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Chapter 1

Introduction

1.1 General background

Predicting and understanding the behavior of material when they are
subject to mechanical forces is the basis for many modern engineering practices,
from material science to the design of solid propellant rockets [Timoshenko et al.
1970]. In the early development of the field of mechanics, it often involved
applying loads to the system until the system failed, and then the failure
mechanism was studied and used to infer the behavior of the material prior to
failure. Then, as the technology advanced, it became possible to study the
behavior of complex material systems using non-destructive testing procedures,
e.g. X-ray analysis, acoustic behavior and photo-elastic behavior. The results of
experimental study have contributed to the understanding of material properties
and to development of mathematical models that help predict the behavior of
more complex material systems [Cheney 1997].
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In recent years, this concept has been introduced into medical diagnosis
and produced significant amounts of research interest. The primary motivation
for imaging tissue mechanical properties stems from the following two
important facts.

First, it is well known that changes in tissue mechanical properties such as
the elastic modulus can be sensitive indicators of pathology. Palpation, the
routine physical examination process used by physicians to distinguish between
normal and abnormal tissues is a method for qualitative estimation of tissue
elasticity. The clinical success of palpation as a diagnostic tool is evident from the
fact that the American Cancer Society recommends breast self-examination as a
screening tool for early detection of breast cancer [Holleb et al. 1991]. In some
series, 30% of breast cancers are detected by palpation only and not by
mammography [Chapuis and Hessler]. Changes in mechanical properties may also
indicate the physiologic state of the tissue, e.g., relaxed and contracted states of
muscle [Levinson et al. 1995; Duck 1990].

Second, it is also known that the elastic modulus can vary by several
orders of magnitude between various tissues. This is in marked contrast with
parameters provided by other existing imaging modalities. For example, the
ability of conventional B-mode ultrasound imaging to differentiate various
tissues depends principally on the acoustic impedance, which in turn depends
upon the bulk modulus of the tissue under examination. Figure 1.1 is a summery
of material properties for various biological tissues from the literature
[Sarvazyan et al. 1998]. It shows that for soft tissues, the range of variation of
bulk modulus is very small compared to that of the shear modulus. In X-ray
imaging, the variation in X-ray attenuation coefficients of soft tissues is less than
2

a factor of five and in MR imaging, the variation in the tissue relaxation
parameters spans barely an order of magnitude [Muthupillai 1997].
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Figure 1.1 Summary of data from the literature concerning the variation
of the shear and bulk moduli for various materials and body tissues
After Sarvazyan et al. (1998).

For the two reasons described above, imaging techniques that exploit the
shear modulus, or stiffness, of an object have great potential in medical
application. This also explains why elasticity imaging [Gao et al. 1996; Ophir et al.
1996, 1999], a general material characterization method under extensive
investigation

in

recent

years,

has

been

primarily

aimed

for

tissue

characterization. While substantial variations exist in how the details are
implemented, all elasticity imaging methods share the following basic elements:
•

a mechanical force is applied,

•

material motions are measured,

•

some derived-quantity is reported.

Elasticity imaging methods can be classified according to how these three
elements are implemented. Mechanical force can be applied in a quasi-static, or
3

dynamic fashion. In addition, forces can be either endogenous (naturally
occurring) or exogenous (artificially applied). Exogenous methods can be further
distinguished based on whether the force is applied at the surface of the material
or deep within the object using radiation force. Material motions can be
measured using acoustic, ultrasonic, optical, or nuclear magnetic resonance
methods. Furthermore, there are several quantities that can be usefully derived
and reported from the measured motion including vibration amplitude and
phase, strain, modulus, and apparent phase-velocity (wave-speed). Figure 1.2 is a
summary of this classification scheme.

Most elasticity imaging methods use distribution of motion within the
object as display. However, it is only a semi-quantitative mapping of the true
mechanical properties of the underlying material. When the object being imaged
is very complex, the interpretation of the strain distribution image is not
straightforward and various artifacts can result [Ophir et al. 1996]. Various efforts
were made to reconstruct the true elastic modulus of the object, as will be
described in Chapter 2. But this generally requires knowledge of stress
distribution within the object, which is difficult to obtain. Some methods (i.e.
MRE) cleverly use estimation of local shear wave speed to solve for local shear
modulus. Since the shear wave speed is also related to shear viscosity, stiffness
obtained with such methods is not truly elastic modulus.
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Vibro-acoustography [Fatem and Greenleaf, 1999] is a new elasticity
imaging method, which images the acoustic response of a material to localized
harmonic excitation produced by radiation force of two interfering ultrasound
beams. The details about this promising imaging method and its beneficial
features will be described in Chapter 2. However, the acoustic emission at each
scanning point is actually a combined response of the reflectivity, stiffness, and
object emittance at that particular location. Therefore, the vibro-acoustic image is
not a direct presentation of a single mechanical property, but only a semiquantitative mapping of the “stiffness” distribution of the object. As explained
above, truly quantitative techniques are more preferable.

In this thesis work, we want to explore the possibility of using vibroacoustography for quantitative characterization. The hypothesis of this thesis is
that it is possible to derive mechanical properties, such as the complex shear
modulus, of an object by evaluating the response of the object to many excitation
frequencies. For this purpose, a quantitative model is proposed for a spherical
target embedded in a viscoelastic homogenous medium. The goal is to estimate
the mechanical properties of the medium by evaluating the displacementfrequency response of an embedded spherical target.

1.2 Summary of chapters

A brief summary of the contents of each of the following chapters is given
below.

Chapter 2 consists of a conceptual introduction to mechanical property
measurement and a review of the currently available elasticity imaging methods.
Then vibro-acoustography is introduced as a new method to imaging the
6

mechanical properties of the object. The advantages and disadvantages of this
imaging method are also analyzed. Finally the motivation and specific aims of
this thesis work are presented.

Chapter 3 presents the theoretical model of a sphere in water. The
dynamic radiation force on the sphere due to interference of two ultrasound
beams is derived. This driving force is used with the radiation impedance and
the mechanical impedance of the sphere to calculate the vibrating velocity of the
sphere, from which the acoustic emission by the sphere is also solved. Results of
experiments are reported, where the velocity and acoustic emission of several
spheres are measured versus vibration frequency. The results agree with the
prediction of theory.

Chapter 4 extends the model of Chapter 3 to viscoelastic medium. The
formulae of radiation force and radiation impedance are modified to consider the
effects of shear wave and attenuation. Theory shows that the resonance of the
sphere’s vibration magnitude versus oscillating frequency is related to the shear
properties of the medium around the sphere. Experimental measurements on
spheres in gel phantoms confirm the theory. The velocity profiles are used to
estimate the shear modulus of the gel, which are also verified by independent
measurement methods.

Chapter 5 is the verification of the theory in viscous fluid. The velocity
profile of the sphere shows no resonance, just like the case in water. The slope of
the curve is related to the viscosity of the fluid. Experiments are performed in
viscous standard fluids with known viscosity. The shear viscosity estimation
derived from theory agrees with the certificated value of the test fluid. This
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method is also used to measure the viscosity changes of glycerin solutions versus
temperature.

Chapter 6 demonstrates the feasibility of measuring vibration velocity of a
target by the ultrasound Doppler method. In the previous chapters, the
vibrations of spheres are measured by a laser vibrometer, which is limited to
applications in transparent medium. Results shown in this chapter eliminate this
restriction. An analytical expression of the echo from a harmonically vibrating
target is provided, from which a demodulation scheme is proposed.
Experimental results in gel phantom are compared to measurements from the
laser vibrometer, which is used as a gold standard. A number of possible
improvements upon this ultrasound Doppler method are also discussed.

Chapter 7 summarizes the thesis work presented in this dissertation and
provides a discussion of a few related issues. A future perspective of this work is
also presented.
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Chapter 2

Background

2.1 Introduction

In this chapter, we will provide a conceptual introduction for measuring
object elasticity and a review of existing methods for imaging elasticity. The
imaging method and applications of vibro-acoustography are also presented,
followed by a brief description of this thesis work.

2.1.1 Conceptual introduction to measuring elastic modulus

In general, the basic principle behind the methods to quantitatively
measure elastic modulus of a material involves three steps. First, the material
under investigation is probed with a known stress or strain.

Second, the

response of the material is accurately measured with a sensitive measurement
device. Third, the knowledge of the probe and the measurement is used to
compute quantitative information about material elasticity. Non-destructive and
preferably non-invasive methods are necessary in applications such as medical
imaging.

Conventional

methods

to

measure

tissue

elasticity

include
10

biomechanical systems, which are often destructive and invasive. Therefore,
techniques capable of remote quantitative palpation have great application
potentials.

Force

a) Object before deformation

b) Object after deformation

Figure 2.1 Basic principle behind elasticity imaging. Probe the material
with a known force and measure the resulting deformation with an
accurate measurement device.

Elasticity imaging, intensively investigated in recent years, is a
quantitative method that measures the mechanical properties of an object noninvasively. Though elasticity imaging is a general method for material
characterization, its applications in the past have been focused on medial
imaging. In medical applications, the commonly used probes are either
endogenous-motion caused by physiologic activity thin the human body, or
exogenous-motion caused by externally applied static or quasi-static stress or
mechanical waves propagating within the tissue. The measurement device can be
some of the currently existing medical imaging modalities, such as diagnostic
ultrasound or MRI. The choices of probe and measurement device ultimately
determine the performance characteristics of the elasticity imaging system. A
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brief overview of the choice of probes and measurement devices will be
summarized below, before providing specific details in the next section.
2.1.2 Choice of probe

Endogenous Probes: The physiologic motion caused by cardiac pulsation or
respiration can be used as the source of stress. The response of tissue to this
endogenous motion will depend on, among other things, the elastic properties of
the tissue. By measuring the response of the tissue using ultrasound or MRI, one
could arrive at some qualitative estimate of the tissue mechanical property. The
primary disadvantage of using endogenous probes as the source of stress is that,
the source stress distribution is unknown. Therefore, only qualitative estimates
of tissue property can be obtained. In addition, physiologically induced
deformation is typically accompanied with bulk rigid-body motion of the tissue
as well and this can make accurate measurement of deformation difficult.

Exogenous Probes:

It is possible to use well-characterized, externally

applied stress as the probe, to enable quantitative estimation of material
elasticity, as is often done in mechanical testing methods. These externally
applied sources of stress can be static or quasi-static or time varying, periodic,
mechanical waves.

Static stress can be applied through the surface of the object or produced
locally inside the object by radiation force of ultrasound. Static or quasi-static
compressions can provide quantitative information about the material elasticity,
if the source stress distribution within the object under imaging is known. Since
the stress applied is not vibratory, this tends to avoid problems due to
reflections, standing waves and mode patterns that may interfere with the
12

quality image formation. The primary disadvantage of using such compression is
that, calculating the accurate stress distribution within the object is difficult and
requires the knowledge of complete boundary conditions, which are often
difficult or impossible to obtain. However, semi-quantitative information about
the tissue elasticity can still be obtained.

In the case of mechanical waves, vibration also can be introduced at the
surface of the object through mechanical vibrators, or inside the object through
radiation force of ultrasound. The primary advantage of using mechanical waves
as the source of stress, is that if they can be visualized, it circumvents the need
for knowledge of accurate stress distribution. This is because the speed of sound
wave propagation can be directly related to the elastic modulus. Longitudinal
mechanical waves are of limited value in elasticity imaging, due to low contrast
in bulk modulus. Therefore, low frequency shear waves are usually used in
elasticity imaging, because high frequency transverse waves are highly
attenuated and cannot reach deep into the object.
2.1.3 Choice of measurement device
In principle, information about the stress or strain distribution within the
object is useful in elasticity imaging. However, there is currently no technology
available to measure the stress distribution within the object. Therefore, most of
the detection methods in elasticity imaging are oriented to measure strain,
indeed usually displacement, distribution in the object. They can be summarized
as the following three categories.

Visible Light: As early as 1952, Von Dierke et al. used strobe light and
photography to acquire mechanical wave propagation patterns on the surface of
13

tissues subjected to mechanical vibration. These investigators estimated the
tissue elasticity from the wavelength and wave speed obtained from the body
surface. However, optical detection methods cannot measure motion inside an
optically opaque object, which greatly limits its application value.

Magnetic Resonance Imaging: Magnetic Resonance Imaging (MRI) is an
attractive alternative for measuring tissue strain due to its relatively high
spatial/contrast resolution, sensitivity to motion, and non-invasiveness.
Recently, MR-based methods are used to measure the small displacements
caused by low frequency transverse waves introduced mechanically outside the
object. The shear stiffness of the object is mapped from the local shear wave
speed, which can be solved from the local shear wavelength. The technique is
called Magnetic Resonance Elastography (MRE) and has been applied to in vivo
imaging of breast and skeletal muscle [Dresner et al. 1998, Lawrence et al. 1998].
In principle, MRI is capable of providing 3D displacement data within the object
with moderate spatial resolution. The primary disadvantage of using MRI as a
measurement device is that MRI is relatively expensive and the high magnetic
field environment requires specially designed equipment.

Ultrasound:

Conventional diagnostic ultrasound can be a convenient

method for measuring tissue motion caused by endogenous or exogenous
probes. It is especially attractive as a measurement technique because it is nonionizing, non-invasive, inexpensive, and fast. In the last 15 years, interest has
been mounting in the ultrasonic imaging of elasticity parameters [Ophir et al.
1999]. However, ultrasound imaging is typically limited to measuring motion
occurring only along the axis of the beam. It is also limited by the necessity of
finding an acoustic window into the body.

14

Acoustic Emission:

The acoustic response of an object under localized

external probe can also be used to image the “hardness” of the object. Fatemi and
Greenleaf (1999) proposed a method called vibro-acoustography, in which
radiation force from modulated ultrasound was used to produce a highly
localized oscillatory stress field in the kHz frequency range on the object. In
response, a portion of the object vibrates and the acoustic emission is detected
and used to form an image that represents both ultrasonic and low frequency
mechanical characteristics of the object. This measurement method is very
sensitive to small motions. Displacement in the order of a few nanometers can be
detected. However, the reconstructed image is only a semi-quantitative
representation of the mechanical properties of the object.

All elasticity imaging methods are built on assumptions about the stressstrain relationship of the material that consist of the object under test. Strictly
speaking, tissue is inelastic. It exhibits viscoelastic properties such as hysteresis,
stress relaxation, and creep [Fung 1981]. It is anisotropic and the stress-strain
relationship is non-linear. When all these factors are coupled, it becomes evident
that the problem of how to describe the mechanical properties of tissue requires a
significant degree of simplification. All of the elasticity imaging methods
described below are based on the assumption of local isotropicity and
homogeneity. Many assume that in soft tissues the bulk modulus is much larger
than the shear modulus, and some even assume incompressibility.

2.2 Methods to measure elasticity
An extended review of all the elasticity imaging technique is out of the
scope of this work. In this section, we will focus on reviewing ultrasound related
15

elasticity imaging techniques that are currently available. Representative MRbased elasticity imaging methods are also introduced.
2.2.1 Ultrasonic methods for elasticity imaging
Methods based on motion due to physiologic activity
With the advent of M-mode and fast B-scan ultrasound techniques, which
display the motion of organ structures such as vessel walls in real time, there was
some interest in exploring the diagnosis value of dynamic properties of nonstructural, homogenous soft tissues subjected to motion caused by physiologic
activity. The velocity of this type of motions is too small to be detected by
Doppler shift. Several investigators proposed correlation-based methods for
measuring tissue motion using ultrasound A-line scans.

Correlation analysis is based on a model borrowed from radar and sonar,
which assumes that motion of the pulse scatterer produces a time-shift in the
received signal [Quazi, 1981]. The relationship between the time-shift and the
average displacement of the scatterers is found by determining the difference in
time needed for the ultrasound to traverse the new path to the scatterers:

∆x =

c∆t
2

(2.1)

where c is the speed of ultrasound propagation in the material, ∆x is the
displacement, and ∆t is the time-shift in the received signal. For correlation
methods, the time-shift is determined by finding the maximum in the crosscorrelation between segments of successive A-lines.
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In the early 1980s, Dickinson and Hill (1982), proposed a correlation
technique to measure the amplitude and frequency of tissue motion due to
arterial pulsation. They set up a correlation parameter to measure the changes of
the interrogated region between two successive A-scans. The correlation
parameter is unity for stationary tissue and decrease monotonically with tissue
motion. Their assumption is that the decorrelation is proportional to
displacement, which is only true for very small motions. The sensitivity of this
technique in detecting axial tissue motion was as high as 30 µm . They observed
that tissue motion in the liver correlated with arterial pulsation. They speculated
that the motion is dependent on the elasticity of tissue, which will be
characteristic of the state of the tissue. Although it is true that tissue motion due
to arterial pulsation is a function of the tissue elasticity, the exact relationship
between them is complex and generally unknown. Therefore, the interpretation
of the results obtained from such a method can only be qualitative.

Tristam et al. (1986) used the same technique to study the livers of 12
normal volunteers and eight cancer patients. They were able to show that the
correlation patterns in cancerous liver were consistently different from those
obtained from normal liver parenchyma. They speculated that hardening of liver
parenchyma due to pathology caused the organ to behave as a heavily damped
mechanical system, in response to cardiac pulsation. They analyzed the
correlation patterns more quantitatively and subsequently proposed a
classification based on Fourier spectral features of the correlation pattern
[Tristam et al. 1988].

Wilson and Robinson (1982) presented a technique to measure small
displacements of liver tissue caused by aortic pulsation and vessel diameter
variations. They found that there is an excellent correlation between the
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instantaneous local phases of the RF signal between successive A-lines. Tissue
velocity is estimated from the time dependence of the loci of constant phase of
the analytic signal associated with RF M-mode data. Tissue displacement was
computed as the time integral of the velocity, and strain was computed as the
time integral of velocity gradient. They speculated that it might be possible to
measure tissue elasticity from these measurements.

One of the fundamental problems of using correlation-based techniques is
that motion is measured from the location of the correlation peak. This makes
these techniques vulnerable to false estimation when sampling rate is not high
enough. De Jong et al. (1990) proposed a modified correlation technique where
the location of the peak of the cross-correlation can be more accurately measured
by increasing the data length by interpolation. The peak location of the crosscorrelation function may also be determined by several other methods, such as:
oversampling, sinc-interpolation and fitting other curves like parabolas to the
neighborhood of the peak of the cross-correlation function.

In addition, simple correlation methods are susceptible to errors caused
by correlated signal noise or by translational and rotational motion of the
transducer or the scanned object. Talhami et al. (1994) proposed a technique to
estimate tissue strain from the Fourier amplitude spectrum, which is robust in
the presence of correlated noise. Their model relates the position of the first peak
of the Fourier amplitude spectrum of the A-line, to mean scatterer spacing. To
compute the location of the first peak of the spectrum accurately, they use a chirp
z-transform of the A-line to obtain very high spectral resolution. The change in
the location of the first peak gives a measure of change in mean scatterer spacing
(i.e. standard deviation) as a function of time, in a M-mode scan. The ratio of the
standard deviation of the mean position to the mean position yields a measure of
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strain (Spectral Tissue Stain). The preliminary applications of this technique have
been to measure vascular tissue strain both in vitro and in vivo.

The concept of cross-correlation can be extended into two and threedimensional “speckle-tracking”, which can provide estimates of two, or three
components of the displacement vector. Two-dimensional correlators have been
proposed to assess tissue displacement (Trahey et al. 1988). A computationally
faster alternative to conventional two-dimensional correlation, the SAD (sumabsolute-difference) method has been proposed for angle independent imaging
of blood flow and tissue motion (Bohs and Trahey, 1991). Bertran et al. (1989)
have developed a speckle tracking strain-imaging method that produces isocontractility maps of skeletal muscle.
Methods for compressional elastography
In 1991, Ophir et al. proposed a technique called elastography, to
quantitatively image the stiffness of biological tissues. The method consists of
applying a small external, quasistatic compression force to the tissue (about 1%)
and uses the RF A-lines recorded before and after compression to estimate the
local axial motions by means of a correlation technique. These motion estimates
represent the axial displacement field of the tissue and are used to estimate the
axial strain field. Under the assumption that the tissue is elastic, isotropic, and
subjected to a constant stress field, the strain field could be interpreted as a
relative measurement of elasticity distribution, the strain being large in a
compliant (i.e. soft) tissue, and small in a rigid (hard) one. This strain field was
visualized as a gray level image named elastogram.
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The assumption of uniform stress distribution, in general, is not true.
Later, these workers (Ponnekanti et al. 1992) developed a more realistic model
based on Saada’s (1974) theory. This model accounts for the stress behavior of
decaying away from the compressor, and increasing again when close to the base
of the target. Some phantom in vitro and in vivo experiments showed some elastic
structures that do not appear on the conventional B-scan images (Cespedes et al.
1993). This technique may be used to detect tumors with increased stiffness
inside compressible soft tissue.

In elastography, large deformation is desirable because it yields high
signal-to-noise ratio of the displacement and strain estimation (Ponnekanti et al.
1995; Kallel et al. 1996). However, large displacement (over ten wavelengths of
the carrier signal) results in significant internal strain, which changes the spatial
distribution of the scatters within the area of an image, thus decorrelating the
received data used for cross-correlation. This issue of obtaining high SNR strain
estimates without significant errors due to decorrelation of the input signals, was
analyzed by O’Donnell et al. (1994). They proposed a speckle tracking procedure
in conjunction with multiple step compression to estimate tissue elasticity. This
technique obtained an A-line before compression and subsequently A-lines were
obtained at the same location after small, incremental steps of compression.
While the compression deformation was small enough not to cause decorrelation
between the A-lines, the total compression was high enough to cause a
significant deformation, enabling high SNR measurements of strain. The net
displacement was computed by integrating the differential displacements by
starting from a known position. The cross correlation was computed between the
base band signals (RF echo multiplied by carrier and fed through lowpass filter)
and not the RF signals. The assumption is that the base band signal obtained
before and after compression, are just delayed replicas of the same signal.
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Talhami et al. (1994) have suggested that this assumption is generally not true
and that signal envelopes are often distorted.

