabs(r.x);
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y = fabs(r.y);
z = fabs(r.z);

/* a>b */
if ( a>b )
{

SWAP(x,y);
SWAP(a,b);

}

a *= .5;
b *= .5;
c1 = 1./(2.*PI);
ns = 0;

/* Distance to the field point to the straight lines to rect. lines */
d1 = x - a;
d2 = y - b;
d3 = x + a;
d4 = y + b;
d_f1 = ABS(d1);
d_f2 = ABS(d2);
d_f3 = ABS(d3);
d_f4 = ABS(d4);
d_s1 = (double) SGN(d1);
d_s2 = (double) SGN(d2);
d_s3 = (double) SGN(d3);
d_s4 = (double) SGN(d4);

/* Sampling interval */
dt = 1./fs;

/* Transit times from the vertices to a field point */
z_2 = z*z;
ta = sqrt(d1*d1 + d2*d2 + z_2) / c;
tb = sqrt(d2*d2 + d3*d3 + z_2) / c;
tc = sqrt(d1*d1 + d4*d4 + z_2) / c;
td = sqrt(d3*d3 + d4*d4 + z_2) / c;
l = 0;
/* Region I: x>=a, y>=b */
if (x>=a && y>=b)
{

/* Calculate the number of sampled points */
ns = ceil((td - ta)*fs);
/* Implement equations (11) and (12) of the reference */
t_ini = ta;
t = t_ini;
tmin = MIN(tb,tc);
tmax = MAX(tb,tc);
while (t>=ta && t<=tmin)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = (sigma>0.) ? c1 * ( .5*PI - ALPHA(d1/sigma)
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-ALPHA(d2/sigma) ) : 0.;
l++;
t += dt;

}
while (t>tmin && t<=tmax)
{

sigma = sqrt(c*c*t*t - z_2);
if (tmin==tb)

*(H ->value+l) = c1 * ( ALPHA(d3/sigma) - ALPHA(d1/sigma) );
else

*(H ->value+l) = c1 * ( ALPHA(d4/sigma) - ALPHA(d2/sigma) );
l++;
t += dt;

}
while (t>tmax && t<=td)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -.5*PI + ALPHA(d3/sigma) + ALPHA(d4/sigma) );
l++;
t += dt;

}
}
else

/* Region II: x<=a, y>=b */
if (x<=a && y>=b)
{

ts2 = sqrt(d2*d2 + z_2)/c;

/* Calculate the number of sampled points */
ns = ceil((td - ts2)*fs);
t_ini = ts2;
t = t_ini;
while ( t>=ts2 && t<ta )
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = (sigma>0.) ? c1 * ( PI - 2.*ALPHA(d2/sigma) )

: 0.;
l++;
t += dt;

}
while (t>=ta && t<=tb)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( .5*PI - ALPHA(d1/sigma) - ALPHA(d2/sigma) );
l++;
t += dt;

}
while (t>tb && t<=tc)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -PI - ALPHA(d1/sigma) + ALPHA(d3/sigma)

+ 2.*d_s4*ALPHA(d_f4/sigma) );
l++;
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t += dt;
}
while (t>tc && t<=td)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -.5*PI + ALPHA(d3/sigma) + ALPHA(d4/sigma) );
l++;
t += dt;

}
}
else

/* Region III: x>=a, y<=b */
if (x>=a && y<=b)
{

ts1 = sqrt(d1*d1 + z_2)/c;
/* Calculate the number of sampled points */
ns = ceil((td - ts1)*fs);
t_ini = ts1;
t = t_ini;
tmin = MIN(tb,tc);
tmax = MAX(tb,tc);
while ( t>=ts1 && t<ta )
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = (sigma>0.) ? c1 * ( 2.*(d_s3)*ALPHA(d_f3/sigma)

- 2.*ALPHA(d1/sigma) ) : 0.;
l++;
t += dt;

}
while (t>=ta && t<=tmin)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -.5*PI - ALPHA(d1/sigma)

- ALPHA(d2/sigma) + 2.*(d_s3)*ALPHA(d_f3/sigma) );
l++;
t += dt;

}
while (t>tmin && t<=tmax)
{

sigma = sqrt(c*c*t*t - z_2);
if (tmin==tb)