In a new perspective to address the problem of decorrelation, Alam et al.
(1997) and Varghese et al. (1997) have demonstrated that for small strains,
temporal stretching of the post-compression signal by the appropriate factor can
almost entirely compensate for the axial decorrelation. However, the proper
temporal stretching factor is dependent on the local strain, an unknown
parameter one is trying to estimate. Alam et al. (1998a) proposed an adaptive
stretching method, in which the local temporal stretching factor is adaptively
varied until a maximum in the correlation is reached. The local stain is then
computed directly from this temporal stretching factor. It must be remembered
that decorrelation due to lateral and elevational motions, as well as other sources
of decorrelation cannot be compensated for in this way. Alam et al. (1998b) have
shown that a deconvolution filtering approach may be useful in reducing the
remaining decorrelation due to the stretching process.

In the elastography techniques described above, only the axial component
of the strain tensor is used to produce the elastogram. However, to characterize
the motion of a three-dimensional target, lateral and elevational components are
also needed. Furthermore, these non-axial strains can severely corrupt the axial
strain estimation by inducing decorrelation noise. Konofagou et al. (1998)
proposed a new method to image the lateral strain in an object. Interpolated
post-compression A-lines are generated via a method of weighted interpolation
between neighboring A-lines. Then, pre-compression segments are crosscorrelated with original and interpolated post-compression segments and the
location of maximum correlation indicates the amount of lateral displacement
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that resulted from the compression. A least-squares algorithm (Kallel et al. 1997)
is used to derive the lateral strain from the lateral displacement information.

Taking into account the coupling between axial and lateral motion, an
iterative method was developed for successive corrections for and estimations of
axial as well as lateral motion. Finite element simulations and in vitro prostate
data showed that this new method led to a consistent increase of the signal–tonoise ratio of both axial and lateral elastograms. Dividing the negative of the
lateral elastogram by the axial elastogram, these authors produced a new image
that displayed the spatial distribution of Poisson’s ratios in the tissue, namely the
Poisson’s ratio elastogram. Poisson elastograms may be able to access the degree
of unbound water content in tissues (Stafford et al. 1998).

The strain imaging in elastograms is not a real representation of the
underlying elastic modulus of the object. In complex situations, these images can
be very hard to interpret. A few groups also posed the inverse problem (IP): to
construct a Young’s modulus image given strain images. The approach proposed
by Skovoroda et al. (1995) and Sumi et al. (1995) consisted of rearranging the
equations of the forward problem so that the tissue elastic modulus distribution
is the unknown, while the strain and displacement fields are known. With this
method, all the components of the stain/displacement tensors must be known. A
more practical method proposed by Kallel and Bertrand (1996b) is based on
linear perturbation method. It consists essentially of minimizing the least-squares
error between the observed and predicted displacement fields. In this technique
both the force distribution under the compressor and the measured axial
displacement field are used for reconstruction of the modulus distribution. When
the force distribution is unknown, a penalty technique may be used (Kallel et al.
1996c). Simulations (Ophir et al. 1999) and phantom experiments (Kallel et al.
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1996b) showed the feasibility and value of modulus elastography. As in practice
the data are noisy and the boundary conditions are generally not completely
known, most of the IPs are ill posed. Besides, these algorithms must rely on
many simplifying assumptions such as isotropy, lack of viscous effects and the
existence of plane stain conditions (Ophir et al. 1996). As such, all modulus
reconstruction techniques have their own limitations and artifacts (Kallel et al.
1996c). Another point worth noting is that the reconstructed image represents
not absolute modulus, but relative modulus.

One fundamental limitation of compressional elastography is mechanical
artifacts. Strains in the object depend not only on its modulus distribution but
also on boundary conditions, both internal and external. Unlike other artifacts,
mechanical artifacts represent the true variations in strain. For example, it has
been noted that soft inclusions that are completely surrounded by harder
background material are not well visualized by compressional elastography
(Ophir et al. 1996). The reason is due to the incompressible nature of soft
inclusions: the inclusion will be so constrained that it will not be able to properly
deform under pressure as it might without constraints, thus assuming instead
elastic properties that are closer to those of the surrounding material. More
artifacts are described in the paper of Ophir et al. (1996).
Methods for vibrational elastography

Krouskop et al. (1987) first demonstrated the use of a pulsed Doppler
system (operating at 10 MHz) to measure tissue motion caused by externally
applied low frequency mechanical vibration around 10 Hz. By assuming that the
tissue is isotropic and incompressible, they were able to estimate the average
tissue elastic modulus from the peak tissue displacements and the gradients of
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displacements, in human skeletal muscle in vivo. The elastic modulus estimates
obtained using this method agreed well with quantitative measurements on a
conventional mechanical testing apparatus.

Parker et al. (1990) and Lerner et al. (1990) used Doppler ultraound to
measure the amplitude of externally applied low frequency vibration (20-1000
Hz) using a modified Doppler system. The frequency range used by Parker et al.
was much higher than that was used by Krouskop et al. The problem of
estimating the amplitude of a high frequency vibration using Doppler is very
different from the conventional use of measuring steady and slowly varying
blood flow. Huang et al. (1990) address this issue in detail and derived a simple
relationship between the variance of the Doppler spectra and the vibration
amplitude. This result was used by Parker and Lerner to measure the vibration
amplitude. The hypothesis of their work was that abnormal, “hard” tissues
would vibrate with different amplitude than normal tissues. They created a realtime display of color-coded amplitude information superimposed on a
conventional B-mode image. They called this technique “sonoelasticity imaging”.

The validity of their hypothesis was investigated in phantoms and organ
specimens in vitro [Lerner et al. 1990, Rubens et al. 1995]. The subsequent in vivo
results in breast, liver and kidney, showed that eigenmodes of whole organ
structures can be excited using external vibration and this can yield quantitative
information about the tissue elasticity [Parker et al. 1992]. A sonoelastic study of
10 fresh prostate specimens from patients with biopsy confirmed cancer, showed
that sonoelastography was more sensitive for tumor detection than conventional
ultrasound imaging [Rubens et al. 1995]. However, the information about the
tissue “hardness” obtained in vibration amplitude sonoelasticity imaging is
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qualitative and is related to parameters such as organ size and boundary
conditions.

Aiming at estimation of the viscoelastic properties of soft tissues,
Yamakoshi et al. (1990) proposed a Doppler based method to map both the
amplitude and phase of tissue response to forced low frequency external
vibration. The phase map showed the direction of low frequency acoustic wave
propagation within the object. The direction of wave propagation was assumed
to be along the phase gradient. They computed the shear wave propagation
speed, which can be related to the shear elastic modulus under the assumption
that shear viscosity is negligible at low frequencies. They independently verified
the elasticity estimates with conventional mechanical testing method for gel
phantoms of varying stiffness. Preliminary in vivo results in human liver were
also shown.

Levinson et al. (1995) used the technique of Yamakoshi to access changes
in shear wave speed of muscle in vivo. Their results showed that shear wave
speed increased both with frequency (30-120 Hz) and loading (0-15 Kg) in a limit
range. This change occurred only when the direction of wave propagation was
parallel to the muscle fiber orientation. Fujii et al. (1995) modified the technique
to map in vivo hardness distribution, by taking the frequency of vibration and
shape of the vibrator into account. They also showed the changes in muscle
elasticity due to mechanical loading.
2.2.2 MR methods for elasticity imaging

The scope of this thesis is mainly related to basic ultrasound research.
Therefore, only a brief introduction to representative MR-based elasticity
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imaging methods is provided here. Like ultrasound-based techniques, MR-based
elasticity imaging methods require the following steps: measuring tissue
deformation caused by externally applied stress or by physiology activity, and
computing tissue elasticity from these deformation maps.

The measurement of motion with Magnetic Resonance (MR) in medical
application has been motivated by the desire to measure fluid flow (usually the
blood) or to image the circulatory system [Wedeen 1985]. During the 1990’s, the
focus turned to measuring tissue mechanical properties as the combined work of
several investigators [Lewa 1991, Muthupillai et al. 1995] showed the feasibility
of using MR methods to measure small displacements for elastography. Two
basic approaches have been presented for measuring tissue displacements for
elastography: tagging and phase-contrast. The tagging method uses saturation
pulses to “tag” grid-lines whose distortions on a subsequent scan show tissue
displacement. The most often used method in elastography for measuring tissue
displacements with MR makes use of the proportionality of the phase of
transverse magnetization to the correlation of magnetic field gradient with
displacement in the direction of the gradient [Moran1982].

One of the most popular methods, developed recently by Muthupillai et
al. (1995) is Magnetic Resonance Elastography (MRE). A phase-contrast MRI
technique was used to spatially map and measure displacement patterns
corresponding to external mechanical excitation. They externally excited shear
waves at frequencies below 1000 Hz and were able to visualize the propagation
of shear waves into the object. The local propagating speed of the shear waves
was estimated and used to drive the regional elastic modulus of the object. The
rationale is similar to that of ultrasound-based vibrational

elastography by

Yamakoshi (1990), and is explained below.

26

The propagation speed of harmonic mechanical waves can be derived
from the wave equation, which in turn depends on the underlying stress-strain
relationship of the support medium. Under the assumption of isotropicity and
homogeneity, stress and strain are related by the complex Lame constants

λ = λ1 + iωλ2 and µ = µ1 + iωµ 2 , connected with volume and shear deformation
respectively. Therefore, the propagation velocity vt

and the absorption

coefficient α t of the shear wave are given by [Yamakoshi et al. 1990]
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where ρ is the density of the medium, ω is the angular frequency of vibration,
and µ1 and µ 2 are the coefficients of shear elasticity and shear viscosity,
respectively. If shear elasticity is dominant compared with the shear viscosity so
that µ1 >> ωµ 2 is satisfied, the velocity is written as
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.

(2.3)

Therefore, shear modulus can be estimated by the square of shear wave speed in
the medium, because densities of soft tissues are very close to water.
Visualization of shear waves by phase-base ultrasound method was reported by
Dutt et al. (2000). While a similar sensitivity with MRI is achievable in principle,
acoustic windows into certain regions of the body are limited, hampering the use
of ultrasonic methods in those regions.
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MRE has been applied to a number of studies ranging from phantom
experiments to in vivo applications [Manduca et al. 2001]. The method was able to
image hard inclusions in gel phantoms, large breast cancer in vivo, gray and
white matter of brain in vivo, and change of stiffness of skeletal muscle due to
loading. One topic still under active research is how to estimate local elasticity in
inhomogeneous regions where the wave pattern can be very complex. A
comparison of the currently available mapping methods can be found in the
paper of Manduca et al. (2001). When the viscosity of the medium is not
negligible, estimation from Equation (2.3) is only an “apparent stiffness” of the
underlying medium. Under such circumstances, the shear modulus and shear
viscosity can, in principle, be estimated from the shear wave speeds and/or
attenuations at different frequencies, using Equation (2.2). But the accuracy of
such estimation is yet to be examined.

Oliphant et al. (2001) demonstrated the feasibility of estimating complexvalued stiffness from MRI measurement of harmonic internal displacement using
direct local inversion of the differential equation of motion. Their method usually
operates on a data set of the full vector displacement field, which can be timeconsuming. However, if one assumes incompressibility, only one component of
the vector displacement is sufficient for estimating the shear modulus.
Alternatively, Van Houten et al. (1999, 2000) described a finite element method
for solving the inverse problem. In their approach, a solution is iteratively
refined on small overlapping subzones of the overall domain, by minimizing
differences between forward calculations of displacement from the current
solution and measured values. Impressive results have been demonstrated on
synthetic 2D data with noise. The results on actual acquired data are poor,
probably because they are acquired in a transient mode and the model is
assuming equilibrium.

28

Plewes et al. (2000) proposed a quasi-static MRE method for breast cancer
evaluation. The method essentially belongs to compressional elastography,
except that they used MRI, instead of ultrasound, to detect tissue deformation.
Due to the requirement of the imaging system, the compression was not static,
but quasi-static at very low frequency (about 1 Hz). Two inversion algorithms,
aiming to improve the robustness (in terms of sensitivity to noise) of Young’s
modulus reconstruction, were also studied. The same research group also
reported the magnetic resonance imaging of ultrasound field (Walker et al., 1998).

2.3 Vibro-acoustography

The elasticity imaging methods mentioned in the previous section all
apply stress through the whole object under test. It is also possible to introduce
localized stress through the radiation force of ultrasound. The acoustic radiation
force is an example of a universal phenomenon in any wave motion that
introduces some type of unidirectional force on absorbing or reflecting targets in
the wave path. Radiation force of a focused ultrasound beam has been used to
remotely generate localized shear waves, which was used to characterize
material properties of the object [Sarvazyan et al. 1998]. Nightingale et al. (2001)
proposed a “remote palpation” method where radiation force was used to
“push” a small region inside the object and the response of that region were
measured by ultrasound correlation method. A stiffer region exhibits smaller
displacement than a more compliant region. Walker et al. (2000) suggested that
quantitative mechanical properties could be derived from such a timedisplacement curve.
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Vibro-acoustography [Fatemi and Greenleaf, 1999] is a new elasticity
imaging method, which is also based on radiation force from ultrasound. Figure
2.2 is a brief diagram of a vibro-acoustography imaging system. The confocal
transducer has a center disk and an outer ring that introduce two ultrasound
beams to the same focal spot. These two ultrasound beams have slightly different
frequencies: for example, ω1 =1.01 MHz, and ω 2 =0.99 MHz. At the focal spot, the
interference of these two beams will cause the object to vibrate at the beat
frequency, in this case, at ∆ω =20 kHz. The resulting acoustic emission contains
information about the local material properties of the object and can be detected
by the acoustic hydrophone. Scanning the focal point of the transducer in a raster
manner will generate a 2D image of the object.
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Figure 2.2 Diagram of vibro-acoustography imaging system. The confocal
transducer has two elements: a center disk and an outer ring. The object is
vibrating at the beat frequency ∆ω . Its emission is detected by the
acoustic hydrophone to reconstruct the image.

Vibro-acoustography is particularly useful for imaging hard inclusions in
soft material. For example, it has been used to image calcification in human
arteries [Fatemi et al., 1998], fractures in metal heart valves [Fatemi et al., July
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2000], and microcalcifications in breast tissue [Fatemi et al., 2002]. Figure 2.3
shows two excised human arteries imaged by vibro-acoustography. The
calcifications are clearly delineated in the vibro-acoustogram, which is confirmed
by the x-ray image. Since the traditional B-mode image is related to bulk
modulus of the medium, the contrast between artery wall and calcification
would be too small to be seen.

Figure 2.3 Vibro-acoustography image of human arteries. (A) X-ray
image of normal (left) and calcified (right) human arteries. Bright areas
indicate calcifications. (B) Acoustic amplitude image at a fixed different
frequency of 6kHz. Calcification details appear bright, while the arterial
walls are dim.

As a new elasticity imaging method, vibro-acoustography has several beneficial
features. First of all, the force applied is oscillatory, allowing the dynamic characteristics
of the material to be evaluated. The frequency of vibration can be easily varied to cover a
large range, from hundreds of hertz to tens of kilohertz. This feature facilitates the
spectrum evaluation of the dynamic response of the object. Resonant modes of the object
can be excited to reveal useful information about the object. In fact, this idea was used in
the detection of fractures in metal heart valves [Fatemi et al., July 2000]. Other dynamic
elasticity imaging methods can only provide information below 1 kHz. Secondly, the
applied stress is highly confined and can be applied at select remote positions. High
spatial resolution can be achieved and considerable smaller stress is required than the
case of global excitation, avoiding exposing tissue to potentially damaging larger strain
fields. In addition, local excitation means simple image reconstruction procedures, in
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contrast to global excitation where the stress and strain field can become very complex
and hard to analysis. Thirdly, this method is highly sensitive in detecting small motions.
Displacement in the order of a few nanometers can be detected [Fatemi et al. 1999].
However, the sensitivity of ultrasound pulse echo methods to motion, at common medical
ultrasound frequencies, is limited to several micrometers.

2.4 Description of the thesis research
Vibro-acoustography is a promising elasticity imaging method, as
described above. However, the reconstructed image is only a semi-quantitative
representation of the mechanical properties of the object. The acoustic emission
at each scanning point is actually a combined response of the reflectivity,
stiffness, and object emittance at that particular location. Therefore, the vibroacoustic image is not a direct presentation of a single mechanical property, but
only a relative mapping of the “stiffness” distribution of the object. As can be
inferred from the review of elasticity imaging methods, truly quantitative
techniques are more preferable. Although a conceptual physical model was
proposed by Fatemi et al. (1999), no quantitative results were presented.

Other than imaging, another potential application of vibro-acoustography
is material characterization. In this thesis, we want to explore this possibility,
which is in the nature quantitative. We speculate that by evaluating the response
of the object to many excitation frequencies, we can estimate the mechanical
properties, such as the complex shear modulus, of the object. For this purpose, a
quantitative model is proposed for a spherical target embedded in a viscoelastic
homogenous medium. The goal is to estimate the mechanical properties of the
medium by evaluating the displacement-frequency response of an embedded
spherical target. In this approach we excite the target (e.g., a sphere) at a fixed
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position, and monitor its response as we change the excitation frequency ( ∆ω ).
By fitting the model to the data, material properties of the medium may be
measured. A quantitative model may also help interpret the meaning of each
image, and explore new applications of this relatively young imaging method.

The model of a spherical target is studied because it can be treated with a
reasonable amount of math, and the rational behind this model can be extended
to more complex and realistic scenarios. In other words, we just use the spherical
model as an example to explore the possibility of quantitative analysis with
vibration induced by radiation force of ultrasound. Furthermore, the dynamic
radiation stress field at the focus of the confocal transducer is ellipsoidal, which
is a generality of the spherical case. One potential medical application of this
model is to estimate the mechanical properties of breast tissue, using
microcalcification in the breast as a target. Breast microcalcifications are
commonly found within both benign and malignant lesions. The advantages and
feasibility of using vibro-acoustography to detect breast calcification were
demonstrated by Fatemi et al. (2002). Previous studies suggest that malignant
breast tissues are considerably stiffer than benign breast tissues [Krouskop et al.,
1998]. Therefore, information about tissue properties obtained from the vibration
of microcalcification has diagnostic value. Other potential applications of this
method can be nondestructive evaluation for materials such as polymers or other
soft materials. The nature of this technique allows us to remotely access the
mechanical properties of the medium around a target.

The focus of this thesis is to develop a quantitative model to study the
response of a spherical target embedded in a viscoelastic homogenous medium.
The following specific aims are proposed for this thesis research:
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I. Develop a theoretical model for a sphere in water. The behavior of a sphere in
water subjected to an incident sound field is well developed in theoretical
acoustics. Therefore, resources in the literature can ease the development of
the model in water, which provides a good start for this research. The
oscillatory radiation force on the sphere due to interference of ultrasound
waves should be analyzed. Then the radiation impedance of an oscillating
sphere will be used with the driving force to solve for the motion of the
sphere, from which the resultant acoustic emission can be computed.
II. Extend the model to a spherical target in viscoelastic medium to better
represent the real application scenario. Because viscoelastic media can
support shear waves and damping mechanisms are also considered here, the
calculation of radiation force and impedance of the sphere should be
modified.
III. Design experiments to measure the response of the sphere in water and in
viscoelastic media, using acoustic emission or any other appropriate detection
methods, to validate the models.
IV. Explore the possibility of material characterization using the theoretical
model. The goal is to derive quantitative information about the mechanical
properties of either the target (i.e., the sphere) or its surrounding medium by
the measured response of the target at different excitation situations (i.e.,
different vibration frequencies). Experimental evidence must be obtained to
support the theory.

34

2.5 Reference
1. Alam SK and Ophir J: Reduction of signal decorrelation from mechanical
compression of tissues by temporal stretching: application to elastography.
Ultrasound Med. & Biol. 23: 95-105, 1997
2. Alam SK, Ophir J, and Konofagou EE: An
adaptive strain estimator for
elastography. IEEE Trans. Ultrason. Feeroelec. Freq. Control. 45: 461-472, 1998.
3. Alam SK, Ophir J, Cespedes I and Varghese T: A deconvolution filter for
improvement of time-delay estimation in elastography. IEEE Trans. Ultrason.
Feeroelec. Freq. Control. 45: 1565-1572, 1998.
4. Bertrand M, Meunier J, Doucet M, and Ferland G: Ultrasonic biomechanical strain
gauge based on speckle tracking. IEEE Ultrasonic Symp. 1989; 2: 859-863.
5. Bohs LN, Trahey GE: A novel method for angle independent ultrasonic imaging of
blood flow and tissue motion. IEEE Trans. Biomed. Eng. 38: 280-286, 1991.
6. Cespedes I and Ophir J: Elasticity imaging using ultrasound with application to
muscle and breast in vivo. Ultrason Imaging 15: 73-88, 1993.
7. De Jong P, Arts T, Hoeks APG, and Reneman RS: Determination of tissue motion
velocity by correlation interpolation of pulsed ultrasonic echo signals. Ultrason
Imaging 12: 84-98, 1990.
8. Dickinson RJ and Hill CR: Measurement of soft-tissue motion using correlation
between A-scans. Ultrasound in Med. & Biol. 8(3): 263-271, 1982.
9. Dutt V, Kinnick RR, Muthupillai R, Oliphant TE, Ehman RL, and Greenleaf JF:
Acoustic shear-wave imaging using echo ultrasound compared to magnetic
resonance elastography. Ultrasoud in Med. & Biol. 26(3): 397-403, 2000.
10. Fatemi M and Greenleaf JF: Ultrasound-stimulated vibro-acoustic spectrography.
Science 280:82-85, 1998.

35

11. Fatemi M, Rambod E, Gharib M, and Greenleaf JF: Nondestructive testing of
mechanical heart valves by vibro-acoustography. 7th International Congress on
Sound and Vibration, Garmisch-Partenkirchen, Germany, July 4-7, 2000.
12. Fatemi M, Wold LE, Alizad A, and Greenleaf JF: Vibro-acoustic tissue
mammography. IEEE. Trans. Med. Imag. 21(1): 1-8, 2002.
13. Fujii K, Sato T, Kameyama K, Inoue T, Yokoyama K, and Kobayashi K: Imaging
system of precise hardness distribution in soft tissue in vivo using forced vibration
and ultrasonic detection. Acoustical Imaging (Plenum Press, New York) 21: 253-258,
1995.
14. Huang, SR: On estimating the amplitude of harmonic vibration from the Doppler
spectrum of reflected signals. J. Acoust. Soc. Am. 88(6): 2702-2712, 1990.
15. Huang SR, Lerner RM, and Parker KJ: Time domain Doppler estimators of the
amplitude of vibrating targets. J. Acoust. Soc. Am. 91(2): 965-974, 1992.
16. Kallel F, Bertrand M, and Ophir J: Fundamental limitations on the contrast-transfer
efficiency in elastography: an analytic study. Ultrasound Med. & Biol. 22(4): 463-470,
1996.
17. Kallel F and Bertrand M: Tissue elasticity reconstruction using linear perturbation
method. IEEE Trans. Med. Imaging. 15: 299-313, 1996.
18. Kallel F, Bertrand M, Ophir J, and Cespedes I: Advancec in tissue elasticity
reconstruction using linear perturbation method. Acoustical Imaging (Plenum Press,
New York). 22: 267-277, 1996.
19. Kallel F and Ophir J: A least squares estimator for elastography. Ultrasonic Imaging.
19: 195-208, 1997.
20. Konofagou EE and Ophir J: A new elastographic method for estimation and imaging
of lateral displacements, lateral strains, corrected axial strains and Poison’s ratios in
tissues. Ultrasound Med. Biol. 24: 1183-1199, 1998.

36

21. Krouskop TA, Dougherty DR, and Levinson SF: A pulsed Doppler ultrasounic
system for making noninvasive measurements of the mechanical properties of soft
tissues. J. Rehabil. Res. and Dev. 24(2): 1-8, 1987.
22. Lerner RM, Huang SR, and Parker KJ: “Sonoelasticity” images derived from
ultrasound signal in mechanically vibrated tissues. Ultrasound in Med. & Biol. 16(3):
231-239, 1990.
23. Levinson SF, Shinagawa M, and Sato T: Sonoelastic determination of human skeletal
muscle elasticity. Journal of Biomechanics. 28(10): 1145-1154, 1995.
24. Lewa C: Magnetic resonance in the presence of mechanical waves. Spectroscopy
Letters. 24(1): 55-67, 1991.
25. Manduca A, Oliphant TE, Dresner MA, Mahowald JL, Kruse SA, Amromin E,
Felmlee JP, Greenleaf JF, and Ehman RL: Magnetic resonance elastography: Noninvasive mapping of tissue elasticity. Medical Image Analysis 5:237-254, 2001.
26. Moran P: A flow velocity zeugmatographic interlace for NMR imaging in humans.
Magnetic Resonance Imaging. 1: 197-203, 1982.
27. Muthupillai R, Lomas DJ, Rossman PJ, Greenleaf JF, Manduca A, and Ehman RL:
Magnetic resonance elastography by direct visualization of propagating acoustic
strain waves. Sci. 269:1854-1857, 1995.
28. Nightingale KR, Palmeri ML, Nightingale RW, and Trahey GE: On the feasibility of
remote palpation using acoustic radiation force. J. Acoust. Soc.Am. 110(1): 625-634,
2001.
29. O’Donnell M, Skovoroda AR, Shapo BM, and Emelianov SY: Internal displacement
and strain imaging using ultrasonic speckle tracking. IEEE Trans. Ultrason.
Ferroelectr. Freq. Control 41: 314-325, 1994.
30. Oliphant TE, Manudca A, Ehman RL and Greenleaf JF: Complex-valued stiffness
reconstruction for magnetic resonance elastography by algebraic inversion of the
differential equation. Magnetic Resonance in Medicine. 45: 299-310, 2001.

37

31. Ophir J, Cespedes I, Ponnekanti H, Yazdi Y, and Li X: Elastography: A quantitative
method for imaging the elasticity of biological tissues. Ultrason. Imag. 14: 111-134,
1991.
32. Ophir J, Cespedes I, Garra B, Ponnekanti H, Huang Y, and Maklad N: Elastography:
ultrasonic imaging of tissue strain and elastic modulus in vivo. European Journal of
Ultrasound. 3: 49-70, 1996.
33. Ophir J, Alam SK, Carra B, Kallel F, Konofagou E, Krouskop T, and Varghese T:
Elastography: ultrasonic estimation and imaging of the elastic properties of tissues.
Proc. Instn. Mech. Engrs. 213(H): 203-233, 1999.
34. Parker KJ and Lerner RM: Sonoelasticity of organs: shear waves ring a bell. Journal
of Ultrasound in Med. 11(8): 387-392, 1992.
35. Parker JK, Huang SR, Musulin RA, and Lerner RM: Tissue response to mechanical
vibrations for “sonoelasticity imaging”. Ultrasound Med. & Biol. 16(3): 241-246, 1990.
36. Plewes DB, Bishop J, Samini A, and Sciarretta J: Visualization and quantification of
breast cancer biomechanical properties with magnetic resonance elastography. Phys.
Med. Biol. 45: 1591-1610, 2000.
37. Ponnekanti H, Ophir J, and Cespedes I: Axial stress distributions between coaxial
compressors in elastography: An analytical model. Ultrasound Med. & Biol. 18: 667673, 1992.
38. Ponnekanti H, Ophir J, Huang Y, and Cespedes I: Fundamental mechanical
limitations on the ivsualization of elasticity contrast in elastography. Ultrasound in
Med. & Biol. 21(4): 533-543, 1995.
39. Quazi A: An overview on the time-delay estimate in active and passive systems for
target localization. IEEE Trans. Acoustics, Speech and Signal Processing 29(3): 609611, 1981.
40. Rubens DJ, Hadley MA, Alam SK, Gao L, Mayer RD, and Parker KJ: Sonoelasticity
imaging of prostate cancer: In vitro results. Radiology 195: 379-383, 1995.

38

41. Saada AS: Elasticity, theory and applications. Pergamon Press, New York, 1974: 395428.
42. Sarvazyan AP, Redenko OV, Swanson SD, Fowlkers JB, Emelianov SY: Shear wave
elasticity imaging: a new ultrasonic technology of medical diagnostics. Ultrason.
Med. Biol. 24:1419-1435, 1998.
43. Skovoroda AR, Emelianov SY, and O’Donnell M: Tissue elasticity reconstruction
based on ultrasonic displacement and strain images. IEEE Trans. Ultrason. Ferroelec.
Freq. Control. 42: 747-765, 1995.
44. Stafford Rj, Kallel F, Hazle J, Cromeens D, Price R, and Ophir J: Elastographic
imaging of thermal lesions in soft-tissue: a preliminary study in vitro. Ultrasound
Med. Biol. 24:1449-1458, 1998.
45. Sumi C, Suzuki A, and Nakayama K: Estimation of shear modulus distribution in
soft tissue from strain distribution. IEEE Trans. Biomde. Engng. 42: 193-202, 1995.
46. Talhami HE, Wilson LS, and Neale ML: Spectral tissue strain: A new technique for
imaging tissue strain using intravascular ultrasound. Ultrasound in Med. & Biol.
20(8): 759-772, 1994.
47. Trahey GE, Allison JW, Von Ramm OT: Angle independent ltraonic detection of
blood flow. IEEE Trans. Biomed. Eng. 34: 965-967, 1988.
48. Tristam M, Barbosa DC, Cosgrove DO, Nassiri DK, Bamber JC, and Hill CR:
Ultrasonic study of in vivo kenetic characteristics of human tissues. Ultrasound in
Med. & Biol. 12(12): 927-937, 1986.
49. Tristam M, Barbosa DC, Cosgrove DO, Bamber JC, and Hill CR: Application of
Fourier analysis to clinical study of patterns of tissue movement. Ultrasound in Med.
& Biol. 14(8): 695-707, 1988.
50. Van Houten EEW, Paulsen KD, Miga MI, Kennedy FE, and Weaver JB: An

overlapping subzone technique for MR-based elastic property reconstruction.
Magnetic Resonance in Medicine 42: 779-786, 1999.

39

51. Van Houten EEW, Miga MI, Kennedy FE, Weaver JB, and Paulsen KD: Elasticity
reconstruction from experimental MR displacement data: initial experience with an
overlapping subzone finite element inversion process. Med. Phys. 27(1): 101-107,
2000.
52. Varghese T and Ophir J: Enhancement of echo-signal correlation in elastography
using temporal stretching. IEEE Trans. Ultrason. Ferroelec. Freq. Control. 44: 173180, 1997.
53. Von Gierke HE, Oestreicher HL, Franke EK, Parrack HO, Von Wittern WW. Physics
of vibrations in living tissues. J. Appl. Physiol. 4: 886-900, 1952.
54. Walker CL, Foster FS, and Plewes DB: Magnetic resonance imaging of ultrasound
fields. Ultrasound in Med. & Biol. 24(1): 137-142, 1998.
55. Walker WF, Fernandez FJ, and Negron LA: A model of imaging viscoelastic
parameters with acoustic radiation force. Phys. Med. Biol. 45: 1437-1447, 2000.
56. Wedeen V, Meuli R, Edelman R, Geller S, Frank L, Brady T, and Rosen B: Projective
imaging of pulsatile flow wit magnetic resonance. Science 230: 946-948, 1985.
57. Wedeen V: Magnetic resonance imaging of myocardial kinematics. Technique to
detect, localize, and quantify the stain rates of the active human myocardium.
Magnetic Resonance in Medicine. 27: 52-67, 1992.

40

Chapter 3

Physical Model in Water

3.1 Introduction
The behavior of a sphere in water subjected to a sound field is well
studied in theoretical acoustics. Topics treated include scattering [Faran 1951,
Hickling 1962], radiation [Morse 1981], and radiation force [Hasegawa et al.
1969], etc., which are essential to develop our theoretical model. In this chapter,
we propose a physical model for a sphere in water that is vibrated by two plane
waves of ultrasound with slightly different frequencies. This model is a
simplified representation of reality, but it allows the problem to be solved with a
reasonable amount of mathematics. The theory can be readily extended to a
sphere in visco-elastic medium. The rational behind this development can be
applied to objects of shapes other than an ideal sphere.

We first solve for the radiation force on an elastic sphere in water, caused
by two incident ultrasound plane waves with slightly different frequencies. This
radiation force has an oscillatory (dynamic) component caused by the
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interference of two sound waves. The radiation impedance of the sphere, which
represents the resistance the sphere meets when it pushes its surrounding
medium to vibrate, is calculated. The mechanical impedance of the sphere, which
comes from the inertia of the sphere, is added to the radiation impedance to
obtain the total resistance towards vibration. The oscillatory speed of the sphere
is equal to the dynamic radiation force divided by the total impedance of the
sphere. Finally, the acoustic emission from the sphere is solved from the
oscillatory speed of the sphere. Experiments are performed for stainless steel
spheres of different sizes vibrated in water. The vibration speed versus vibration
frequency of the sphere is measured by laser vibrometer. The results fit the
prediction of the theory.

3.2 Radiation Force on a Sphere

3.2.1 Background on Radiation Force Calculation

The calculation of acoustic radiation force on a sphere in an axisymmetric
field has been the research interest of many theorists for a long time. It can be
traced back to the paper by L. V. King (1934). King derived a formula for the
radiation force on a rigid sphere in non-viscous fluid. His method was later
modified by Yosioka et al. (1955) and Hasegawa et al. (1969) to include the effects
of compressibility of the sphere. The radiation force exerted by an ultrasonic
beam on a sphere was then used as a primary method for determining the
acoustic intensity of ultrasonic fields [Hasegawa et al. 1975; Dunn et al. 1977].
Later, the method was extended again to include the absorption of the sphere
[Hasegawa et al. 1978]. Chen et al. (1996, 1997) extended the calculation to a
sphere in any axisymmetric sound fields. Calculation of radiation force on
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spherical and cylindrical shells was reported [Hasegawa et al. 1993]. The research
on radiation force is still very active today.

The acoustic radiation force is a time-average force exerted by an acoustic
field on an object. This force is caused by a change in the energy density of an
incident acoustic field. Thus, an object in the wave path that absorbs or reflects
sound energy is subjected to acoustic radiation force. This force is usually a static
force, given that the intensity of the incident sound field does not change over
time. All the methods mentioned above address static radiation force resulting
from the incident of a steady sound field. However, in vibro-acoustography the
incident ultrasound is modulated such that its energy density changes
sinusoidally at a low frequency (in the order of a few kilohertz). So the radiation
force on the object is oscillatory, or dynamic [Fatemi et al. 1999]. But the
magnitude of this dynamic force is still unknown. In this chapter, we derive the
dynamic radiation force on a sphere in a non-viscous fluid. Chapter 4 extends the
calculation to a sphere in soft visco-elastic materials.

3.2.2 Radiation Force in Vibro-acoustography

Following the method of Hasegawa et al. (1969), we derive the dynamic
radiation force on an elastic sphere surrounded by some homogeneous medium.
For the details of this derivation, refer to Appendix A. The scattered wave from a
sphere insonified by a plane longitudinal wave can be computed by matching
the boundary conditions at the surface of the sphere. Using the principle of
superposition, the scattered waves from two plane waves of different frequency
can be found. The radiation force on the sphere can be calculated by integrating
the resultant pressure field around the surface of the sphere, followed by time
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average. Because the radiation force is a second-order small quantity, the stress
field needs to be accurate to the second order, which means solving nonlinear
wave equations. The formula first developed by Yosioka et al. (1955) is used to
calculate the surface integral. This formula allows us to compute the second
order surface integral using scattered waves obtained from the linear (first order)
solution, which greatly simplifies the calculation.

Consider two plane waves of frequency f1 and f 2 incident on a sphere
immersed in fluid. The radiation force on the sphere is along the incident wave
direction. Because of the interference of two ultrasound beams, it turns out that
the radiation force has a dynamic part of frequency f 2 − f1 :

Fd = πa 2 E d Yd Cos[2π ( f 2 − f1 )t − ϕ ] .

(3.1)

The explicit formulae for Ed and Yd are given by Equation (A14) and Equation
(A15) of Appendix A. The symbol

represents short-term time average. ϕ is the

phase shift between the dynamic radiation force and the incident field. This
formula shows that the dynamic radiation force is proportional to the projected
area of the sphere ( πa 2 ) and the dynamic energy density Ed , which is related
to the intensity of the incident fields. The dynamic radiation force function Yd is
a coefficient determined by the material properties of the sphere and its
surrounding medium. It is also a function of f1 and f 2 . When f1 approaches to
f 2 , Yd approximates the traditional radiation force function Y where only one

single ultrasound plane wave is presented.
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3.2.3 Computer Simulations

Figure 3.1 Radiation force function of a 440C stainless steel sphere in
water. Parameters for the sphere: density = 7840 kg/m3, longitudinal
wave speed = 5854 m/s, shear wave speed= 3150 m/s [Dunn et al. 1977].
Parameters for water: density = 1000 kg/m3, sound speed = 1500 m/s.

Figure 3.1 is a computer simulation of the traditional radiation force function Y
for a stainless steel sphere in water. Y is a function of ka, where k is the wave
number ( 2π / λ ) of the incident field and a is the radius of the sphere. The
positions of the minimums and maximums are determined by material
properties of the sphere and its surrounding medium. When k1a and k 2 a ( k1 and
k 2 are the wave numbers of two incident plane waves) are far from the extrema

of this curve, Y ( k1a ) ≈ Y ( k 2 a ) . Therefore, the dynamic radiation force function Yd
approximates Y ( k a ) and is independent of k1a and k 2 a . When k1a and k 2 a are
close to the extrema of the curve, Y changes rapidly with ka. Thus Yd should be a
function of k1a and k 2 a . The simulations of Figure 3.2 through Figure 3.5
illustrate this point more clearly.
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Figure 3.2 Yd as a function of ∆f . Mean frequency of the two incident
waves f = 1MHz . The sphere’s radius a is 0.82 mm and k a is 3.435,
which is the position of the first maximum in Figure 3.1. Y ( k a ) is 0.887
[Dunn et al. 1977].

Figure 3.3

ϕ

as a function of ∆f . Mean frequency of the two incident

waves f = 1MHz . The radius a is 0.82 mm and k a is 3.435, which is
the position of the first maximum in Figure 3.1.
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In those simulations, Yd and ϕ are calculated by Equation (A15) and
Equation (A16) of Appendix A. Please note that propagation time between the
target and the transducer also causes a phase shift, which is a arbitrary constant
determined by the distance between the target and the transducer. However, ϕ
is the phase shift between the dynamic radiation force and the local sound field
(thus independent of propagation distance), due to the interaction between the
sound filed and the sphere. Let f denote the average of the frequencies of the
two incident waves: f = ( f1 + f 2 ) / 2 . f1 and f 2 are varied in a way such that f
is constant while ∆f = f1 − f 2 changes. In Figure 3.2 and 3.3, f and a are
carefully chosen such that k a is 3.435, which is the position of the first maximum
in Figure 3.1. Because this section of the Y:ka curve is relatively flat, we see very
little change in Yd and ϕ versus ∆f . In Figure 3.4 and 3.5, the radius of the
sphere is chosen such that k a is 3.435, which is the position of the first minimum
in Figure 3.1. The value of Yd starts to deviate Y as ∆f increases. The variation
over 60 kHz is about 50%. The phase of the dynamic radiation force also shifts
over 25 degrees.
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Figure 3.4 Yd as a function of ∆f . Mean frequency of the two incident
waves f = 1MHz . The radius a is 1.313 mm and k a is 5.5, which is
the position of the first minimum in Figure 3.1. Y ( k a ) is 0.534 [Dunn et
al. 1977].

Figure 3.5

ϕ

as a function of ∆f . Mean frequency of the two incident

waves f = 1MHz . The radius a is 1.313 mm and k a is 5.5, which is the
position of the first minimum in Figure 3.1.
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There are a few cases where the value of Y is extremely sensitive to the
change of ka. As an example, a simulation of the radiation force function Y for a
lead sphere in water is shown in Figure 3.6. At the vicinity of the resonant peaks,
we cannot use Y to approximate Yd . Figure 3.7 is the simulation of Yd versus ∆f
at the neighborhood of the second peak. It shows that the variance of Yd versus

∆f can be fairly large, especially at low ∆f . The phase shift of the dynamic
radiation force is also sensitive to ∆f , as shown in Figure 3.8. Under such
circumstances, Yd is no longer independent of f1 and f 2 , and Equation (A15) of
Appendix A should be used to calculate Yd .

Figure 3.6 Radiation force function of a lead sphere in water.
Parameters for the sphere: density = 11300 kg/m3, shear wave speed =
700 m/s, longitudinal wave speed = 2160 m/s, [Chivers et al. 1982].
Parameters for water: density = 1000 kg/m3, sound speed = 1500 m/s.
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Figure 3.7 Yd as a function of ∆f . Mean frequency of the two incident
waves f = 1MHz . The radius a is 0.4296 mm and k a is 1.8, which is
the position of the second maximum in Figure 3.6 Y ( k a ) is 9.24.

Figure 3.8

ϕ

as a function of ∆f . Mean frequency of the two incident

waves f = 1MHz . The radius a is 0.4296 mm and k a is 1.8, which is
the position of the second maximum in Figure 3.6.
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For the experiments in this thesis, we use 440C stainless steel spheres. The
Y:ka curve is relatively flat and ∆f is less than 2 kHz. The variance of Yd is not
significant and Yd can be approximated by Y ( k a ) . Therefore, the traditional
radiation force function Y is used to compute the dynamic radiation force on the
sphere in this thesis. And we assume that this oscillatory force on the sphere is
constant (both amplitude and phase) over the entire range of ∆f studied.

3.3 Impedance of the sphere

From the theory developed above, the dynamic driving force on the
sphere is known. To find out the response of the sphere, we need to compute the
resistance it will meet when the sphere tries to move back and forth. The
radiation impedance and the mechanical impedance represent this resistance. In
this section, these impedances are used to solve for the oscillating speed of the
sphere, from which the acoustic emission from the sphere can also be derived.

3.3.1 Radiation Impedance of the Sphere

For a rigid sphere oscillating back and forth at frequency ∆ω , the stress
field around the sphere can be calculated. The net force on the sphere can be
found by integrating the stress at the surface of the sphere. The radiation
impedance of the sphere is equal to this force divided by the vibrating speed of
the sphere, and represents the resistance the sphere will “feel” when pushing its
surrounding medium back and forth. In the following section, we derive the
radiation impedance for a rigid sphere in a fluid [Morse 1981]. The formulae for a
rigid sphere in visco-elastic medium are given in Chapter 4.
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Assume that a rigid sphere of radius a, at the origin of a spherical
coordinate ( r, θ , φ ), is oscillating at velocity U = U 0 e i∆ωt . The resultant pressure
field from the sphere can be written as

p( r, θ , φ , t ) = A[ j1 ( ∆kr ) − in1 ( ∆kr )]P1 (Cosθ )e i∆ωt .