*(H ->value+l) = c1 * ( -ALPHA(d1/sigma) + ALPHA(d3/sigma));
else

*(H ->value+l) = c1 *( -PI - ALPHA(d2/sigma)
+ ALPHA(d4/sigma)
+ 2.* d_s3 * ALPHA(d_f3/sigma) );

l++;
t += dt;

}
while (t>tmax && t<=td)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -.5*PI + ALPHA(d3/sigma)
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+ ALPHA(d4/sigma) );
l++;
t += dt;

}
}
else

/* Region IV: x<=a, y<=b */
if (x<=a && y<=b)
{

t0 = z/c;
/* Calculate the number of sampled points */
ns = ceil((td - t0)*fs);

t_ini= t0;
t = t_ini;
tmin = MIN(tb,tc);
tmax = MAX(tb,tc);
while ( t>=t0 && t<ta)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = (sigma>0.) ? 2. * c1 * ( - PI

- d_s1*ALPHA(d_f1/sigma)
- d_s2*ALPHA(d_f2/sigma)
+ d_s3*ALPHA(d_f3/sigma)
+ d_s4*ALPHA(d_f4/sigma) )
: 0.;

l++;
t += dt;

}
while (t>=ta && t<=tmin)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -1.5*PI - ALPHA(d1/sigma)

- ALPHA(d2/sigma)
+ 2.*d_s3*ALPHA(d_f3/sigma)
+ 2.*d_s4*ALPHA(d_f4/sigma) );

l++;
t += dt;

}
while (t>tmin && t<=tmax)
{

sigma = sqrt(c*c*t*t - z_2);
if (tmin==tb)

*(H ->value+l) = c1 * ( -PI
- ALPHA(d1/sigma) + ALPHA(d3/sigma)
+ 2.*d_s4*ALPHA(d_f4/sigma) );

else
*(H ->value+l) = c1 *( -PI - ALPHA(d2/sigma)

+ ALPHA(d4/sigma)
+ 2.*d_s3*ALPHA(d_f3/sigma) );

l++;
t += dt;

}
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while (t>tmax && t<=td)
{

sigma = sqrt(c*c*t*t - z_2);
*(H ->value+l) = c1 * ( -.5*PI + ALPHA(d3/sigma)

+ ALPHA(d4/sigma) );
l++;
t += dt;

}
}

*tI_ptr = t_ini;
H->cols = ns;

}



Bibliography

[1] Armen Sarvazyan. Elastic Propertiesof Solids: Biological and Organic Materials,Earth and

MarineSciences, volume3. AcademicPress,2001.Ch.5.

[2] FrancisA. Duck. PhysicalPropertiesof Tissue. AcademicPress,1990.Ch.4.

[3] L. Gao,K. J.Parker, R. M. Lerner, andS.F. Levinson.Imagingof theelasticpropertiesof tissue

- a review. Ultrasoundin MedicineandBiology, 22(8):959–977,1996.

[4] R. Muthupillai, D. J. Lomas,P. J. Rossman,J. F. Greenleaf,A. Manduca,andR. L. Ehman.

Magneticresonanceelastography by direct visualizationof propagating acousticstrainwaves.

Science, 269:1854–1857,September1995.

[5] TsuneyoshSugimoto,SadayukiUeha,andKouichi Itoh. Tissuehardnessmeasurementusing

theradiationforceof focusedultrasound.In IEEE UltrasonicsSymposiumProceedings, pages

1377–1380.IEEEUltrasonics,Ferroelectrics,andFrequency Control,1990.

[6] Armen P. Sarvazyan,Oleg V. Rudenko, ScottD. Swanson,J. Brian Fowlkes,andStanislav Y.

Emelianov. Shearwave elasticityimaging:a new ultrasonictechnologyof medicaldiagnostics.

Ultrasoundin MedicineandBiology, 24(9):1419–1435,1998.

[7] William F. Walker, FranciscoJ. Fernandez,andLauraA. Negron. A methodof imagingvis-

coelasticparameterswith acousticradiationforce. Physicsin MedicineandBiology, 45:1437–

1447,2000.