(3.2)

Here j1 , n1 , P1 are first order spherical Bessel function, spherical Neumann
function and Legendre polynomial. The wave number is ∆k = ∆ω / c , and A is a
coefficient to be determined by boundary condition. Therefore, the radial particle
velocity is
ur ( r, θ , φ , t ) =

2
1  i∆k ( ct − r )
∂p ACosθ  2i
e
,
=
+
−
2
2
3
r 
∆ωρ 0 ∂r
∆ωρ 0  ∆kr
∆k r
i

(3.3)

where ρ 0 is the density of the surrounding fluid. If the radius of the sphere is
small compared with the wavelength of the sound radiated, the limiting
expression for u r at r=a can be equated to U 0Cosθ e i∆ωt to determine A. Thus,
Equation (3.2) turns out to be

U 0 ρ 0 c( ∆ka ) 3  1
i 
−
p( r, θ , φ , t ) =
Cosθ e i∆ωt .
2
2

( ∆ka ) − 2 − i 2∆ka  ∆kr ( ∆kr ) 

(3.4)

The force exerted by the surrounding fluid on the sphere can be found by
integrating this pressure field around the surface of the sphere. Symmetry
requires that this force be along the axis of vibration, so one has
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2π

π

0

0

F = − a 2 ∫ dϕ ∫ p r =a Cosθ Sinθ dθ
=−

4πa 3
( ∆ka ) 3 + i ( ∆ka ) 2 + i 2
ρ 0 ∆ω
U 0 e i∆ωt .
3
( ∆ka ) 4 + 4

(3.5)

The radiation impedance of a sphere is defined as

Zr =

F
4πa 3
( ∆ka ) 3 + i ( ∆ka ) 2 + i 2
ρ 0 ∆ω
=−
U
3
( ∆ka ) 4 + 4

≈ −i

2πa 3
ρ 0 ∆ω .
3

(3.6)

The approximation holds when ∆ka << 1 , which is true in our applications.

3.3.2 Total Impedance of the Sphere

Another resistant force for vibration is the inertia of the sphere. For a
sphere of density ρ and oscillating velocity Ve i∆ωt , the force required to

4πa 3 ρ d (Ve i∆ωt )
4πa 3 ρ
=i
∆ωVe i∆ωt . We
overcome the inertia of the sphere is F =
3
dt
3
define the “mechanical” impedance of the sphere as

Zm =

−F
4πa 3 ρ
=
−
∆ω .
i
3
Ve i∆ωt

(3.7)

The “total” impedance of the sphere is
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Z = Z m + Z r ≈ −i

4πa 3
( ρ + 0.5ρ 0 ) ∆ω
3

(3.8)

3.4 Oscillating speed of the sphere

The dynamic radiation force drives the sphere to vibrate, and the
impedance represents the resistance towards vibration. Dividing the driving
force by the impedance yields the vibrating speed

V =

Fd
.
Zr + Zm

(3.9)

By the aid of Equation (3.1) and Equation (3.8), we have

V=

i3 Ed
Y
× d × Cos( 2π∆f t − ϕ )
4π ( 2 ρ + ρ 0 ) a∆f

(3.10)

Assuming Yd ≈ Y , the amplitude of the speed of vibration is

V =

3 Ed
Y
×
4π ( 2 ρ + ρ 0 ) a∆f

(3.11)
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It shows that the vibration magnitude of the sphere is proportional to

Y / a∆f , which will be verified with experiments in this chapter. The phase shift
between the oscillatory force and the velocity is fixed at 90 degrees.

3.5 Acoustic emission from the sphere

Once the vibrating speed of the sphere is known, the acoustic emission
from the sphere can be calculated. Assuming ∆ka << 1 , from Equation (3.4) and
Equation (3.10) we have

p( r, θ , φ , t ) ≈

Vρ 0 c( ∆ka ) 3  1
i 
−
Cosθ .
2

−2
 ∆kr ( ∆kr ) 

(3.12)

When we vary ∆f , the terms in the bracket will change the phase and the
magnitude of the pressure field. However, those terms cannot provide useful
information about the sphere or the fluid. Therefore, vibration speed of the
sphere is a better choice than acoustic emission from the sphere, in terms of
material characterization. Besides, the acoustic emission frequency ∆f in typical
applications is within the range of 20kHz to 40kHz. For frequency this low, it is
very difficult to suppress reflection of sound at the walls of the water tank. The
reverberation of low frequency sound in the tank makes it very difficult to
measure acoustic emission from the sphere accurately. So experiments are
mainly designed to verify the vibrating velocity of the sphere instead. Yet we
will still show some results for acoustic emission from the sphere in this chapter.
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3.6 Comparison of theory and experiment

3.6.1 Experimental setup
The setup of experiment is shown in Figure 3.9. The transducer vibrates
the sphere back and forth at frequency ∆f in the water tank. A laser vibrometer
(OFV-3001 controller with OFV-301 optics head, Polytec PI Inc., Auburn, MA) is
used to measure the vibration speed of the sphere. The laser vibrometer reflects a
beam of light from the sphere, and detects the vibrating velocity of the sphere
based on the Doppler frequency shift of the reflected laser. Four stainless steel
spheres (provided by New England Miniature Ball LLC, Norfolk, CT) of different
size are used in the experiment. We put each sphere at the focal spot of the
transducer and measure its vibration amplitude verses frequency ∆f . The laser
beams of the vibrometer and the laser pointer are used to align each sphere to
make sure that they stay at the focal spot of the transducer. Each sphere is
suspended with very fine suture material in a bifilar arrangement.

A hydrophone is also used to monitor the acoustic emission from the
sphere when we sweep the frequency of vibration. To circumvent the problem of
sound reverberation in the water tank, the excitation transducer is operated
under tone burst mode. The length of the tone burst is long enough to cover
several cycles of vibration, but short enough to exclude the reverberation from
the water tank.
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Figure 3.9 Diagram of experimental setup. The laser vibrometer detects
the motion of the sphere, which is vibrated by the transducer at
frequency ∆f . The hydrophone detects the acoustic emission from the
sphere. The laser beams of the vibrometer and the laser pointer are
used to position the sphere at the focal spot of the transducer. At the
lower left corner is the illustration of the bifilar suspension of the
sphere.

3.6.2 Experimental results
3.6.2.1 Velocity Measurement
It is difficult to accurately measure the energy density Ed of the incident
ultrasound. So each sphere is kept in the same position of the incident field and
Ed

is assumed to be constant for each sphere. Then 3 Ed /[4π ( 2 ρ + ρ 0 )] is

identical for each sphere. Therefore, Equation (3.11) can be simplified as

V ~

Y
a∆f

(3.13)
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Figure 3.10 is one set of measurement data for spheres excited at f =930
kHz. The vertical axis is the amplitude of vibration velocity. Since the velocity is
inversely proportional to ∆f , each curve should be a straight line within the loglog scale in this plot. All the dots are measurement points and each solid line is

1 / ∆f multiplied by a different scale. The measurement of each sphere decreases
linearly with ∆f .

Figure 3.10. Vibrations of 440C stainless steel spheres of different size in
water. Radius of the spheres: 0.44, 0.59, 0.64, 0.85 mm. Dots are
measurement points and the solid lines are fitted by LMS method.

The next step is to compare the measurements between different spheres.
For each sphere, k a can be calculated from the wavelength of the incident
ultrasound and the radius of the sphere. Therefore, the radiation force function Y
can be determined from computer simulation, as in Figure 3.1. Using Equation
(3.13), a relative estimation of Y also can be obtained from the radii of the spheres
and “heights” of the four solid lines in Figure 3.10. Table 3.1 is the comparison of
simulation and experimental data for f =930 kHz. The first row of numbers is
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the simulation result of Y. The second row of numbers is estimated from the
measurement data shown in Figure 3.10, and is normalized to the simulated Y of
the first sphere. The last two rows of Table 3.1 are estimations of Y from two
other independent measurements.

Then the frequency of the incident ultrasound is changed to f =1.34 MHz
to get the data shown Table 3.2. Since k a is now different for each sphere, the
values of Y are also different from those without the parentheses. The first row is
mathematical simulation and the three other rows are results derived from three
sets of experimental data.

TABLE 3.1 Comparison of Y in water for f =930 kHz.

Y

a=0.85 mm

a =0.64 mm

a =0.59 mm

a =0.44 mm

Simulation

0.89

0.86

0.84

0.68

Data set 1

0.89

0.87

0.79

0.70

Data set 2

0.89

0.87

0.79

0.68

Data set 3

0.89

0.84

0.79

0.68
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TABLE 3.2. Comparison of Y in water for f =1.34 MHz.

Y

a=0.85 mm

a =0.64 mm

a =0.59 mm

a =0.44 mm

Simulation

0.86

0.89

0.89

0.86

Data set 1

0.86

0.86

0.84

0.80

Data set 2

0.86

0.85

0.82

0.82

Data set 3

0.86

0.86

0.83

0.81

3.6.2.2 Acoustic Emission Measurement
For acoustic emission measurements, if ∆kr >> 1 , Equation 3.12 can be
further simplified as

p( r, θ , φ , t ) ≈

Vρ 0 c( ∆ka ) 3 1
Cosθ .
−2
∆kr

(3.14)

Combine Equation (3.14) and Equation (3.11) yields

p( r, θ , φ , t ) ≈

=

3 Ed
ρ c( ∆ka ) 3 1
Y
× 0
Cosθ
−2
∆kr
4π ( 2 ρ + ρ 0 ) a∆f
3π E d Y Cosθ
− 2( 2 ρ / ρ 0 + 1)cr

× a 2 ∆f .

(3.15)
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It means that the amplitude of acoustic emission from the sphere is proportional
to the vibration frequency ∆f , and the square of the radius of the sphere.

Figure 3.11 is a measurement of acoustic emission from three stainless
steel spheres of different sizes. For this measurement, ∆f > 30kHz and r > 10cm .
Therefore, ∆kr = 2π∆f r / c > 10 , where c is the sound speed in water. Equation
(3.15) predicts that the acoustic emission should increase linearly with ∆f .
However, the experimental data show a flat section around 40kHz for all three
spheres. One possible reason is that the hydrophone’s sensitivity is low at this
frequency. For a hydrophone, the linearity (input sound level versus output
voltage) at a given frequency is usually very good. But the sensitivity usually
varies with frequency. Another possible explanation is the interference of sound
at the surface of the hydrophone. Since an acoustic hydrophone usually has a
built-in preamplifier, its dimension is relatively large.

The output of the

hydrophone is the summation of all the sound wave on the surface of the
hydrophone. Therefore, there may be some interference patterns present in the
emission profiles. Compared to Figure 3.10, one can conclude that measuring the
velocity of the sphere is a better choice for quantitative study.

Equation (3.15) also predicts that the acoustic emission level is
proportional to the square of the radius of the sphere. Therefore, we compare the
magnitude of pressure for each sphere at every frequency measured. At every
frequency shown in Figure 3.11, we compute the ratio of acoustic pressure for
two spheres. The result is normalized by the squared ratio of the radius of these
two spheres. This procedure will generate an index to verify the factor a 2 in
Equation (3.15). A value of one implies a perfect match between theory and
experimental data. As shown in Figure 3.12, discrepancies are as high as 20%.
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Figure 3.11 Acoustic emissions from three 440C stainless steel spheres
of different size (o: a = 0.442mm, : a = 0.593mm, +: a = 0.638mm).
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Figure 3.12 Discrepancy between measurement and theoretical
2

prediction of a . Unit value along the vertical axis implies perfect
match between theory and experimental data.
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3.7 Discussion

In Tables 3.1 and 3.2, some columns of the experimental data are
consistently different from the theoretical simulation. We believe that this
systematic error comes from the estimation of Y. Because of the heat treating
during the manufacture process, the actual sound speeds in the sphere may be
different from those values quoted from the literature. So the Y from the
simulation can be slightly different from the true value. The random error
between independent estimation of Y is about 3%. Measurements at more values
of k a will help develop a complete experimental Y: k a curve.

In the calculation of radiation force, we assume that the incident fields
consist of two plane progressing waves of slightly different frequency. This
assumption will hold at the focal spot of the excitation transducer, given that the
diameter of the sphere is smaller than the focal width of the ultrasound beams.
For situations where this assumption does not hold, one just needs to
accordingly change the coefficients of the spherical harmonics of the incident
waves. The radiation force calculation formulae in Appendix A are still valid. For
more information, refer to the paper by Chen et al. (1996, 1997).

Figure 3.13 and 3.14 illustrate the pressure fields of a 3MHz confocal
transducer. These pictures are captured by a Schlieren optical system, which is
based on the principle that water under different sound pressure has different
optical properties. One can see that the sound field from the center element (a
disk) of the confocal transducer is relatively well behaved. However, the sound
field from the outer element (a ring) is fairly complex. This is bad for quantitative
measurement because the incident intensity may be different when we change
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the frequencies of excitation to get a velocity profile of the sphere. Therefore, an
alternative scheme is used to generate dynamic radiation force. Using the
triangular identity relation

 ω + ω2 
 ω − ω2 
Cosω1t + Cosω 2 t = 2Cos 1
t Cos 1
t ,
 2

 2


(3.16)

one can use a single amplitude modulated (AM) sound wave to substitute two
incident waves with different frequencies. In fact, all quantitative experiments in
this thesis use an AM incident field from a single element transducer. The focal
width of the transducer is about 5mm. The incident field is closer to the plane
wave assumption and the experimental results fit the theory better.

Figure 3.13 Optical image of the pressure field from the center element
of the 3MHz confocal transducer. The image represents instantaneous
pressure integrated normal to the principle direction of ultrasound
propagation. The transducer is located at the left side of the image and
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Figure 3.14 Optical image of the pressure field from the outer ring of
the 3MHz confocal transducer. The transducer is located at the left side
of the image and the sound wave is propagating to the right.

3.8 Summary

In this chapter, we present a quantitative model for a sphere vibrated by
two ultrasound plane waves in fluid. The radiation force on the sphere is
derived. Due to the interference of two waves, it turns out that the radiation force
on the sphere has a DC component and an oscillatory component at the beat
frequency of the two ultrasound waves ∆f . We define a new term, dynamic
radiation force function Yd , in contrast to the traditional radiation force function
Y. Computer simulations show that Yd is practically identical to Y, when ∆f is
small and k a is far from the extrema of the Y:ka curve. The radiation impedance
and the mechanical impedance of the sphere represent the resistance the sphere
meets when it vibrates. They are used with the dynamic radiation force to
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calculate the vibrating velocity of the sphere, from which the acoustic emission
by the sphere is also solved. The model predicts a simple relationship of
vibrating velocity versus ∆f .

Experiments are performed for four stainless steel spheres of different size
in water. The velocity profiles (velocity versus ∆f ) measured by laser vibrometer
confirm the theoretical prediction. The dynamic radiation force calculation is also
verified by data derived from the relative magnitudes of the velocity profiles
measured for different spheres. Measurements of acoustic emissions from these
spheres are also presented. Comparison shows that velocity measurement is a
better choice for quantitative study.
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Chapter 4

Physical Model in Viscoelastic Medium

4.1 Introduction
In the previous chapter, a quantitative model is proposed for a sphere
vibrated in water, which is also verified by experiments. However, the model in
Chapter 3 cannot be applied to media other than non-viscous fluid. In material
characterization and medical diagnosis, most of the media encountered
demonstrate viscoelastic properties. Therefore, it is necessary to extend the
model to include the viscoelastic properties of the medium. In this chapter, we
present a physical model for a sphere vibrated in viscoelastic medium.

Mechanical models are often used to discuss the viscoelastic behavior of
materials. In Figure 4.1 are shown three mechanical models of material behavior,
namely, the Maxwell model, the Voigt model, and the Kelvin model, all of which
are composed of combinations of linear spring constant µ and dashpots with
coefficient of viscosity η . A linear spring is supposed to produce instantaneously
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a deformation proportional to the load. A dashpot is supposed to produce a
velocity proportional to the load at any instant. In Figure 4.1, F and u represent
force and displacement respectively. Each model establishes a unique stressstrain relation to represent the viscoelastic material. In a Maxwell model, the
displacement of the body is the summation of those from the spring and the
dashpot. In a Voigt body, the total force is the summation of those from the
spring and the dashpot. The Kelvin model is the combination of the Maxwell
model and the Voigt model.

The stress-strain model is very important in deriving the wave equations
for our analysis in this chapter. Different models lead to different expressions of
wave equations, and the results derived from these equations are only applicable
to materials demonstrating that kind of stress-strain behavior. In acoustics, the
Voigt model is usually used due to its generality and simplicity. In this chapter,
we also adopt the Voigt model ( F = µu + ηu& ) in our analysis of viscosity. For
example, when calculating radiation force on the sphere, we need to solve for the
scattered waves from the sphere. The viscosity of the medium around the sphere
can be represented by the attenuations of compression and shear waves. In
Appendix B, these viscous effects are included by introducing complex wave
numbers for the compression and shear moduli. The rational behind this
substitution is the assumption of Voigt viscosity model. The formula of radiation
impedance (quoted from a paper of Oestreicher, 1951) for a sphere in viscoelastic
medium also results from a Voigt stress-strain assumption.
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Figure 4.1 Three mechanical models of viscoelastic material [Fung
1993]. (a) A Maxwell body, (b) a Voigt body, and (c) a Kelvin body.

The 1D Voigt model shown in Figure 4.1 can be extended into 3D space,
where shear deformation will come into the picture. In acoustics, the essential
difference between a fluid and a viscoelastic medium is that fluids cannot
support shear waves whereas viscoelastic media can. The analysis in viscoelastic
media is generally more complex. In this chapter, we will extend the model to
include the effect of shear waves. First, the dynamic radiation force on a sphere
embedded in a soft viscoelastic medium is derived. Then, the radiation
impedance of a sphere in viscoelastic medium is used to compute the vibration
velocity of the sphere. Unlike the case in water, the velocity profile shows
resonance versus vibration frequency, which depends on the parameters of the
sphere and the medium. Experiments are performed on stainless steel spheres
embedded in gelatin phantoms. The velocity response of the spheres are
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measured by laser vibrometer and used to derive the shear elasticity and shear
viscosity of the medium around the sphere. Independent measurements of shear
elasticity of the gel are used to verify the estimations.

4.2 Modification of Radiation Force Calculation
4.2.1 General Background

Let a compressive wave be incident on a sphere embedded in a
viscoelastic medium. The scattered field will contain compressive waves as well
as shear waves, which come from mode conversion upon the scattering by the
sphere. Therefore, to calculate the radiation force on a sphere in viscoelastic
medium, we need to assess the contribution of shear waves. Although acoustic
radiation stress due to compressive waves in fluid is a subject of extended study,
there are very few publications on radiation stress caused by shear waves. We
are not aware of any literature that explicitly addresses this topic.

Cantrell (1983, 1984) developed a general formula for the radiation stress
in solids, which may infer the radiation stress caused by shear waves. For a shear
wave propagating in isotropic solids, the radiation stress can be simplified as

σ ik

 c11 + c155

 2c44

=
0


0



0
c12 + 2c44 + c155
2c44
0





0
E ,

c12 + c144 
2c44 
0

(4.1)
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where E is the energy density of the propagating wave, c11 , c12 , c44 are the
second order elastic coefficients, and c155 & c144 are the third order elastic
coefficients [Brugger 1964].

It shows that only the diagonal elements of the radiation stress tensor are
nonzero. And the magnitude of the radiation stress depends on the elastic
coefficients. In fluid, the third order coefficients are related to second order
coefficients [Kostek et al. 1993, Hamilton et al. 1998]. If we substitute these
relationships into the formulae of Cantrell, the radiation stress from shear wave
turns out to be zero, which is expected for a fluid. However, there is very limited
information in the literature about the third order elastic constants for
viscoelastic media. Therefore, practically it is difficult to use Cantrell’s formula to
calculate radiation stress from shear waves. Besides, his formulae are for a
progressive wave in some homogeneous medium. In our application, the sphere
is scattering in all directions. Therefore, the application of Cantrell’s formulae to
calculate the radiation force on a sphere in viscoelastic medium is not
straightforward. In the following section, we propose a method to calculate
radiation force on a sphere in soft materials where the shear elasticity is small
compared to volume elasticity.

4.2.2 Calculation of Radiation Force on a Sphere in Soft material

In our applications, the medium surrounding the object is usually “soft”,
such as soft tissues in medical applications. For soft tissue, the volume elasticity

λ1 is at the order of 10 9 Pa . The shear elasticity µ1 is at the order of 10 4 Pa . This
means that, for the same magnitude of deformation, compressive force will be
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much larger than the shear force. We speculate that the contribution of shear
waves to the overall radiation force on the sphere can be neglected under such
circumstances. We will solve for the stress on the surface of the sphere and
compare the contributions from the compressive wave versus the shear wave to
verify this speculation.

4.2.2.1 Stress on the Surface of the Sphere
To calculate the stress around the sphere, the scattering from the sphere
needs to be solved first. Appendix B is a detailed derivation of the scattered
waves from a plane progressive wave incident on a sphere embedded in a
viscoelastic medium. It mainly follows the derivation of Allegra et al. (1972), with
a few corrections and modifications. The calculation begins with the wave
propagation equations in isotropic solid media, which can be obtained from the
conservation laws (of mass and momentum) and the stress-strain relation. The
wave equations are then solved in spherical coordinates in terms of a series
expansion of spherical Bessel functions and spherical harmonics with
undetermined coefficients. Using the boundary conditions at the surface of the
sphere, four equations are obtained, which can be solved for the unknown
coefficients. Equation (B5) in Appendix B can be used to solve for the scattered
compressive and shear waves. Absorption can be included in these calculations
by introducing complex wave numbers [Hasegawa et al. 1977, 1978], as shown by
Equation (B7). Once we know the scattered field, we can compute the stress on
the surface of the sphere caused by compressive waves and shear waves
respectively, using Equation (B4). Because of symmetrical geometry, the stress
vector has only two nonzero components Prr and Prθ . The third component Prϕ
is always zero.
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Figures 4.2 and 4.3 are computer simulations of Prr and Prθ caused by the
compressive waves and shear waves on the surface of the sphere. The medium
around the sphere is assumed to have a density (ρ) of 1035 kg / m 3 , a longitudinal
sound speed ( cl ) of 1506 m/s, and a shear wave speed ( c s ) of 20 m/s. Since the
longitudinal and shear sound speeds are related to the elastic moduli of the
medium by [Landau and Lifshits 1986]


λ1 + 2 µ1
cl =
ρ

,

 c = µ1
 s
ρ

(4.2)

the equivalent shear elasticity and volume elasticity of the gel are about 4 × 105 Pa
and

2 × 109 Pa, respectively. The attenuation of the medium is 0.03 db/cm for

longitudinal wave and 66 db/cm for shear wave. The parameters for longitudinal
wave come from our measurement of the gel phantoms used in our experiments.
The parameters for shear wave are chosen to emulate the properties of biological
soft tissues [Madsen et al. 1983, Frizzell et al. 1977]. The sphere has a density of
7840 kg / m 3 , a longitudinal wave speed of 5854 m/s, a shear wave speed of 3150
m/s.
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Prr

Prθ

Figure 4.2 Stress on the surface of the sphere caused by scattered
longitudinal waves. The medium around the sphere has a density of
3

1035 kg / m , a longitudinal sound speed of 1506 m/s, and a shear wave
speed of 20 m/s. The attenuation of the medium is 0.03 db/cm for
longitudinal wave and 66 db/cm for shear wave. The sphere has a
3

density of 7840 kg / m , a longitudinal wave speed of 5854 m/s, a shear
wave speed of 3150 m/s.
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Prr

Prθ

Figure 4.3 Stress on the surface of the sphere caused by scattered shear
waves.
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Since the stresses on the surface of the sphere are independent of ϕ (the
third variable of the spherical coordinates), they are plotted as a function of θ
(the second variable of the spherical coordinates). We take ka as another
dimension to make sure that the conclusion is applicable to incident longitudinal
waves of different frequencies and spheres of different radius. The simulations
show that for longitudinal waves, Prr is much greater than Prθ . Whereas for
shear waves, Prθ is the main component of the stress on the surface of the sphere.
The variation of Prr from the longitudinal waves is about two orders of
magnitude larger than that of Prθ from the shear waves. It does not mean that Prr
by longitudinal waves are much larger than Prθ from shear waves for every
point on the surface of the sphere ( 0 < θ < π ). It implies that the net force (stress
integrated around the surface of the sphere) on the sphere generated by the shear
waves should be much less than that produced by the longitudinal waves. It also
indicates that the time average of this net force caused by the shear waves should
be much less than that caused by the longitudinal waves. Therefore, our
speculation that the contributions of shear waves to the overall radiation force on
the sphere can be neglected is probably true, when the medium surrounding the
sphere is relatively soft, i.e., λ1 >> µ1 .

4.2.2.2 Method of Calculating Radiation Force in Soft Viscoelastic Mediums
Based on the information gathered above, we revise the procedure of
calculating radiation force on a sphere in soft viscoelastic medium as follows. Let
two plane longitudinal waves of different frequency be incident on a sphere
embedded in a homogeneous medium. We first calculate the first order scattered
longitudinal and shear waves from each incident wave independently, according
to Equation (B5) in Appendix B. Then, only the longitudinal waves are used to
compute the radiation force on the sphere. In this way, the indirect effect of shear
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waves on the radiation force, coming from the mode conversion upon scattering,
can still be taken into account. Equation (A15) in appendix A can be used to
compute the dynamic radiation force function Yd . For the current applications,
we use the traditional radiation force function Y to approximate Yd , because the
frequencies of the incident waves satisfy ∆f << f . The formula for calculating Y
can be found in the paper of Hasegawa (1977).

Using the method mentioned above, a simulation of Y for a 440C stainless
steel sphere in a 10% concentration gelatin phantom is shown in Figure 4.4. The
gel phantom has a density of 1035 kg / m 3 , a longitudinal sound speed of 1506
m/s, and a shear wave speed of 20 m/s. The attenuation of the medium is 0.03
db/cm for longitudinal wave and 66 db/cm for shear wave. The parameters for
longitudinal wave come from measurements, and the parameters for shear wave
are estimated from the literature [Madsen et al. 1983, Frizzell et al. 1977]. The
sphere has a density of 7667 kg / m 3 , a longitudinal wave speed of 5854 m/s, a
shear wave speed of 3150 m/s.

The Y:ka curve for a sphere in gel isn’t very different from that of a sphere
in water, as shown in Figure 3.1. Simulation results change very little when the
shear wave attenuation varies over orders of magnitude. The simulation is
slightly more sensitive to the shear wave speed of the gel. However, for speed
ranging from 5m/s to 20m/s (assuming this range covers the true value of the
gel), the radiation force function shows no significant change. Thus the
simulation result of Figure 4.4 will be used to compare with the radiation force
on the sphere derived from experimental data.
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Figure 4.4. Radiation force function of a 440C stainless steel sphere in a
gelatin phantom. Parameters for the gel: density = 1035kg / m ,
3

longitudinal sound speed = 1506m / s , attenuation = 0.03dB / cm ,
shear wave velocity = 20m / s , attenuation = 66dB / cm . Parameters

= 7667kg / m 3 , longitudinal
speed = 5854m / s , shear wave speed = 3150m / s .

for

the

sphere:

density

wave

4.3 Modification of Radiation Impedance

The radiation impedance of a sphere oscillating in a viscoelastic medium
is also different from that of a sphere in water. Since the medium can now
support shear deformation, the resistance that the sphere experiences will
increase, given that the movement of the sphere is identical to that in water. For a
sphere oscillating back and forth in a viscoelastic medium, the stress field around
the sphere can be calculated. The net force on the sphere can be found by
integrating the stress around the surface of the sphere. The radiation impedance
of the sphere is equal to this force divided by the vibrating speed of the sphere.
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Oestreicher (1951) derived a radiation impedance formula for a rigid
sphere oscillating in a viscoelastic medium

3i
3   i
1 
a2k 2 


− 2 2  − 2 + 2 2  3 −
1 −
aki + 1 
4πa 3
 ah a h   ah a h 
.
ρ∆ω
Z r = −i
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1  a2k 2 
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 i

+  2 −
 + 2 2
aki + 1 
 ah a h  aki + 1 

(4.3)

Here, k = ρ∆ω 2 / (2µ + λ ) , h = ρ∆ω 2 / µ , µ = µ1 + i∆ωµ 2 , λ = λ1 + i∆ωλ 2 . It
shows that the radiation impedance is determined by the radius of the sphere a,
the density of the medium ρ , the frequency of the vibration ∆ω , the shear
elasticity and viscosity of the medium µ 1 & µ 2 , and the volume elasticity and
viscosity of the medium λ1 & λ 2 . Viscosity of the medium around the sphere is
included by the imaginary parts of the Lame constants µ and λ , which come
from the assumption of Voigt stress-strain relation, i.e., stress results from
viscosity is only proportional to the velocity of deformation.

Next, we show how the impedance of the sphere can change the vibration
of the sphere. Some analysis of Equation (4.3) will help us understand its
influence on the vibration amplitude of the sphere. For soft tissues, λ1 ~ 10 9 Pa ,

λ 2 ~ 0 Pa ⋅ s ; µ1 ~ 10 4 Pa , µ 2 ~ 10 −2 Pa ⋅ s [Frizzell et al., 1977; Oestreicher 1951].
Therefore, ak is very small for the a and ∆ω

considered (a<1mm and

∆ω ≤ 2π ⋅ 103 rad/s), and can be safely set to zero. After this step, Z r is only a
function of ah. Then, in the limit of large ah, one obtains purely mass impedance,
and purely elastic impedance when ah approaches zero. The absolute value of
the total impedance Z r + Z m (refer to Equation (3.8)) is minimum at some
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resonance frequency approximately defined by the cancellation of total mass and
elasticity contribution. Since the amplitude of the dynamic radiation force that is
driving the sphere is assumed to be constant for all vibrating frequencies, the
vibration amplitude of the sphere will demonstrate a pattern of resonance versus
vibration frequency. The resonant pattern is determined by µ 1 & µ 2 , not by λ1 &

λ 2 . Computer simulation can demonstrate the result of this analysis more
clearly. In the following simulations, it is assumed that the amplitude of the
driving force on the sphere is 10-5 Newton.

Figure 4.5 is a simulation of the vibration speed versus vibrating
frequency for a sphere in gel. The radius of the sphere is 0.59 mm. The gel has a
shear elasticity of 4 kPa and its shear viscosity is set at 0, 1, 3, and 10 Pa ⋅ s
respectively. The velocity shows a resonance near 400 Hz. Low viscosity
corresponds to high resonant peak.

Figure 4.5. Simulation of a sphere vibrated in gel. Parameters for the
sphere: radius=0.59 mm, density = 7667 kg / m . The gel has a shear
3

elasticity of 4 kPa and its shear viscosity is set to be 0, 1, 3, and 10 Pa ⋅ s
respectively.
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In Figure 4.6, the value of shear viscosity is fixed and µ1 is changed over
30 fold. When µ1 decreases, the resonant peak is shifted to lower frequency and
its magnitude becomes higher. In water, the peak is at frequency 0. In that case,
only the right side of the peak is visible. The shear properties of the gel can
change the velocity profile dramatically. Thus, it is possible to determine µ1 and

µ 2 by fitting the measured velocity profile. Figure 4.7 shows how the size of the
sphere alters the velocity profile. Smaller spheres have stiffer peak resonating at
higher frequency.

Figure 4.6. Simulation of a sphere vibrated in gel. Parameters for the
sphere: radius=0.59 mm, density = 7667 kg / m . The gel has a shear
3

viscosity of 0.1 Pa ⋅ s and its shear elasticity is set to be 1, 3, 10, and 30
kPa respectively.
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Figure 4.7. Simulation of a sphere vibrated in gel. The gel has a shear
elasticity of 4 kPa and a shear viscosity of 0.1 Pa ⋅ s . The sphere has a
3

density of 7667 kg / m and its radius is set to be 0.5, 0.6, 0.7, 0.8 mm.

The impedance can also cause a phase shift between the driving force and
the velocity of the sphere. Figure 4.8 is a simulation of the amplitude and phase
of the velocity of a sphere vibrated in gel, assuming that the driving force does
not change over the frequency range shown in this figure. The dash line
represents phase profile and the solid line represents velocity amplitude. The
vertical axis is phase in degrees. The velocity axis does not represent absolute
value. It shows that the phase of the velocity changes 180 degrees over the entire
range of ∆f . At the resonant frequency, the velocity is in opposite phase to the
driving force. Therefore, we may use phase of the sphere’s vibration to
determine the resonant frequency, from which shear modulus of the medium
may be estimated.
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Figure 4.8. Simulation of amplitude and phase of the velocity of a
sphere vibrated in gel. The sphere has a radius of 0.5 mm, and a density
3

of 7667 kg / m . The medium has a shear elasticity of 5 kPa, and a shear
viscosity of 0.1 Pa ⋅ s . Solid line represents amplitude and dash line
represents phase.

The following simulations show how sensitive the phase is to the change
of the shear properties of the medium. In Figure 4.9, the shear elasticity of the
medium is varied ± 2% while the shear viscosity is kept constant. In Figure 4.10,
the shear viscosity of the medium is varied ± 20% while the shear elasticity is
kept constant. It can be seen that the resonant frequency is much more sensitive
to shear elasticity than shear viscosity of the medium. Therefore, we can estimate
the shear elasticity of the medium from the resonant frequency determined by
the phase of the sphere’s vibration. This method may be less accurate than fitting
the velocity amplitude profile over ∆f , but it will cost less time, because we
don’t need to measure the velocity at multiple frequency points.
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Figure 4.9. Simulation for the velocity phase of a sphere vibrated in gel.
3

The sphere has a radius of 0.5 mm, and a density of 7667 kg / m . The
gel has a shear viscosity of 0.1 Pa ⋅ s .

Figure 4.10 Simulation for the velocity phase of a sphere vibrated in gel.
3

The sphere has a radius of 0.5 mm, and a density of 7667 kg / m . The
gel has a shear elasticity of 5 kPa.
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4.4 Comparison of Theory and Experiment
4.4.1 Experimental Setup
The spheres are now embedded in a gel phantom of 8 × 10 × 12cm 3 . The gel
phantom is made from Bloom 300 gelatin powder (Sigma-Aldrich), with a
concentration of 10% by volume. We use high bloom gelatin powder of low
concentration to achieve the stiffness required, while keeping the phantom
optically clear. Figure 4.11 is a photo of the gel phantom made for experiments.
The phantom is supported by a hollow metal frame, with all sides sealed with
thin membranes. This setup is designed to allow sound waves to travel into and
out of the gel phantom with minimum interferences from the support structure.
The phantom is made in a two-step process. A bottom layer is first poured and
let sit over night. Then four steel spheres are laid upon the bottom layer and the
upper layer of gel is poured to seal the spheres inside. Efforts are made to keep
the mechanical properties of the two layers identical. Besides concentration, the
temperature of the gelatin solution, the cooking time, and the cooling rate are
also important factors to keep track of.

Figure 4.12 is a picture of the experimental setup, taken from above the
water tank. The water tank is covered with black sound absorbing pads. In the
middle is the gel phantom. The laser beams from the vibrometer (not shown, to
the left of the picture) and the laser pointer (at the bottom of the image) are
focused on one of the spheres in the gel. The ultrasound transducer (on the right
side of the picture) faces the laser vibrometer and transmits AM ultrasound
(single beam) to vibrate the sphere from the opposite side.
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Figure 4.11. Photo of the gel phantom with four stainless steel spheres
of different radius embedded.

Figure 4.12. Photo of the experimental setup within the water tank.
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4.4.2 Experimental Results

Figure 4.13. Vibrations of 440C stainless steel spheres of different size in
gel. Radius of the spheres: 0.44, 0.59, 0.64, 0.85 mm. Dots are
measurement points and the solid lines are fitted by LMS method.

Figure 4.13 is a set of measurement data for four spheres of different size
in one single gel phantom. The dots are measurement points of amplitude of
velocity at different frequencies. By adjusting the value of µ1 , µ 2 and a, four
solid lines are fitted to the points using Eq. (4.3). As expected, the measurements
show a resonance of velocity versus frequency. Smaller spheres have resonant
peaks at higher frequencies. For spheres of different size, the optimal value of µ1
lies within 3.9~4.2kPa and µ 2 lies within 0.14~0.2 Pa ⋅ s . In this figure, all four
solid lines are plotted assuming µ1 = 4.1kPa and µ 2 = 0.17 Pa ⋅ s , which come
from averaging optimal parameters of four spheres.

89

Since the radius a is different for each sphere, πa 2 and Y are also different
for each sphere. Therefore, the magnitude of the dynamic radiation force,
determined from Equation (3.1), is different on each sphere. The simulated
values of Y for the spheres, as shown in Figure 4.4, are used to scale the relative
heights of these curves. They fit the measurement data, which supports the
proposed method of calculating dynamic radiation force and Z r in gel. With
same manner as that in Table 3.1 and Table 3.2, calculation of the radiation force
function Y in gel is verified in Table 4.1 and Table 4.2.

Table 4.1 Comparison of Y in gel for f =930 kHz.

Y

a=0.85 mm

a =0.64 mm

a =0.59 mm

a =0.44 mm

Simulation

0.92

0.89

0.86

0.70

Data set 1

0.92

0.90

0.91

0.76

Data set 2

0.92

0.92

0.92

0.77

Data set 3

0.92

0.91

0.92

0.78

Table 4.2 Comparison of Y in gel for f =1.34 MHz.

Y

a=0.85 mm

a =0.64 mm

a =0.59 mm

a =0.44 mm

Simulation

0.89

0.92

0.92

0.89

Data set 1

0.89

0.90

0.90

0.90

Data set 2

0.89

0.92

0.93

0.93

Data set 3

0.89

0.91

0.96

0.90

90

4.4.3 Independent Verification of Shear Modulus of the Gel Phantom

Shear Modulus (kPa)

Shear Modulus Measured by MRE
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Figure 4.14 Shear modulus of a gel phantom measured by MRE.
Horizontal axis is the frequency of the shear wave excited. Vertical axis
is the shear modulus estimated at the corresponding frequency.

A gel phantom is made for MRE [Muthupillai et al., 1995] measurement of
shear modulus, using the same procedure of making the phantom that contains
the spheres. In these measurements, shear waves are introduced in the phantom
by external mechanical excitation. Magnetic resonance imaging is used to map
the responding displacement pattern of the phantom, from which the velocity of
the shear wave at the excitation frequency is derived. Then, the shear modulus of
the gel is computed from the shear wave velocity. The results of MRE
measurement are shown in Figure 4.14. The shear modulus of the gel phantom
range from 2.5 to 4.5 kPa, for shear wave frequency ranging from 200 Hz to 500
Hz.
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Figure 4.15 Shear modulus measured by DMA. Horizontal axis is five
independent measurements on different samples. Frequency of
harmonic excitation is 10 Hz.

Dynamic Mechanical Analyzer (TA Instruments, New Castle, DE) is also
used to verify shear modulus measurement. Small gel specimens are prepared in

10 × 10 × 4mm 3 cube. These samples are subject to harmonic shear deformation on
the DMA tester. The shear modulus of the sample is estimated from the stressstrain curve recorded by the DMA. The measurement results are shown in Figure
4.15, where µ1 is within 3.2~4.7 kPa.
Our estimation of µ1 = 4.1kPa is within the range of estimation from MRE
and DMA measurements. Figure 4.16 shows the preciseness of our estimations
for sphere of different size in the same gel phantom. The standard deviation for
measurements on each sphere is small compared to MRE and DMA
measurements. Estimation is slightly different from one sphere to another. This
discrepancy is within a reasonable range since the properties of the gel could
change slightly from one location to another, due to the imperfectness of
manufacturing process. We do not have verification for parameter µ 2 , since
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there is currently no gold standard for measurement of the shear viscosity of soft
materials. Our estimation is close to the typical values of µ 2 for soft tissues given
by Frizzell (1977).

Preciseness of Measurements

Shear Modulus (kPa)
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Figure 4.16. Preciseness of our measurements from four spheres in a gel
phantom. Radius of Sphere A~ D are 0.85mm, 0.64mm, 0.54mm, and
0.44mm respectively.

4.5 Discussion

The method proposed is quite sensitive to changes of material properties.
It is known that the shear modulus of gelatin phantom becomes larger as the gel
ages. Experiments were repeated on the same gel phantom at different days. This
method was able to detect a consistent increase of the stiffness of the gel for the
first several days after the gel was made. But the change of shear viscosity from
day to day was not as prominent.
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For a laser vibrometer to measure the velocity of an object, the medium
around the target must be optically clear. This will limit the applications of this
method. Ultrasound Doppler technique has been used to detect the motion of
soft tissue under external mechanical vibration [Yamakoshi et al., 1990]. We will
demonstrate the feasibility of measuring vibration of the sphere by ultrasound
Doppler method in Chapter 6.

In this model we assume that the medium surrounding the sphere is
homogenous. In some applications, this assumption might be true only within a
small distance from the target. The particle displacement in the medium
surrounding the sphere can be estimated, using Equation (15) in Oestreicher’s
paper (1951). This displacement field diminishes as the distance from the sphere
increases. For a 0.5 mm radius sphere vibrated in the gel phantom considered in
Figure 4.13, the particle displacement at 5 mm from the sphere is estimated to be
about 5% of that at the surface of the sphere. Thus inhomogeneity beyond 5 mm
from the sphere probably can be tolerated. This “effective” distance becomes
larger, as the medium’s shear elasticity and the sphere’s radius increase. This
knowledge will indicate the confidence we can have for the material property
estimation.

The formula of radiation impedance is based on the Voigt stress-strain
model. The Voigt model assumes that the stress due to viscosity is only
proportional to the time derivation of strain. In reality, this assumption may not
be true. Some viscoelastic materials demonstrate very complex viscoelastic
properties. In fact, the viscous stress model can be readily extended to include
time derivations of strain of higher orders. The formula of radiation impedance
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in Equation (4.3) is still valid. Only the expressions of the complex Lame
constants need to be modified to include terms with ω 2 and higher orders.

4.6 Summary

In this chapter, the quantitative model is extended from fluid to general
visco-elastic medium. In soft medium where µ << λ , the calculation of radiation
force on the sphere is modified to consider the indirect contribution from the
scattered shear wave. The stress on the sphere from scattered longitudinal and
shear waves are compared by simulation, which shows that stress from shear
wave is insignificant. Therefore, the scattering of a sphere in visco-elastic
medium is solved and only the longitudinal scattered wave is used to compute
the radiation force on the sphere. The dynamic radiation force calculation is
verified by data derived from the relative magnitudes of the velocity profiles
measured for different spheres.

The radiation impedance of the sphere in viscoelastic medium is also
given. It leads to a resonance of the velocity versus oscillating frequency, which
is demonstrated by computer simulation as well as analysis of the formulae. A
transparent phantom is made from gelatin, with stainless steel spheres of
different size embedded. The spheres are vibrated by dynamic radiation force
and their velocity magnitudes are measured as a function of vibration frequency.
Measurement data show resonance at different frequencies for different spheres,
as expected by the theory. Shear modulus and shear viscosity of the gel are
estimated from the velocity resonant curves and compared to results obtained
from MRE and DMA testing. This method can be used to characterize shear
properties of the medium around the sphere.