[8] KathrynNightingale,Mary ScottSoo,RogerNightingale,andGreggTrahey. Acousticradiation

forceimpulseimaging:in vivo demonstrationof clinical feasibility. Ultrasoundin Medicineand

Biology, 28(2):227–235,2002.

[9] Mostafa FatemiandJamesF. Greenleaf. Ultrasound-stimulatedvibro-acousticspectrography.

Science, 280:82–85,1998.

92



Bibliography 93

[10] JingYi Jin,GlauberT. Silva,andAlejandroFrery. Sardespeckling�lters in ultrasoundimaging.

acceptedfor publicationin theLatin AmericanAppliedResearchJournal.

[11] C. P. Lee andT. G. Wang. Acoustic radiationpressure.Journal of the AcousticalSocietyof

America, 94(2):1099–1109,August1993.

[12] A. Alizad,M. Fatemi,R.A. Nishimura,R.R.Kinnick, E.Rambod,andJ.F. Greenleaf.Detection

of calciumdepositson heartvalve lea�ets by vibro-acoustography: anin vitro study. Journalof

theAmericaSocietyof Echocardiography, 15:1291–1295,2002.

[13] SamuelCalle, Jean-PierreRemenieras,Oliver Bou Matar, Marielle Defontaine,and Frederic

Patat. Applicationsof nonlinearphenomenainducedby focusedultrasoundto boneimaging.

Ultrasoundin MedicineandBiology, 29(3):465–472,2003`.

[14] M. Belohlavek,T. Asanuma,R. R. Kinnick, andJ.F. Greenleaf.Vibro-acoustography: quanti�-

cationof �o w with highly-localizedlow-frequency acousticforce. Ultrasonicimaging, 23:249–

256,2001.

[15] JamesF. GreenleafandMostafa Fatemi. Ultrasound-stimulatedvibro-acousticimagingin vivo.

In IEEE UltrasonicSymposium, pages1635–1638.Ultrasonics,FerroelectricsandFrequency

Control,1998.

[16] Martin E. Anderson,Mary S. Soo, Rex C. Bentley, and Gregg E. Trahey. The detectionof

breastmicrocalci�cationswith medicalultrasound.Journalof theAcousticalSocietyof America,

101(1):29–39,January1997.

[17] Mostafa Fatemi,LesterE. Wold, Azra Alizad, andJamesF. Greenleaf. Vibro-acoustictissue

mammography. IEEETransactionsonMedicalImaging, 21(1):1–8,January2002.

[18] Elisa Konofagou, JonathanThierman, and Kullervo Hynynen. The use of ultrasound-

stimulatedacousticemissionin monitoringof moduluschangeswith temperature.Ultrasonics,

41(2003):337–345,July2003.

[19] ShigaoChen,M. Fatemi,andJ.F. Greenleaf.Remotemeasurementof materialpropertiesfrom

radiationforce inducedvibrationof anembeddedsphere.Journal of theAcousticalSocietyof

America, 112(3):884–889,September2002.

[20] Lord Rayleigh.On thepressureof vibrations.PhilosophicalMagazine, 3:338–346,1902.

[21] R. T. Beyer. Radiationpressure- thehistoryof a mislabeledtensor. Journal of theAcoustical

Societyof America, 63(4):1025–1030,April 1978.



Bibliography 94

[22] Boa-TehChuandRobertE. Apfel. Acousticradiationpressureproducedby a beamof sound.

Journal theAcousticalSocietyof America, 72(6):1673–1687,December1982.

[23] F. E. Borgnis. Acousticradiationpressureof planecompressionalwaves. Reviews of Modern

Physics, 25(3):653–664,July1953.

[24] G. R. Torr. Theacousticradiationforce. AmericanJournalof Physics, 52(5):402–408,1984.

[25] J.H. CantrellJr. Acoustic-radiationstressin solids.i. theory. PhysicalReview B, 30:3214–3220,

1984.

[26] Zhong-Yue JiangandJamesF. Greenleaf. Acoustic radiationpressurein a three-dimensional

lossymedium.Journalof theAcousticalSocietyof America, 100(2):741–747,August1996.

[27] A. A. Doinikov. Acousticradiationpressureon a rigid spherein a viscous�uid. Proceedingof

theRoyalSocietyof London, 447:447–466,1994.