95

4.7 Reference
1. Allegra JR, Hawley SA: Attenuation of sound in suspensions and emulsions: theory
and experiments. J. Acoust. Soc. Am. 51:1545-1564, 1972.
2. Brugger, K.: Thermodynamic definition of higher order elastic coefficients. Physical
Review 133(6A): A1611-A1612, 1964.
3. Cantrell JH Jr.: Acoustic radiation stress in solids. 1983 Ultrasonics Symposium:
1147-1151.
4. Cantrell JH Jr.: Acoustic-radiation stress in solids. I. Theory. Phys. Rev. B 30(6): 32143220, 1984.
5. Frizzell LA, Carstensen EL, and Dyro JF: Shear properties of mammalian tissues at
low megahertz frequencies. J. Acoust. Soc. Am. 60(6): 1409-1411, 1977.
6. Fung YC: Biomechanics-mechanical properties of living tissues. Second edition.
Springer-Verlas New York, Inc. pp41-48, 1993.
7. Hamilton MF and Blackstock DT: Nonlinear Acoustics. Academic Press, 1998. pp267.
8. Hasegawa T, Kitagawa Y, and Watanabe Y: Sound reflection from an absorbing
sphere. J. Acoust. Soc. Am. 62: 1298-1300, 1977.
9. Hasegawa T, Kitagawa Y, and Watanabe Y: Acoustic radiation pressure on an
absorbing sphere. J. Acoust. Soc. Am. 63(6): 1733-1737, 1978.
10. Kostek, S., Sinha, B. K., and Norris, A: Third-order elastic constants for an inviscid
fluid. J. Acoust. Soc. Am. 94(5): 3014-3017, 1993.
11. Landau LD and Lifshitz: Theory of elasticity. Third edition. ButterworthHeinemann, Oxford, 1986: pp88.
12. Madsen EL, Sathoff HJ, and Zagzebski JA: Ultrasonic shear wave properties of soft
tissues and tissuelike materials. J. Acoust. Soc. Am. 74(5): 1346-1355, 1983.

96

13. Muthupillai, R, Lomas, DJ, Rossman, P J, Greenleaf, JF, Manduca, A, and Ehman, R
L: Magnetic resonance elastography by direct visualization of propagating acoustic
strain waves. Sci. 269:1854-1857, 1995.
14. Oestreicher, HL: Field and impedance of an oscillating sphere in a viscoelastic
medium with an application to biophysics. J. Acoust. Soc. Am. 23:707-714, 1951.

97

Chapter 5

Verification in Viscous Fluid

5.1 Introduction
In the previous chapter, the shear viscosity of the gel phantom derived
from experimental data by the theory is not verified, due to the lack of reliable
independent validating methods. Therefore, in this chapter, we apply the
proposed method to viscous fluid to evaluate the accuracy of viscosity
estimation. The results obtained from viscous fluid can help access the accuracy
of viscosity estimation in viscoelastic mediums. The magnitude of dynamic
radiation force is not verified here, since it is not the main focus of this chapter.

5.2 Method
Viscous fluid is a special case of viscoelastic material where the shear
modulus is equal to zero. Therefore, we can use the radiation impedance formula
of a sphere in viscoelastic material to calculate the radiation impedance for a
sphere in viscous fluid. The vibration velocity of the sphere in viscous fluid can
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be obtained from the theoretical model in Chapter 4 by setting the shear elasticity
to zero.

It is expected that the velocity profiles show no peaks of resonance, just as
the case in water. The reason is that there is no shear restoring force to balance
the mass and the radiation impedance (also appears as pure mass) of the sphere.
It is like a mass-spring system with the spring constant k equal to zero. Therefore,
the resonant frequency ω = k / m is zero, where m is the total mass.

Figure 5.1 is a simulation of the velocity profiles of a stainless steel sphere
in a fluid with different shear viscosity. The sphere has a radius of 0.5 mm and
the viscosity of the fluid is set to be 0, 0.1, and 1 Pa ⋅ s . The velocity decreases
with frequency of vibration and the slopes of these curves depend on the shear
viscosity of the fluid. Therefore, it is possible to determine the viscosity of the
fluid by measuring the velocity response of a sphere of known size and density.

How the radius changes the velocity profile of the sphere is simulated in
Figure 5.2. The viscosity of the fluid is 0.1 Pa ⋅ s . The radius of the sphere is set to
be 0.5 mm, 1 mm, and 1.5 mm. The radius of the sphere can also change the
signature of the velocity profile. Therefore, size of the sphere is necessary
information to estimate the viscosity of the fluid. The choice of the sphere’s
radius may affect the overall estimation accuracy.
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Figure 5.1 Simulation of the velocity profile for a stainless steel sphere
in viscous fluid. Radius of the sphere is 0.5 mm. The fluid has a density
3

of 1000 kg / m . Its viscosity is assumed to be 0 (upper curve), 0.1
(middle curve), and 1 (bottom curve) Pa ⋅ s respectively.

Figure 5.2 Simulation of the velocity profile for spheres with different
3

radius in viscous fluid. The fluid has a density of 1000 kg / m and a
viscosity of 0.1 Pa ⋅ s . The radius of the sphere is set to be 0.5 mm, 1
mm, and 1.5 mm.
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Experiments are designed to verify the model in viscous fluid. Silicon oils
with certified viscosity (Brookfield Engineering Laboratories, Middleboro MA)
are used as a standard test fluid. Stainless steel spheres of different size are
vibrated in the standard oils and the estimated viscosities are compared with the
viscosity values provided with the viscosity standard fluids. Figure 5.3 is the
diagram of the experimental setup. It is very similar to that used to evaluate the
gel phantom. The metal frame sealed with thin membranes (as shown in Figure
4.10) is used to separate the silicon oil from the water outside. Stainless steel
spheres suspended by fine filaments are submerged in the viscous fluid and
vibrated by the ultrasound transducer. We use a single Amplitude Modulated
ultrasound beam to vibrate the sphere because the sound fields from the confocal
transducer have very complex side lobes.

Laser
vibrometer

Water tank

Sphere

Test fluid

Transducer

Laser pointer

Figure 5.3 Experimental setup for viscosity measurement in a fluid. The
laser vibrometer detects the motion of the sphere versus vibration
frequency. The gray area around the sphere represents viscous fluid
under test, which is isolated from the water by thin transparent
membranes attached to a metal frame.
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5.3 Result

Figure 5.4 Velocity profile for a sphere of radius 0.85 mm in silicone oil
with a known viscosity of 0.098 Pa ⋅ s . Dots are measurement points.
Solid line is the best fit from the model, which also gives an estimation
of 0.1 Pa ⋅ s for the viscosity.

Figure 5.5 Velocity profile for a sphere of radius 1.6 mm in silicone oil
with a known viscosity of 0.098 Pa ⋅ s . Dots are measurement points.
Solid line is the best fit from the model, which also gives an estimation
of 0.099 Pa ⋅ s for the viscosity.
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Measurement results for spheres with radius of 0.85 mm and 1.6 mm are
shown in Figure 5.4 and 5.5. Black dots are measurement points and the solid
lines are best fits from the model by adjusting the shear viscosity of the fluid. The
test fluid has a density of 968 kg / m 3 and its certified viscosity is 0.098 Pa ⋅ s at
25 o C . During the experiments, the temperature of the test fluid and the water
outside in the tank was kept at 25 ± 0.2 o C . Measurements show velocity profiles
with different slope for spheres of different radius. The viscosities of the fluid
derived from both measurements are 0.1 and 0.099 Pa ⋅ s respectively.

Preciseness of Measurements
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Figure 5.6 Preciseness of measurement for spheres with different
radius. The standard fluid has a viscosity of 0.098 Pa ⋅ s . The radius of
sphere A, B, C, D is 0.64 mm, 0.85 mm, 1.2 mm, and 1.6 mm
respectively. Each sphere has three sets of measurement data.

To evaluate the preciseness of viscosity estimation, four spheres with
radius ranging from 0.64 mm to 1.6 mm are used as targets. For each sphere,
three sets of measurement data are taken for frequency from 50 Hz to 800 Hz.
Viscosity of the fluid is derived from each set of measurements. The mean value
103

and variance for each sphere are plotted in Figure 5.6. Results from all spheres
are close to the certified viscosity of 0.098 Pa ⋅ s . But the variances are larger than
that of shear elasticity shown in Figure 4.13. Experiments are also performed in
test fluid with a certified viscosity of 0.492 Pa ⋅ s . And the results obtained from
the same four spheres are shown in Figure 5.7. The estimations of viscosity are
close to the known value of 0.492 Pa ⋅ s , with a smaller variance compared to
Figure 5.6.

Preciseness of Measurements
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Figure 5.7 Preciseness of measurement for spheres with different
radius. The standard fluid has a viscosity of 0.492 Pa ⋅ s . The radius of
sphere A, B, C, D is 0.64 mm, 0.85 mm, 1.2 mm, and 1.6 mm
respectively. Each sphere has three sets of measurement data.

Experiments are also performed to measure the viscosity for glycerol
solution versus temperature. It is known that the viscosity of glycerol decreases
dramatically when its temperature increases or its concentration decreases.
Therefore, we measure the velocity responses of a sphere in glycerol solution
with controlled temperature. The stainless steel sphere used has a diameter of
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0.85mm. Temperature of the solution is varied from 18 o C to 30 o C . Viscosity of
the solution is derived for each temperature and shown in Figure 5.8. It shows
that the viscosity of the glycerin solution decreases monotonically with
temperature, as expected. The concentration of the glycerin used in these
experiments is approximately 90%. The curve is not compared with literature
data because the exact concentration of the solution is not known and the curve
is very sensitive to concentration.

Figure 5.8 Estimation of shear viscosity for glycerol solution
(approximately 90% concentration) with different temperatures.

5.4 Discussion
As suggested by Figure 5.6, the reproducibility for viscous fluid is not as
good as results obtained for shear elasticity. One possible reason is the drifting of
the sphere during the measurement procedure. Although the sphere is somehow
confined laterally with a bifilar arrangement, the sphere is still allowed to move
along the axis of the ultrasound transducer. Any change of position can result in
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a change of dynamic radiation force on the sphere and thus modify the velocity
measured. It is also unknown whether there is any turbulence present around
the sphere while it vibrates. The effect of turbulence is not considered by the
model and its significance is yet to be evaluated.

We also found that the value of viscosity estimated from one
measurement data set depends on which frequency range is used. In the
computer simulations above, the viscosity of the medium is assumed to be
frequency independent. In reality, this assumption may not be true. It is
recognized that many viscoelastic materials demonstrate frequency dependent
properties. The formula of radiation impedance is still valid in this case.
However, it is difficult to solve for the frequency dependent viscosity under such
circumstance. One possible solution is to use piecewise data and assume constant
viscosity within a narrow frequency range. From the results obtained for silicon
oil, data measured for higher frequencies leads to higher value of viscosity
estimation.

Another point to note is that the velocity of vibration decreases quickly
with frequency. This implies that the viscosity estimation is mainly determined
by the first few samples at the lower frequency range. Therefore, measurement
errors at low frequencies have larger impact on overall estimation error. This also
suggests that the estimation results will depend on the frequency range used. In
Figure 5.6, all viscosities are estimated from same frequency range: 50Hz to
800Hz. Further studies may be needed to find out the optimal frequency range
for different spheres and fluids with different viscosity.
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5.5 Summary
In this chapter, the theoretical model is compared with experimental data
for a sphere in viscous fluid. The velocity profile of the sphere shows no
resonance, just like the case in water. The slope of the curve is related to the
viscosity of the fluid. Therefore, measurement data can be used to determine the
viscosity of the fluid through the theoretical model. Experiments are performed
in viscous standard fluid with known viscosity. The results derived from our
measurement agree with the certificated value of the test fluid. The variance of
viscosity estimation is larger than that of shear modulus estimation. This method
was also used to measure the viscosity changes of glycerin solutions versus
temperature. Results show consistent decrease of viscosity versus temperature,
as expected from literature.
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Chapter 6

Measurement of Vibration by Ultrasound Doppler Method

6.1 Introduction

So far we have been using a laser to measure the oscillatory velocity of the
object excited by dynamic radiation force. It requires that the medium around the
object is optically clear. This is a disadvantage and will limit the applications of
this method. In this chapter, we explore the possibility of vibration detection by
methods other than laser vibrometry.

A couple of alternatives are considered. We have tried to use acoustic
emission from the sphere as a substitute. But the acoustic wavelength at the
frequency of interest is at the range of meters, which makes it very difficult to
eliminate the reverberations of sound in the water tank. Arrays of wedges (20 cm
in height) are lined around the walls of the water tank to increase absorption of
sound. But they cannot completely suppress reverberation. Therefore, the
pressure measured depends on the locations of the hydrophone and the object. If
the frequency of the vibration changes, the interference pattern in the water tank
will be completely different. Therefore, the output of the hydrophone is a
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mixture of the interference pattern of the tank and the acoustic emission from the
target. Another challenge is that the acoustic emission from the target is very
weak at frequency this low. Noise of similar frequencies from the environment
can also be detected by the hydrophone. Therefore, it is not practical to use
acoustic emission as a detection substitute at the present time.

Another choice of measuring motion of an object is by ultrasound Doppler
method. It is well known that the frequency of waves, e.g. sound or light,
changes as a result of motion of either the source or the receiver of the waves.
The Doppler effect in reflected radio waves is employed in radar to sense the
velocity of the object under surveillance. In astronomy, the Doppler effect for
light is used to measure the velocity and rotation of stars and galaxies along the
direction of sight. In medical applications of ultrasound, Doppler effect is used to
measure the velocity of blood flow. In this chapter, we describe a method to
estimate the vibration velocity by ultrasound Doppler effect.

Estimating parameters about motion by the echoes from a harmonically
oscillating object can involve very complex techniques and has been a subject of
controversy involving linear and nonlinear derivations [Censor 1988, Piquete et
al. 1988]. This chapter is not intended to provide a detailed discussion on
advancing this technique, which is beyond the scope of this thesis work. Instead,
the goal of this chapter is to demonstrate that it is possible to measure the
velocity of an oscillating target by ultrasound, so that the whole idea of material
characterization presented in this thesis is not limited to optically clear materials
only. For more information about estimating harmonic vibration by ultrasound
Doppler method, refer to the papers of Huang et al. (1990, 1992) and Yamakoshi
et al. (1990).
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In typical ultrasound applications, a transducer excites a sound wave of
known frequency and the velocity of the object is estimated from the Doppler
shift of the echoes from the object. The Doppler frequency shift in this case is

fd =

2v
f ,
c

(6.1)

where v is the velocity of the object in the direction of the incident sound, c is the
sound speed in the medium around that object, and f is the frequency of the
launched longitudinal wave. Therefore, the velocity of the object is proportional
to the Doppler frequency shift of the echoes. When the object is oscillating
sinusoidally, e.g. v0Cosω t , one would tend to think that the Doppler frequency
shift f d is also a sinusoidal function f d 0Cosω t , and that the amplitude of the
oscillation v0 could be estimated by

v0 =

fd0
c.
2f

(6.2)

In fact, v0 is also related to the frequency of oscillation ω , as detailed below.

6.2 Doppler Spectrum of Reflected Signals from Harmonic Vibration

The general problem of Doppler shifts from objects with time-varying
velocity is quite complex, involving linear and nonlinear derivations. However,
when the scattering object is vibrating slowly so as to produce a wavelength
much larger than the geometrical dimensions of the scatterer itself, the Doppler
spectrum of the signals returning from sinusoidally oscillating structures is
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similar to that of a pure-tone frequency modulation (FM) process [Huang et al.
1990]. This spectrum is a Fourier series with spectral lines lying above and below
the carrier frequency. The spacing between spectral harmonics is equal to the
vibration frequency, and the amplitudes of harmonics are given by different
orders of Bessel functions of the first kind.

A number of applications in acoustics, optics, and radio have led to
research on extracting the vibration parameters from a measured Doppler
spectrum. Amplitude, phase, and frequency of the oscillating structure are the
most typical parameters to be estimated. The most common approach taken is to
estimate these vibration parameters by some ratios of the harmonics amplitudes
of the Doppler spectrum [Lerner et al. 1990, Jarzynski et al. 1988]. In this chapter,
we are only interested in estimating the amplitude of vibration.

Assume that the transmitted or incident signal is
st (t ) = Cos(ω 0 t ) ,

(6.3)

and the object is vibrating with the form
v (t ) = v m Cos (ω L t + ϕ ) ,

(6.4)

where v(t) is the velocity of the vibration, ω L is the vibration frequency, and ϕ is
the vibration phase. The instantaneous frequency of the received or scattered
waves will be shifted to

ωi = ω0 + ωd ,

(6.5)

ω d = ω m Cosθ Cos(ω L t + ϕ ) ,

(6.6)
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ωm =

2v mω 0
Cosθ ,
c0

(6.7)

where ω i is the instantaneous frequency of the scattered waves, ∆ω d is the
Doppler shift, c0 is the propagation speed of illuminating wave at frequency ω 0 ,
and θ is the angle between the wave propagation and the vibration vectors.

Therefore, the received or scattered waves can be written as

s r (t ) = ACos[ω 0t + (ω m / ω L )Sin (ω L t + ϕ )] ,

(6.8)

since the instantaneous frequency is, by definition, given by the time derivative
of the argument of the carrier cosine wave. Using trigonometric identities,
Equation (6.8) can be replaced by the series [Calson 1968]

∞

s r (t ) = A ∑ J n ( β )Cos[ω 0 t + n(ω L t + ϕ )] ,

(6.9)

n = −∞

where the modulation index or the argument of the Bessel functions β is directly
related to the vibration amplitude of the velocity as follows:

β≡

ω m 2vmω 0Cosθ
=
.
ωL
ω L c0

(6.10)

Thus, given the Doppler spectrum as described above, the estimation of
the vibration amplitude is equivalent to the estimation of the Bessel argument β .
The exact spectral shape of the Doppler signal is complicated and dependent on
the parameter β .
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6.3 Vibration Estimation from the Doppler Spectrum

In their paper, Huang et al. estimate the amplitude parameter β from the
standard deviation of the power spectrum from the echoes. However, in our
applications, certain assumptions can be made to further simplify the velocity
estimation. For our experiments, vm is smaller than 10 −3 m/s, ω 0 / ω L is less than

105 , and c0 is about 1500 m/s. According to Equation (6.10), the amplitude
parameter β is less than 0.1.

The Bessel functions of first kind can also be represented in terms of series

J n ( x) =

( 0 .5 x ) n ( 0 .5 x ) n + 2 ( 0 .5 x ) n + 4
−
+
−L.
n!
1! ( n + 1)! 2! ( n + 2)!

(6.11)

Since in our applications the Bessel function argument β << 1 , we can neglect, in
the expansion of Equation (6.9), those Bessel functions of order 2 or higher.
Therefore, the received or scattered waves can be approximated by

s r (t ) ≈ A{J 0 ( β )Cosω 0 t + J −1 ( β )Cos[ω 0 t − (ω L t + ϕ )] + J 1 ( β )Cos[ω 0 t + (ω L t + ϕ )]}

= A{J 0 ( β )Cosω 0 t − J 1 ( β )Cos[ω 0 t − (ω L t + ϕ )] + J 1 ( β )Cos[ω 0 t + (ω L t + ϕ )]}

(6.12)

If the received signal is mixed with a sinusoidal function at the frequency
of the incident wave and fed through a low pass filter, the result is

s r (t )Cos(ω 0 t + θ ) lowpassed
=

A
{J 0 ( β )Cosθ + J 1 ( β )Cos[(ω L t + ϕ ) − θ ] − J 1 ( β )Cos[(ω L t + ϕ ) + θ ]}
2
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=

A
{J 0 ( β )Cosθ + 2 J 1 ( β ) Sin(ω L t + ϕ ) Sinθ },
2

(6.13)

where θ is the phase of the reference signal. For β << 1 , from Equation (6.11) we
have

J 0 (β ) ≈ 1 ,
J 1 (β ) ≈

1
β.
2

(6.14)
(6.15)

Substitution of Equation (6.14) and Equation (6.15) into Equation (6.13) yields

s r (t )Cos(ω 0 t + θ ) lowpassed =

A
{Cosθ + βSin(ω L t + ϕ ) Sinθ }.
2

(6.16)

If we filter out the DC component and select the reference signal such that

θ = π / 2 , we have

s r (t )Cos(ω 0 t + θ ) bandpassed =
∝

vm

ωL

A
[βSin(ω L t + ϕ )]
2
Sin(ω L t + ϕ ) .

(6.17)

The signal after demodulation is a sine function with frequency identical to that
of the object’s vibration. And its amplitude is related to the amplitude and
frequency of the vibration. Therefore, we can estimate the velocity of an object
under harmonic oscillation, with the aid of Equation (6.17).
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6.4 Demodulation System
It was recognized that the Doppler display of an object under harmonic
oscillation is different from those of linear motion on a commercial ultrasound
machine [Holen et al. 1985]. When the period of oscillation is shorter than the
time window of the Fourier transform, the Doppler display appears as horizontal
lines spaced ω L / 2π apart. Holen et al. estimated the vibration amplitude by
counting the number of significant harmonics under a certain threshold. This
procedure is relatively coarse but is related to the observation that the bandwidth
is roughly proportional to the modulation parameter β , or the amplitude of the
oscillation. Therefore, we have tried to estimate the vibration amplitude using
the same method on a GE commercial ultrasound machine. However, we found
that the excitation waves from the confocal transducer were also picked up by
the GE transducer and caused serious aliases on the Doppler spectrum. The
aliases also appear as multiple horizontal lines and their positions change with
the frequencies of the incident waves. Therefore, we built an analog system to
measure the vibration amplitude of the object by ultrasound.

Oscillator

Amplifier

Transmitter

X

Bandpass
Filter

Receiver

∆f
Bandpass
Filter

Amplitude
Detection

X

V

Figure 6.1 Diagram of a CW Doppler system for estimation of amplitude of
harmonic vibration. The band pass filter after the receiver filters out the signal
from the excitation transducer. The output from amplitude detection is multiplied
by the frequency of vibration to estimate the velocity of harmonic vibration.
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A brief diagram of the CW system built is shown in Figure 6.1. Two 5
MHz transducers are used as transmitter and receiver. The received signal is first
fed through a band pass filter to get rid of the signal from the exciting
transducer, which is used to vibrate the object. The output is then multiplied by
the signal from the oscillator, which is also driving the transmitter. The output
then goes through a band pass filter to remove the DC component and the
double carrier frequency component. Then the amplitude of the signal is
detected and multiplied by the frequency of the vibration to estimate the
amplitude of vibration velocity.

6.5 Verification of Measurement Accuracy
The following experiment is performed to verify the accuracy of the
measurement system proposed. As shown in Figure 6.2, a thin metal beam, 20
mm long and 4 mm wide, is used as a target of vibration. The beam is driven by
a mechanical vibrator (Ling Dynamic System Limited, Royston Herts, England).
The laser from the vibrometer and the ultrasound from the Doppler transducers
are aimed at the tip of the beam to make sure that the measurements come from
the same location of the beam. Readings from the laser vibrometer are used as a
validation to calibrate the result obtained from the ultrasound Doppler system.
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vibrator

Laser
vibrometer
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Doppler probes

Figure 6.2 Diagram of experimental setup to verify the Doppler system.
A mechanical vibrator is used to drive a thin metal beam at different
frequencies and velocities. The measurement of laser vibrometer is used
as golden standard to verify the result of ultrasound Doppler system.

The ultrasound Doppler system is first verified versus frequency. In this
experiment, the frequency of vibration is varied from 100 Hz to 900 Hz, with 100
Hz increments. At each frequency, the input signal amplitude to the mechanical
vibrator is carefully adjusted so that the reading from the laser vibrometer is kept
at 2 mm/s. The result is shown in Figure 6.3. The dots are measurements
obtained simultaneously with the ultrasound Doppler system shown in Figure
6.1. The results from both methods agree very well.

Please note that the velocity profiles from ultrasound Doppler method are
relative measurements. The reason is that the demodulation results depend on
the magnitude of the echo from the object, which is unknown (refer to Equation
(6.17)). Therefore, the ultrasound Doppler measurements are scaled to fit the
laser vibrometer measurements in all the figures shown in this chapter. It is also
possible to determine the absolute values of vibration velocity. For more
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information, refer to the paper by Huang et al. (1990 and 1992) and Yamakoshi et
al. (1990).

The linearity of the ultrasound Doppler system is verified in Figure 6.4. In
this experiment, the frequency of vibration is kept at 500 Hz. The amplitude of
the signal that drives the mechanical vibration is varied from small to large to
cover a velocity range from 0.2 mm/s to 1mm/s. The increment is about 0.1
mm/s. Again, solid line represents measurement from the laser vibrometer and
dots are results obtained from ultrasound Doppler system. It can be concluded
that the ultrasound Doppler system proposed in this chapter is reliable for the
frequencies and the amplitude tested above.

Figure 6.3 Calibration of the ultrasound Doppler measurement with frequency
ranging from 100 to 900 Hz. The solid line is measurement results from the laser
vibrometer. The dots are results obtained from the ultrasound Doppler system.
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Figure 6.4 Calibration of the linearity of the ultrasound Doppler measurement.
The solid line is measurement results from the laser vibrometer. The dots are
results obtained from the ultrasound Doppler system. Frequency of vibration is
fixed at 500 Hz.

6.6 Experimental Setup

Experiments on gel phantom are repeated, with a pair of Doppler
transducers added to estimate the vibration velocity of the sphere. The laser
vibrometer measures the vibration of the sphere at the same time and the results
are used as gold standard to verify the results obtained by ultrasound Doppler
method. The frequency of the ultrasound wave that excites the sphere is 1.3
MHz. The transmitted frequency of the Doppler transducer is 5 MHz. The
received echo signal from the sphere is first passed through two cascade passive
bandpass filters. Each filter has a center frequency of 5 MHz, with a bandwidth
one third of its center frequency.
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Figure 6.5 Diagram of experimental setup. A pair of transducers is used to
estimate the vibration velocity of the sphere by ultrasound Doppler effect. The
measurement of laser vibrometer is used as gold standard to verify the result of
ultrasound Doppler method.

6.7 Experimental Results
The experimental results on four stainless steel spheres of different size
are shown in Figure 6.6~6.10. The spheres are embedded in transparent gel
phantoms. The radii of the spheres are 0.64 mm, 0.59 mm, 0.44 mm, and 0.25 mm
respectively. In each of the figures, the dash line is the result obtained from the
laser vibrometer and the solid line is result obtained from the ultrasound
Doppler method.

Unlike the figures shown in previous chapters, these figures are plotted in
linear scale. As mentioned above, the results obtained from ultrasound Doppler
method are scaled to fit the laser vibrometer measurements. Even a relative
measurement of the velocity amplitude versus oscillating frequency is enough
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for estimating the shear elasticity and shear viscosity of the medium. Therefore,
the ultrasound Doppler system described here is still useful in practice.

These figures show that the results from two measurement methods fit
well at low frequencies. At high frequencies, the ultrasound Doppler method
tends to underestimate the velocity of oscillation. The ultrasound Doppler
method is reliable for spheres with radius as small as 0.44 mm. For size less than
this, estimation error increases with frequency. A possible reason is that when
the size of the sphere is close to the wavelength of the probing ultrasound, the
echoes from the sphere are weak. Therefore, the signal to noise ratio decreases.
Any error from noise is amplified proportional to the frequency of oscillation.
That explains why the error increases with frequency.

To assess how this discrepancy can affect the estimation of shear modulus
of the medium, results from both methods are compared in Figure 6.10. The gel’s
shear modulus estimated from laser vibrometer measurement ( µ L ) is used as
gold standard. The shear modulus estimated from the ultrasound Doppler
method ( µ D ) is divided by µ L to represent its “percentage accuracy”.

Figure 6.10 shows that the discrepancy for shear modulus estimation is
within 5% for spheres larger than 0.44 mm in radius. For smaller spheres, shear
modulus derived from ultrasound Doppler method is less than that derived from
laser vibrometer measurement. The discrepancy can be as high as 20% for tiny
spheres. Therefore, it is safe to use the system proposed in this chapter for
spheres with radius larger than 0.44 mm. For smaller objects, more advanced
techniques are needed to extract information about motion from the echoes from
the targets.
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Figure 6.6 Comparison of vibrating velocity of an embedded sphere, measured by
laser vibrometer and ultrasound Doppler method. Radius of the stainless steel
sphere is 0.64 mm. Solid line is ultrasound Doppler measurement and dash line is
laser vibrometer measurement.

Figure 6.7 Comparison of vibrating velocity of an embedded sphere, measured by
laser vibrometer and ultrasound Doppler method. Radius of the stainless steel
sphere is 0.59 mm. Solid line is ultrasound Doppler measurement and dash line is
laser vibrometer measurement.
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Figure 6.8 Comparison of vibrating velocity of an embedded sphere, measured by
laser vibrometer and ultrasound Doppler method. Radius of the stainless steel
sphere is 0.44 mm. Solid line is ultrasound Doppler measurement and dash line is
laser vibrometer measurement.

Figure 6.9 Comparison of vibrating velocity of an embedded sphere, measured by
laser vibrometer and ultrasound Doppler method. Radius of the stainless steel
sphere is 0.25 mm. Solid line is ultrasound Doppler measurement and dash line is
laser vibrometer measurement.
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Figure 6.10 Estimation error from the ultrasound Doppler method for spheres of
different sizes. Horizontal axis is the radius of the sphere. Vertical axis is the ratio
of estimated shear modulus for the gel, µ D & µ L , derived from the laser and
ultrasound measurements respectively.

6.8 Discussion
The system proposed in this chapter is a simplified system with minimum
complexity as necessary to achieve the goal. There are many aspects that can be
improved. If we refer to Equation (6.16), the demodulation result depends on θ ,
the phase shift between the echo from the sphere and the reference signal. This
phase shift is due to wave propagation between the target and the Doppler
transducers. Therefore, θ is sensitive to the position of the target. As a result, a
small drifting of the target during the measurement can completely change the
amplitude of the output, introducing error into the velocity profile of the target.
A possible solution is to introduce a parallel demodulation channel where the
reference signal is out of phase. Using this quadrature demodulation scheme, the
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amplitude of the complex signal, derived from both channels, is independent of
the phase shift θ .

It is also possible to adapt the proposed system into a pulse wave system.
The CW system described in this chapter is relatively simple to implement. But it
cannot discriminate motions along the axis of wave propagation. For
experiments in gel phantom, this is fine since the phantom is homogenous. In
practical applications where there may be multiple interfaces along the path of
probing, echoes from different depths will interfere with each other and their
contributions will be mixed up. Therefore, it is important to extend the CW
system into a PW system. A schematic diagram of such a PW experimental
system can be found in the paper of Yamakoshi et al. (1990).

The method presented in this chapter is based on analysis in frequency
domain. Even with a PW implementation, it requires the use of long sequences of
Doppler signals to avoid frequency aliasing and to achieve noise reduction.
Traditional time domain correlation techniques are not suitable in such
applications because the displacement of interest can be very small. For example,
a oscillatory velocity of 1 mm/s in amplitude at the frequency of 500 Hz can only
produce a maximum displacement less than 1 micrometer (for harmonic motion,
displacement is equal to velocity divided by radial frequency). Signal
decorrelation and electronic noise would make such a displacement undetectable
(Walker and Trahey, 1995). However, in harmonic motions, it is not necessary to
measure the displacement over time: a estimation of motion amplitude and
phase can characterize the motion. Huang et al. (1992) proposed several time
domain Doppler estimators, making use of a priori information about the
vibration frequency and the nature of the Doppler shifts from vibrating targets.
As a result, these time domain estimators require less data than frequency
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domain approaches to achieve the same estimation. The amplitude of vibration
can be estimated with a small fraction of the vibration cycle and only a few
samples. Therefore, they can be adopted for real-time and/or imaging
applications when necessary.

6.9 Summary
The possibility of measuring vibration velocity of a target by ultrasound
Doppler method is demonstrated in this chapter. The echoes from an oscillating
object are derived and its spectrum is shown to have spectral lines lying above
and below the carrier frequency at intervals equal to the vibration frequency of
the target. Approximations are made when the velocity of the object under
vibration is small. As a result, a simplified CW system is built to extract the
velocity amplitude of the oscillation based on the echoes from the target.
Experiments are performed on spheres of different size in gel phantoms. The
measurements of velocity from laser vibrometer and the ultrasound Doppler
system are compared with each other. The results show good agreement for
spheres with larger size. The dependence of estimation error on sphere radius is
also analyzed. The results from this chapter suggest that the material
characterization technique present in this thesis is not limited to applications in
transparent medium. A number of possible improvements upon the ultrasound
Doppler method are also discussed.
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Chapter 7

Discussion and Summary

7.1 Discussion
7.1.1 Advantages and disadvantages of the proposed method
Most existing elasticity imaging methods measure displacement or
strain, which is not necessarily a correct representation of the shear modulus of
the object. As explained in Chapter 2, local boundary conditions can produce
incomprehensible images or even artifacts. Moreover, in viscoelastic materials,
these displacements hold combined information about both viscous and elastic
properties of the object and the meaning of a strain image is not straightforward.
In contrast, the proposed method is capable of determining shear modulus and
shear viscosity at the same time, if suitable target and sample are attainable. Very
few results have been reported on measurement of viscosity by elasticity imaging
methods.

The primary disadvantage of this method is the requirement of a
calibrated target. This can limit the application potential of this technique.
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Walker et al. (2000) used the Voigt model to estimate the shear modulus and
shear viscosity of a material based on time-displacement data measured after the
application of static stress induced by radiation force. The stress he used was
static. Since the magnitude of the stress was unknown, he came up with a
relative estimation of shear modulus and viscosity. It may be possible to combine
the rational behind our method and Walker’s idea to form a more useful
technique: use dynamic radiation force to excite a homogenous medium and
estimate the mechanical properties from the measured vibration-frequency data,
with the aid of a proper mathematical model. Compared to Walker’s method,
this scheme, if feasible, will provide dynamic properties about the object.
Furthermore, absolute measurements may be possible without the knowledge of
the magnitude of the radiation stress. In this way, the requirement of a calibrated
target is eliminated and images of shear properties can be formed if we scan the
object and assume local homogeneity.

7.1.2 Radiation Force Calculation

The calculation of radiation force on the sphere is not crucial in the
applications described in this thesis, because material properties can be
determined without the knowledge of the magnitude of the force, as far as it is
constant over the frequency of measurement. However, radiation force is an
important subject of theoretical acoustics and deserves a few words of
discussion. In the calculation of dynamic radiation force, we use the expression
for the tensor of momentum flux in an ideal fluid. This is not correct for very
small spheres, where ka<<1. In practically interesting cases, ka is of the order of
unity, and the calculation of radiation force can be justified. The method adopted
for computing radiation force in a viscous medium is only valid for soft materials
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where the shear elasticity is much smaller than the volume elasticity. This
assumption holds for most practical cases of interest. To compute the radiation
force where this assumption is violated, the stress (due to scattering) accurate to
the second order should be solved first and then integrated around the surface of
the sphere to derive the radiation force. This analysis can be extremely complex
unless a formula similar to that used by Yosioka et al. (1955) can be found to
relate the radiation force to the first order scattered field.

It is very important that material characterization can be achieved without
the knowledge of the magnitude of radiation force, given that this force is
independent of the vibration frequency. The reason is that it is usually
impossible to determine the magnitude of radiation force by theoretical
calculation. In practice, the incident beams from the excitation transducer may
differ from ideal plane waves, and their intensities are usually unknown. The
information about the material properties of the sphere and its surrounding
medium, which is required to compute the dynamic radiation force function, is
also unknown. In fact, these parameters are the objects of material
characterization. The medium surrounding the sphere may inhomogeneous or
anisotropic. Therefore, the dynamic radiation force cannot be obtained
theoretically. Under these circumstances, the relevant conclusion remains valid:
the dynamic radiation force is of frequency ( f1 − f 2 ) , and its amplitude remains
constant for all oscillating frequencies

( f1 − f 2 )

that are small. Then material

properties can still be derived form the velocity measurements.

There are a few cases where the value of radiation force function Y is
extremely sensitive to the change of ka, as those cases shown in Figure 3.6. For
such cases, the dynamic radiation force may not be independent of f1 and f 2 .
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Such situation can be detected if we change increase or decrease f1 and f 2 by the
same amount. A significant change in object response indicates the presence of a
high slope area. In most situations, it is safe to assume the dynamic radiation
force is of constant amplitude when we sweep the oscillating frequency ( f1 − f 2 ) .
Therefore, there is no need to correct for the driving force when sweeping the
vibration frequency.

7.1.3 Radiation Impedance of the Target Under Vibration

The model can produce good quantitative results for calibrated targets,
like the sphere used in the experiments. For targets of different shapes, the
radiation impedance formula for a sphere in Equation (4.3) cannot be used.
However, the concept presented in this thesis is still valid, given that the
radiation impedance of that particular target can be calculated. Resonance of
vibrating amplitude versus frequency is still expected, and can be used to deduce
mechanical properties of the medium around that target. For targets of regular
shapes, e.g., a cylinder, the radiation impedance can be solved analytically, and
material properties of interest appear as undetermined parameters in the
theoretical model. Therefore, it is relatively easy to find their optimal values that
lead to a best fit between theory and measurements. For targets of irregular
shapes, radiation impedance cannot be obtained analytically. The material
properties can still be solved numerically. But this procedure requires intensive
computation. With rapid advances of computer technology, computation load is
of less and less concern. Therefore, the shape of the target can be obtained by 3D
images of X-ray CT, ultrasound, or other suitable imaging modalities, and used
to calculate the radiation impedance of the target.
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7.1.4 Measurement of Dynamic Force

The static radiation force on a sphere due to a single incident ultrasound
beam has been measured and used as a primary method to determine the
intensity of incident ultrasound [Haswgawa et al. 1975, Dunn et al. 1977]. In that
method, a sphere was suspended with a fine filament in water. The radiation
force from the incident ultrasound causes the sphere to deflect along the
direction of sound propagation. The radiation force on the sphere can be
determined by how much the sphere deflects from its neutral position. Then the
intensity of the incident ultrasound can be computed from the radiation force
obtained from measurement and the radiation force function obtained from
computer simulation. This idea can be readily extended into the dynamic case.
The oscillatory velocity of the sphere can be measured, either by laser,
ultrasound, or other appropriate methods. The dynamic force (not necessary
radiation force) on the sphere can be solved by the total impedance of the sphere.
The sphere can be in fluid or any other viscoealstic medium of known property
and the measurement is non-contact. If the driving force on the sphere comes
from interference of ultrasound waves, the radiation force function can be used
as additional information to determine the intensity of the incident waves.

7.1.5 Application on Breast Calcification

To apply this model to breast micro-calcification, some practical issues
need to be addressed. First of all, the target here is not exactly spherical, though
many appear to be so. More work needs to be done to assess the impact of
violating the spherical assumption: how sensitive is the radiation impedance to
the shape of the target, and how spherical are breast calcifications. We speculate
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that the radiation impedance is mainly determined by the projected area of the
object along the axis of vibration. Therefore, we can estimate the radiation
impedance even for microcalcifications with irregular shapes. Given the high
contrast between normal fat tissues and malignant breast tissues, it is likely that
assessment of the tissue properties around the microcalcification using this
method can help in screening of breast lesions. Another practical issue is
estimating the projected area of the calcification. Currently we are developing a
system that combines x-ray mammography and vibro-acoustography. The area
of the calcification may be estimated by the x-ray mammogram. Then this
information may be used to estimate tissue properties by our method.

7.2 Summary

This thesis work sought to investigate the feasibility of material
characterization with vibrography. The goals put forward in Chapter 2 have been
achieved by the work presented in this dissertation. A quantitative model has
been presented for a sphere vibrated by two beams of ultrasound in nonviscous
fluids, viscous fluid, and homogeneous viscous media. The acoustic radiation
force on the sphere is calculated and shown to have an oscillating component.
This driving force is used, with the radiation impedance and the mechanical
impedance of the sphere, to calculate the vibrating velocity of the sphere. The
theory predicts distinct velocity profiles (vibrating speed versus vibration
frequency) for a sphere in water, viscous fluid, and in gel, which are confirmed
by experiments. This method can be used to determine the local material
properties of the medium surrounding the sphere. It can also be used to calibrate
oscillatory driving force on the sphere.
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The analytical formula for radiation force on a sphere in water is derived.
Because of the interference of two waves, the radiation force on the sphere has a
DC component and an oscillatory component at the beat frequency of the two
ultrasound waves. We define a new term, dynamic radiation force function Yd ,
in contrast to the traditional radiation force function Y. Computer simulations
show that Yd is practically identical to Y, when ∆f is small and k a is far from
the extrema of the Y curve.

The radiation force calculation is also extended from fluid to general
visco-elastic media. In soft media where shear elasticity is much smaller than
volume elasticity, the calculation of radiation force on the sphere is modified to
consider the indirect contribution from the scattered shear wave. The stress on
the sphere from scattered longitudinal and shear waves is compared by
simulation, and shows that stress from the shear wave is insignificant. Therefore,
the scattering of a sphere in visco-elastic medium is solved and only the
longitudinal scattered wave is used to compute the radiation force on the sphere.

The radiation impedance and the mechanical impedance of the sphere
represent the resistance the sphere meets when it vibrates. They are used with
the dynamic radiation force to calculate the vibrating velocity of the sphere, from
which the acoustic emission by the sphere is also solved. The theory shows that
the velocity profile for the sphere depends on the shear properties of the medium
around the sphere. In water, the vibrating velocity is inversely proportional to
frequency of vibration. In viscous fluid, the magnitude of oscillating speed also
decreases with frequency, yet with a slower rate. Lower viscosity of the fluid
leads to stiffer curves. In viscoelastic media, the velocity profile demonstrates
resonance versus frequency, due to the presence of shear restoring force. This
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effect can be used to characterize shear properties of the medium near the
sphere. If the material properties of the medium are already known, the dynamic
force on the sphere can be derived from the velocity measurement.

Experiments are performed for four stainless steel spheres of different size
in water and in a gelatin phantom. The spheres are vibrated by dynamic
radiation force and their velocity magnitudes are measured as a function of
vibration frequency by a laser vibrometer, which is capable of detecting tiny
motion based on the reflected laser from the object. The velocity profiles
measured by laser vibrometer confirm the theoretical prediction. The dynamic
radiation force calculation in water and in gel is also verified by data derived
from the relative magnitudes of the velocity profiles measured for different
spheres. Measurements of acoustic emissions from spheres in water are also
presented. Comparison shows that velocity measurement is a better choice for
quantitative study.

Shear moduli of the gel are estimated from the measured velocity resonant
curves and compared to results obtained from MRE and DMA testing. All three
methods arrive at similar results. The method presented in this dissertation has
the smallest random error from one measurement to another. Experiments are
also performed in viscous standard fluid with known viscosity. The velocity
profile of the sphere shows no resonance, just like the case in water. The slope of
the curve is related to the viscosity of the fluid. The results derived from velocity
measurements agree with the certificated value of the test fluid. The variance of
viscosity estimation is larger than that of shear modulus estimation. This method
is also used to measure the viscosity changes of glycerin solutions versus
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temperature. Results show consistent decrease of viscosity versus temperature,
as expected from literature.

The possibility of measuring vibration velocity of a target by ultrasound
Doppler method is also demonstrated in this dissertation. The echoes from an
oscillating object are derived and its spectrum is shown to have spectral lines
lying above and below the carrier frequency at intervals equal to the vibration
frequency of the target. Approximations are made when the velocity of the object
under vibration is small. A simplified CW system is built to extract the velocity
amplitude of the oscillation based on the echoes from the target. Experiments are
performed on spheres of different size in gel phantoms. The measurements of
velocity with a laser vibrometer and the ultrasound Doppler system are
compared with each other. The results show good agreements, suggesting that
the material characterization technique presented in this thesis is not limited to
applications in transparent media.