[28] K. BeissnerandS.N. Makarov. Acousticenergy quantitiesandradiationforcein higherapprox-

imation. Journalof theAcousticalSocietyof America, 97(2):898–905,February1995.

[29] JamesA. Rooney. Doesradiationpressuredependon b/a? Journal the AcousticalSocietyof

America, 54(2):429–430,1973.

[30] P. L. Carson,P. R. Fischella,andT. V. Oughton.Ultrasonicpower andintensitiesproducedby

diagnosticultrasoundequipment.Ultrasoundin MedicineandBiology, 3:341–350,1978.

[31] R. C. ChiversandL. W. Anson. Choiceof target andaccuracy of measurementin suspended

sphereultrasonicradiometry. Journal of the AcousticalSocietyof America, 72(6):1695–1705,

December1982.

[32] LawrenceA. Crum andAndreaProsperetti. Nonlinearoscillationsof gasbubblesin liquids:

An interpretationof someexperimentalresults. Journal of the AcousticalSocietyof America,

73(1):121–127,January1983.

[33] L. J. Sivian. A modi�cation of the rayleighdisk methodfor measuringsound-intensities.The

London,Edinburgh,andDublingphilosophicalmagazineandjournal of science, 5(7):615–620,

1928.

[34] M. Greenspan,F. R. Breckenridge,andC. E. Tschiegg. Ultrasoundtransducerpower outputby

modulatedradiationpressure.TheJournal of the AcousticalSocietyof America, 63(4):1031–

1038,April 1978.



Bibliography 95

[35] FrankL. McNamaraandRobertT. Beyer. A variationof theradiationpressuremethodof measur-

ing soundabsorptionin liquids. Journal of theAcousticalSocietyof American, 25(2):259–262,

March1952.

[36] F. E. Borgnis. Acousticradiationpressureof plane-compressionalwavesat obliqueincidence.

Journal theAcousticalSocietyof America, 24(5):468–469,September1952.

[37] L. V. King. On the acousticradiationpressureon spheres.Proceedingsof the RoyalSociety

(London), 147(861):212–240,November1934.

[38] IsadoreRudnick.Measurementsof theacousticradiationpressureonaspherein astandingwave

�eld. Journalof theAcousticalSocietyof America, 62(1):20–22,July1977.

[39] K. YosiokaandY. Kawasima.Acousticradiationpressureon a compressiblesphere.Acustica,

5:167–173,1955.

[40] L. A. Crum. Acousticforceon a liquid dropletin anacousticstationarywave. Journal of the

AcousticalSocietyof America, 50:157–163,1971.

[41] L. P. Gor'kov. On the forcesactingon a small particlein an acoustical�eld in an ideal �uid.

SovietPhysics- Doklady, 6(9):773–775,March1962.

[42] W. L. Nyborg. Radiationpressureon a small rigid sphere.Journal of theAcousticalSocietyof

America, 42(5):947–952,1967.

[43] T. Hasegawa andK. Yosioka. Acoustic radiationforce a solid elasticsphere. Journal of the

AcousticalSocietyof America, 46:1139–1143,1969.

[44] T. Hasegawa. Acoustic radiationforce on a spherein a quasi-stationarywave �eld - theory.

Journalof theAcousticalSocietyof America, 65(1):32–40,1979.

[45] T. Hasegawa. Acousticradiationforceonaspherein aquasi-stationarywave �eld - experiment.

Journalof theAcousticalSocietyof America, 65(1):41–44,January1979.

[46] T. Hasegawa,M. Ochi,andK. Matsuzawa. Acousticradiationforceon a solid elasticspherein

asphericalwave �eld. Journalof theAcousticalSocietyAmerican, 69(4):937–942,April 1981.

[47] X. ChenandR. Apfel. Radiationforceon a sphericalobjectin anaxisymmetricwave �eld and

its applicationto thecalibrationof high-frequency transducers.Journalof theAcousticalSociety

of America, 99(2):713–724,February1996.



Bibliography 96

[48] R. LofstedtandS. Putterman.Theoryof long wavelengthacousticradiationpressure.Journal

of theAcousticalSocietyof America, 90(4):2027–2033,October1991.

[49] S. D. Danilov andM. A. Mironov. Meanforceon a small spherein a sound�eld in a viscous

�uid. Journalof theAcousticalSocietyof America, 107(1):143–153,January2000.

[50] Philip L. Marston. Shapeoscillation and static deformationof dropsand bubblesdriven by

modulatedradiationstresses- theory. Journal of theAcousticalSocietyof America, 67(1):15–

26,1980.

[51] T. Hasegawa,K. Saka,N. Inoue,andK. Matsuzawa. Acousticradiationforceexperiencedby a

solid cylinder in a planeprogressive sound�eld. Journal of theAcousticalSocietyof America,

83(5):1770–1775,May 1988.

[52] J. Wu andG. Du. Acoustic radiationpressureon a rigid cylinder: An analyticaltheoryand

experiments.Journalof theAcousticalSocietyof America, 87(2):581–586,February1990.

[53] PeterJ. Westervelt. Theoryof steadyforcescausedby soundwaves. Journal of theAcoustical

Societyof America, 23(4):312–315,May 1951.

[54] PeterJ. Westervelt. Acousticradiationpressure.Journal of theAcousticalSocietyof America,

29(1):26–29,January1957.

[55] GlauberT. Silva, MohammadZeraati,andMostafa Fatemi. Calculationof radiationforce on

cylindersbasedondiffractionandrayapproximation.In IEEEUltrasonicsSymposiumProceed-

ings, pages1237–1240,Atlanta,GA, USA, October2001.IEEEUltrasonics,Ferroelectrics,and

Frequency Control.

[56] J.Wu. Calculationof acousticradiationforcegeneratedby focusedbeamsusingtherayacoustics

approach.Journalof theAcousticalSocietyof America, 97(5):2747–2750,May 1995.

[57] GlauberT. Silva. Image Formationin Vibro-acoustography. PhDthesis,UniversidadeFederal

dePernambuco,CentrodeInformática,2003.

[58] GlauberT. Silva and Mostafa Fatemi. Linear array transducersfor vibro-acoustography. In

IEEE UltrasonicsSymposiumProceedings, pages611–613,Munich, Germany, October2002.

IEEEUltrasonics,Ferroeletrics,andFrequency Control.

[59] GlauberT. Silva,JamesF. Greenleaf,andMostafaFatemi.Lineararraybeamformingfor vibro-

acoustography: anumericalsimulationstudy. Submittedto IEEETransactionsonMedicalImag-

ing, July2003.



Bibliography 97

[60] GlauberT. SilvaandMostafaFatemi.Interlacedlineararraysfor vibro-acoustography. Accepted

for 5thWorld CongressonUltrasonics,Paris,France,May 2003.

[61] GlauberT. Silva andMostafa Fatemi.Threelineararrayarrangementsfor vibro-acoustography.

Acceptedfor 2003IEEEInternationalUltrasonicsSymposium,Honolulu,Hawai, June2003.

[62] PeterR. Stephanishen.Transientradiationfrom pistonsin a rigid in�nity planarbaf�e. Journal

of theAcousticalSocietyof America, 49:1627–1638,1971.

[63] MurrayR.Spiegel. VectorAnalysisandanIntroductionto TensorAnalysis. McGraw-Hill, 1959.

[64] IanN. Sneddon.Fourier Transforms. Mcgraw-Hill Inc., 1951.ch.1.

[65] David T. Blackstock.Fundamentalsof PhysicalAcoustics. JohnWiley & Sons,Inc., 2000. ch.

2.

[66] L.D. LandauandE.M. Lifshitz. Fluid Mechanics, volume6. Butterworth-Heinemann,Oxford,

England,secondedition,1987.

[67] George Arfken. MathematicalMethodsfor Physicists. AcademicPress,Inc., SanDiego, CA,

USA, 3thedition,1985.p137.

[68] Mostafa FatemiandJamesF. Greenleaf.Vibro-acoustography: an imagingmodalitybasedon

ultrasound-stimulatedacousticemission. Proceedingsof the National Academyof Sciencesof

theUnitedStatesof America, 96:6603–6608,June1999.

[69] K. Beissner. Theacousticradiationforcein lossless�uids in eulerianandlagrangiancoordinates.

Journalof theAcousticalSocietyof America, 103(5):2321–2332,May 1998.

[70] Shigao Chen,Mostafa Fatemi,RandallKinnick, andJamesF. Greenleaf. Beamforming for

vibro-acoustography. Submittedto IEEE Transactionon Ultrasonics,Ferroelectrics,andFre-

quency Control,June2003.

[71] J.J.Faran.Soundscatteringby solidcylindersandspheres.Journalof theAcousticalSocietyof

America, 23:405–418,1951.

[72] WenH. Lin andA. C.Raptis.Acousticscatteringby elasticsolidcylindersandspheresin viscous

�uids. Journalof theAcousticalSocietyof America, 73(3):736–748,March1983.

[73] B. A. Lippmannand J. Schwinger. Variationalprinciplesfor scatteringprocessi. Physical

Review, 79:469–480,1950.



Bibliography 98

[74] NorbertN. Bojarski. The k-spaceformulationof the scatteringproblemin the time domain.

Journalof theAcousticalSocietyof America, 72(2):570–584,August1982.

[75] SussanPourjavid andOleh JohnTretiak. Numericalsolutionof the direct scatteringproblem

throughthetransformedacousticalwaveequation.Journalof theAcousticalSocietyof America,

91(2):639–645,February1992.

[76] Philip M. MorseandK. Uno Ingard. TheoreticalAcoustics. PrincetonUniversityPress,1986.

[77] Mostafa FatemiandA. C. Kak. Ultrasonicb-scanimaging: theoryof imageformationanda

techniquefor restoration.UltrasonicImaging, 2(1):1–47,January1980.

[78] JorgenArendtJensen.A modelfor thepropagationandscatteringof ultrasoundin tissue.Journal

of theAcousticalSocietyof America, 89(1):182–190,January1991.

[79] JorgenArendtJensenandNiels BruunSvendsen.Calculationof pressure�elds from arbitrarily

shaped,apodized,andexcitedultrasoundtransducer. IEEE Transactionson Ultrasonics,Ferro-

electrics,andFrequencyControl, 39(2):262–267,March1992.

[80] Tat-JinTeo. An improvedapproximationfor thespatialimpulseresponseof a rectangulartrans-

ducer. IEEE Transactionson Ultrasonics,Ferroelectrics,andFrequencyControl, 45(1):76–83,

January1998.

[81] BogdanPiwakowski andKhalid Sbai. A new approachto calculatethe �eld radiatedfrom ar-

bitrarily structuredtransducerarrays. IEEE Transactionson Ultrasonics,Ferroelectrics,and

FrequencyControl, 46(2):422–439,March1999.

[82] Lord Rayleigh.TheTheoryof Sound, volume2. Dover, 1945.Sec.278,pp.106-109.

[83] H. T. O'Neil. Theory of focusingradiators. Journal of the AcousticalSocietyof America,

21(5):516–526,September1949.

[84] GordonS.Kino. Devices,Imaging, andAnalog SignalProcessing. Prentice-Hall,1987.p. 191.

[85] C. A. Cain andS. Umemura. Concentric-ringandsector-vortex phased-arrayapplicatorsfor

ultrasoundhyperthermia. IEEE Transactionson MicrowaveTheory and Techniques, MTT-

34(5):542–551,May 1986.

[86] N. N. Lebedev. SpecialFunctionsandTheirApplications. DoverPublications,Inc.,1972.p141.

[87] PeterN. T. Wells. Ultrasonic imaging of the humanbody. Reporton Progressof Physics,

62:671–722,1999.



Bibliography 99

[88] Bjorn A. J. Angelsen,HansTorp, Sverr Holm, Kjell Kristoffersen,and T. A. Whittingham.

Which transducerarrayis best?EuropeanJournalof Ultrasound, 2:pp.151–164,1995.

[89] JoseLuis SanEmeterioandLuis G. Ullate. Diffraction impulseresponseof rectangulartrans-

ducers.Journalof theAcousticalSocietyof America, 92(2):651–662,August1992.

[90] PinarCrombie,PeterA. J.Bascom,andRichardS.C. Cobbold.Calculatingthepulsedresponse

of lineararrays:accuracy versuscomputationalef�ciency. IEEE Transactionson Ultrasonics,

Ferroelectrics,andFrequencyControl, 44(5):997–1009,September1997.