7.3 Future Work

In the future, a mechanism must be developed to locate the position of the
target quickly. In practical applications, we need to align the excitation
ultrasound and the detection ultrasound with the target in 3D space. One
possibility is to operate the ultrasound transducers in B-mode imaging and locate
the target. The scanning can be done mechanically or electronically. Then the
ultrasound beams can be fixed on the target and transducers switched back to
excitation mode and Doppler mode respectively. The Doppler transducer and the
excitation transducer can also be integrated into one linear array. The same array
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can be used to image the object, vibrate the target, and measure the response of
the target.

Detection methods other than laser and ultrasound need to be explored.
MRI is a potential alternative, since it has been used in MRE to image the
propagation of shear waves. However, the cost associated with MRI makes this
choice less attractive. Acoustic emission, though challenging, it is still another
choice. Since sound radiation efficiency is low for small objects at low frequency,
how signal to noise ratio can be a limitation when measuring acoustic emission
from the sphere. We recently built a sound chamber room that is isolated from
the environment noise. It cuts the background noise and enables measurements
at very low frequency. Therefore, even very weak acoustic emission at low
frequency can be detected in this quiet environment. For experiments in water
tank, the reverberation can be addressed in a number of ways. For example,
arrays of wedges (at least 20cm high) can increase sound absorption and
suppress reverberation by dissipating sound energy through multiple reflections
within the wedge array. Another possibility is to calibrate the reverberation of
the water tank with object of known vibration. For medical applications, the
hydrophone can be put directly on the surface of human body and no water bath
is needed. However, the reverberation of sound in the body and the noise
generated by the body are challenges of quantitative measurements.

And finally, the possibility of estimating mechanical properties from
frequency-vibration magnitude measurement without a hard inclusion is worth
exploring. For this purpose, we did a pilot study and some of the preliminary
results are presented here. The setup of experiments is shown in figure 7.1,
where vibration is still monitored by the laser vibrometer. We had to introduce a
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thin layer of white paint in the otherwise homogeneous gel phantom to provide a
reflective surface for laser measurement. The transducer is focused at the paint
layer and the vibration at the focus of the transducer is detected by the laser
vibrometer. Since the paint layer is very thin, we assume its presence will not
change the response at the focus of the transducer. The gel phantom is a cylinder
with a diameter of 5cm and a height of 5cm.

Gel
phantom

Laser
vibrometer

Transducer

Paint layer
Figure 7.1 Experiments on a gel phantom without a hard inclusion. A
thin layer of white paint is sealed in the homogeneous gel phantom to
provide a reflective surface for laser measurement. The transducer is
focused at the paint layer and the vibration at the focus of the
transducer is detected by the laser vibrometer.

The measurement results for 10%, 15%, and 20% gel phantoms are shown
in figure 7.2. All velocity spectra show resonance and the resonant frequency
increases as the phantom becomes stiffer (i.e., with a higher concentration of
gelatin). A very simple model, shown in figure7.3, is used to fit the measured
data. The stiffness and viscosity of the gel are modeled by k and η. The constant
m represents the mass of the gel under vibration at the focus of the phantom. The
impedance of such a system is

k

Z = η − i  mω −  .
ω


(7.1)
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When an oscillating force with constant amplitude is applied, the velocity of the
mass m is

F
V =  e −iωt .
Z

(7.2)

This model also produces a resonant velocity spectrum, the shape of which is
determined by the parameters k, η, and m. Therefore, one can fit the
measurement curves to the model and determine these parameters. We found
that there was more than one optimal solution for the curve fitting, if all three
parameters were allowed as variables. Therefore, we set m=0.1g (which is
reasonable given the tight focus of the excitation transducer), and only fit for the
stiffness and viscosity of the gel phantoms.
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Figure 7. 2 Velocity spectra measured in homogeneous gel phantoms of
different concentration.
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k
m
η
Figure 7. 3 A simple model used to fit the measured velocity spectra of
various phantoms.

The results are shown in table 7.1. Values in parenthesis are estimations
from the homogeneous phantom. Values without the parenthesis are estimated
from gel phantoms with embedded spheres (radius=0.64mm), which are used as
gold standard. The results on stiffness are almost identical, while the values for
viscosity are quite different. Notice that the units of µ1 and µ2 are different from
those of k and η, because the spherical model is 3D while the simple model is 1D.
The result of parameter fitting is quite sensitive to the choice of m. In other
words, the model in figure 7.3 is not a robust and accurate description of reality.
However, it is presented here to illustrate the idea of estimating shear properties
without the aid of a hard inclusion. Based on these preliminary results, we
believe the finding presented in this thesis is applicable in the absence of hard
inclusions. A more complete and realistic model needs to be developed for this
purpose. In their 1998 paper, Sarvazyan et al. described a theoretical model for
shear motions in viscoelastic media induced by the radiation force of focused
ultrasound. They were mainly interested in shear waves caused by ultrasound
pulses. However, their model can be readily adapted to study motion induced by
amplitude-modulated ultrasound. Therefore, it is possible to extend the method
described in this thesis to a more general elasticity imaging technique.
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TABLE 7.1 Shear modulus and viscosity obtained by with and (without) an embedded sphere.

Gel

Stiffness µ1 (k)

Viscosity µ2 (η)

10%

2241 (2296)

0.388 (2.02)

15%

4152 (4038)

0.598 (2.2)

20%

8430 (8184)

1.058 (2.4)
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APPENDIX A: RADIATION FORCE ON A SPHERE IN FLUID
List of symbols
jn

spherical Bessel function of order n

Pn

Legendre polynomial of order n

hn

second kind spherical Hankel function of order n

nn

spherical Neumann function of order n

r ,θ

spherical coordinates

a

radius of the sphere

ki

=

xi

= k i a , i = 1,2

c

sound velocity in the surrounding fluid

c1

longitudinal sound speed in the sphere

c2

shear sound speed in the sphere

ρ

density of the surrounding fluid

ρ0

density of the sphere

φ

velocity potential of a sound field

2π

λi

, wave number of plane wave i=1,2

short-term time average

Cn

coefficient for the order n scattered spherical wave

αn

real part of C n

βn

imaginary part of C n

Ed

time average dynamic energy density
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Hasegawa and Yosioka (1969) derived the acoustic radiation force on an
elastic sphere in nonviscous fluid, given that the incident field is a progressive
plane wave. In their paper the scattering of a plane progressive wave on the
sphere was calculated, using first order linear wave equations with proper
boundary conditions. With the aid of a simplified formula deduced by Yosioka
and Kawasima (1955), this first order scattering field was used to compute the
radiation force on the sphere, which is a time-averaged effect of the total stress
field integrated around the sphere. The radiation force is a second order small
quantity. Generally speaking, computing the radiation force demands the
scattering field to be accurate to the second order, which means solving
nonlinear wave equations. Hesegawa and Yosioka’s method only requires first
order linear scattering field, which greatly simplifies the procedure of radiation
force calculation.

In vibro-acoustography, the incident field consists of two beams of
ultrasound with different frequencies. The radiation force is no longer static: it
also has an oscillatory component. We assume that the sphere is small compared
to the focal width of the transducer. Therefore, the incident field at the sphere
can be approximated as plane progressive waves. The theory developed below
can be readily extended for other axisymmetric incident fields. Only the
coefficients for the spherical harmonics of incident field need to be modified and
everything else will remain the same. Refer to the paper of Chen and Apfel (1996,
1997) for more information.

144

Z

ψ

INCIDENT PLANE WAVES

Figure A1 Choice of coordinate axes. The center of the sphere is at the
origin of the coordinate systems. Two plane progressive waves incident
along the Z axis from the bottom of the image.

We adapt the method of Hasegawa and Yosioka to derive the radiation
force on a sphere excited by two plane waves. Assume the sphere is isotropic and
elastic, and the surrounding fluid is non-viscous. Suppose the incident fields are
two plane waves of frequency ω1 and ω 2 . Let the center of the sphere coincide
with the origin of the spherical coordinate system (r, θ ,ψ ), as shown in Figure
A1. We can decompose the velocity potential of the plane waves into spherical
harmonics

∞

φi = A∑ ( 2n + 1)( −i ) n jn ( k1r ) Pn (Cosθ )e iω t
1

n =0

∞

+ A∑ ( 2n + 1)( −i ) jn ( k 2 r ) Pn (Cosθ )e
n

iω 2t

(A1)

,

n =0
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where jn is the spherical Bessel function of order n, Pn (Cosθ ) is the Legendre
polynomial, k1 and k 2 are the wave numbers of the two incident ultrasound
beams. The scattered waves may be expressed as

∞

φ s = A∑ ( 2n + 1)( −i ) n C1,n hn ( k1r ) Pn (Cosθ )e iω t
1

n =0

∞

+ A∑ ( 2n + 1)( −i ) C2,n hn ( k 2 r ) Pn (Cosθ )e
n

iω 2t

(A2)

,

n =0

where hn is the second kind spherical Hankel function of order n. The
coefficients Ci ,n (i=1,2) can be determined by boundary conditions at the surface
of the sphere [Hasegawa 1977]:

C i ,n =

− Fi ,n jn ( xi ) + xi jn′ ( xi )
,
Fi ,n hn ( xi ) − xi hn′ ( xi )

(A3)

where xi = k i a , a being the radius of the sphere. Fi ,n is given by

Fi ,n =


ρ 0 xi2, 2  njn ( xi ,1 ) − xi ,1 jn +1 ( xi ,1 )
2n( n + 1) jn ( xi , 2 )
×
−

2
2
2ρ
 ( n − 1) jn ( xi ,1 ) − xi ,1 jn +1 ( xi ,1 ) ( 2n − xi , 2 − 2) jn ( xi ,2 ) + 2 xi , 2 jn +1 ( xi , 2 ) 

(0.5 xi2, 2 − n 2 + n ) jn ( xi ,1 ) − 2 xi ,1 jn +1 ( xi ,1 ) 2n( n + 1)[(1 − n ) jn ( xi , 2 ) + xi , 2 jn +1 ( xi , 2 )]
−
( n − 1) jn ( xi ,1 ) − xi ,1 jn +1 ( xi ,1 )
( 2n 2 − xi2, 2 − 2) jn ( xi , 2 ) + 2 xi , 2 jn +1 ( xi , 2 )

,

(A4)

where ρ 0 and ρ are the density of the fluid and the sphere, xi ,1 = xi

xi , 2 = xi

c
,
c1

c
, c1 and c2 are the longitudinal and shear wave speed in the sphere. Let
c2
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α i ,n and β i ,n be the real and imaginary part of Ci ,n . The velocity potential outside
the sphere is

∞

φ = φi + φ s = A∑ ( 2n + 1)( −i ) n [U 1,n ( k1r ) + iV1,n ( k1r )]Pn (Cosθ )e iω t
1

n =0

∞

A∑ ( 2n + 1)( −i ) n [U 2,n ( k 2 r ) + iV2,n ( k 2 r )]Pn (Cosθ )e iω2t ,

(A5)

n =0

where U 1,n , V1,n , U 2,n , V2,n and their derivatives are defined as

U1,n = (1 + α1,n ) jn ( k1r ) + β1,n nn ( k1r )

V1,n = β1,n jn ( k1r ) − α1,n nn ( k1r )

U 2,n = (1 + α 2,n ) jn ( k 2 r ) + β 2,n nn ( k 2 r )

V2,n = β 2,n jn ( k 2 r ) − α 2,n nn (k 2 r )

U 1' ,n = d {U 1,n ( k1r )} / d {k1r}

V1',n = d {V1,n ( k1r )} / d {k1r}

U 2' ,n = d {U 2,n ( k1r )} / d {k 2 r}

V2',n = d {V2,n ( k1r )} / d {k 2 r} .

(A6)

Here nn is the spherical Newman function of order n.

The radiation force is calculated by averaging the net force on the sphere
over time. In vibro-acoustography, the radiation force has a slow time varying
component. To discriminate this slow time variation, we define the short-term
time average of an arbitrary function ξ (t ) over the interval of T at time t, as
1
ξ (t ) =
T

t +T / 2

∫ ξ (t )dt , where

t −T / 2

2π
2π
<< T <<
[Fatemi et al. 1999]. The
0.5(ω 2 + ω1 )
ω 2 − ω1

assumption here is that ω 2 − ω1 << 0.5(ω 2 + ω1 ) , which is true in our applications.
∞

From Equation (A6), we have Re{φ } = A ∑ ( 2n + 1) Rn Pn (Cosθ ) , where
n =0
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Rn = Re{( −i ) n (U 1,n + iV1,n )e iω1t + (−i ) n (U 2,n + iV2,n )e iω 2t } .

(A7)

It can be proved that

Rn Rn +1 =

1
(U 1,nV1,n +1 + U 2,nV2,n +1 − V1,nU 1,n +1 − V2,nU 2,n +1 )
2

1
+ (U 1,nU 2,n +1 − U 2,nU 1,n +1 + V1,nV2,n +1 − V2,nV1,n +1 ) Sin(ω 2 − ω1 )t
2
1
+ (U 1,nV2,n +1 + U 2,nV1,n +1 − V1,nU 2,n +1 − V2,nU 1,n +1 )Cos (ω 2 − ω1 )t
2
Rn' Rn' +1 ki r =

1 ' '
(U 1,nV1,n +1 + U 2' ,nV2',n +1 − V1',nU 1' ,n +1 − V2',nU 2' ,n +1 )
2

1 ' '
(U1,nU 2,n +1 − U 2' ,nU1' ,n +1 + V1',nV2',n +1 − V2',nV1',n +1 ) Sin(ω 2 − ω1 )t
2
1
+ (U1' ,nV2',n +1 + U 2' ,nV1',n +1 − V1',nU 2' ,n +1 − V2',nU1' ,n +1 )Cos(ω 2 − ω1 )t
2
+

Rn Rn' +1 k i r =

1
(U 1,nV1',n +1 + U 2,nV2',n +1 − V1,nU 1' ,n +1 − V2,nU 2' ,n +1 )
2

1
(U 1,nU 2' ,n +1 − U 2,nU 1' ,n +1 + V1,nV2',n +1 − V2,nV1',n +1 ) Sin(ω 2 − ω1 )t
2
1
+ (U 1,nV2',n +1 + U 2,nV1',n +1 − V1,nU 2' ,n +1 − V2,nU 1' ,n +1 )Cos(ω 2 − ω1 )t
2
+

Rn' Rn +1 k i r =

1 '
(U 1,nV1,n +1 + U 2' ,nV2,n +1 − V1',nU 1,n +1 − V2',nU 2,n +1 )
2

1 '
(U 1,nU 2,n +1 − U 2' ,nU 1,n +1 + V1',nV2,n +1 − V2',nV1,n +1 ) Sin(ω 2 − ω1 )t
2
1
+ (U 1' ,nV2,n +1 + U 2' ,nV1,n +1 − V1',nU 2,n +1 − V2',nU 1,n +1 )Cos(ω 2 − ω1 )t.
2
+

(A8)

The acoustic radiation force F on the sphere can be determined by
integrating the total pressure field around the sphere, followed by the short-term
time average. Using the formula from the paper of Hasegawa et al. (1969), the
radiation force on the sphere is
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F = Fr + Fθ + Fr ,θ + Ft ,

(A9)

where

π

Fr = −πa 2 ρ ∫ (
0

= −2πρ A

2

∞
∂φ 2
2
)
Sinθ Cosθ dθ = −4πa 2 ρ A ∑ ( n + 1) Rn' Rn' +1
∂r r =a
n =0
∞

∑ (n + 1)[ x
n =0

2
1

r

(U1' ,nV1',n +1 + x22U 2' ,nV2',n +1 − x12V1',nU1' ,n +1 − x22V2',nU 2' ,n +1 )

+ x1 x2 (U1' ,nU 2' ,n +1 − U 2' ,nU1' ,n +1 + V1',nV2',n +1 − V2',nV1',n +1 ) Sin(ω 2 − ω1 )t
+ x1 x2 (U1' ,nV2',n +1 + U 2' ,nV1',n +1 − V1',nU 2' ,n +1 − V2',nU 1' ,n +1 )Cos(ω 2 − ω1 )t ]
π

Fθ = πρ ∫ (
0

∞
∂φ 2
2
)
Sinθ Cosθ dθ = 4πρ A ∑ n ( n + 1)( n + 2) Rn Rn +1
∂θ r =a
n =0

= 2πρ A

∞

∑ n(n + 1)(n + 2)[(U

2

n =0

V

1,n 1,n +1

+ U 2,nV2,n +1 − V1,nU1,n +1 − V2,nU 2,n +1 )

+ (U 1,nU 2,n +1 − U 2,nU 1,n +1 + V1,nV2,n +1 − V2,nV1,n +1 ) Sin(ω 2 − ω1 )t
+ (U 1,nV2,n +1 + U 2,nV1,n +1 − V1,nU 2,n +1 − V2,nU 1,n +1 )Cos(ω 2 − ω1 )t ]
π

Fr ,θ = 2πaρ ∫ (
0

= 4πρa A

∂φ ∂φ
)( ) r =a Sinθ 2 dθ
∂r ∂θ
2

∞

∑ [n(n + 1) R R
n

n =0

= 2πρ A

2

∞

∑{n(n + 1)[( x U
n =0

1

'
n +1

r

− ( n + 1)( n + 2) Rn' Rn +1

'
1, n 1, n +1

V

r

]

+ x 2U 2,nV2',n +1 − x1V1,nU 1',n +1 − x 2V2,nU 2' ,n +1 )

+ ( x 2U 1,nU 2' ,n +1 − x1U 2,nU 1',n +1 + x 2V1,nV2',n +1 − x1V2,nV1',n +1 ) Sin(ω 2 − ω1 )t
+ ( x 2U 1,nV2',n +1 + x1U 2,nV1',n +1 − x 2V1,nU 2' ,n +1 − x1V2,nU 1',n +1 )Cos (ω 2 − ω1 )t ]
− (n + 1)(n + 2)[( x1U 1',nV1,n +1 + x 2U 2' ,nV2,n +1 − x1V1',nU 1,n +1 − x 2V2',nU 2,n +1 )

+ ( x1U 1',nU 2,n +1 − x 2U 2' ,nU 1,n +1 + x1V1',nV2,n +1 − x 2V2',nV1,n +1 ) Sin(ω 2 − ω1 )t
+ ( x1U 1',nV2,n +1 + x 2U 2' ,nV1,n +1 − x1V1',nU 2,n +1 − x 2V2',nU 1,n +1 )Cos (ω 2 − ω1 )t ]}
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π

− πa 2 ρ ∂φ 2
( )
Sinθ Cosθ dθ
c 2 ∫0 ∂t r =a

Ft =

− 4πa 2 ρ A
=
c2

= −2πρ A

2

2

∞

∑ (n + 1)
n =0

∞

∂Rn ∂Rn +1
⋅
∂t
∂t

∑ (n + 1)[( x U
2
1

n =0

(A10)

V

1, n 1, n +1

+ x 22U 2,nV2,n +1 − x12V1,nU 1,n +1 − x 22V2,nU 2,n +1 )

+ x1 x 2 (U 1,nU 2,n +1 − U 2,nU 1,n +1 + V1,nV2,n +1 − V2,nV1,n +1 ) Sin(ω 2 − ω1 )t
+ x1 x 2 (U 1,nV2,n +1 + U 2,nV1,n +1 − V1,nU 2,n +1 − V2,nU 1,n +1 )Cos (ω 2 − ω1 )t ].

After some tedious arithmetic manipulation, the formula can be greatly
simplified. The final expression for the radiation force on the sphere is

1
1
2
2
F = πa 2 ( ρk12 A )Y1 + πa 2 ( ρk 22 A )Y2
2
2
2

2

+ πa 2 ( ρk1 k 2 A )Y3 Sin(ω 2 − ω1 )t + πa 2 ( ρk1 k 2 A )Y4 Cos (ω 2 − ω1 )t ,

(A11)

where

∞

Y1 = −

4
x12

∑ (n + 1)(α

Y2 = −

4
x 22

∑ (n + 1)(α

n =0

1, n

∞

n =0

2,n

+ α 1,n +1 + 2α 1,nα 1,n +1 + 2 β 1,n β 1,n +1 )
+ α 2,n +1 + 2α 2,nα 2,n +1 + 2 β 2,n β 2,n +1 )

∞

Y3 = 2∑ ( n + 1){[ jn ( x 2 ) jn +1 ( x1 ) − jn ( x1 ) jn +1 ( x 2 )]( 2 + α1,n + α1,n +1 + α 2,n + α 2,n +1 )
n =0

+ [ jn ( x 2 )n n +1 ( x1 ) − nn ( x1 ) jn +1 ( x 2 )]( β1,n + β1,n +1 )
+ [nn ( x 2 ) jn +1 ( x1 ) − jn ( x1 )nn +1 ( x 2 )]( β 2,n + β 2,n +1 )
+ [ jn ( x 2 ) jn +1 ( x1 ) − jn ( x1 ) jn +1 ( x 2 ) + n n ( x 2 )nn +1 ( x1 ) − nn ( x1 )nn +1 ( x 2 )]
× (α1,nα 2,n +1 + α 2,nα1,n +1 + β1,n β 2,n +1 + β 2,n β1,n +1 )
+ [ jn ( x 2 )n n +1 ( x1 ) − nn ( x1 ) jn +1 ( x 2 ) + jn ( x1 )nn +1 ( x 2 ) − nn ( x 2 ) jn +1 ( x1 )]
× (α 2,n β1,n +1 + β1,nα 2,n +1 − α1,n β 2,n +1 − β 2,nα1,n +1 )}

150

∞

Y4 = 2∑ ( n + 1){[ jn ( x1 ) jn +1 ( x 2 ) − jn ( x 2 ) jn +1 ( x1 )][ β1,n + β1,n +1 − β 2,n − β 2,n +1 ]

(A12)

n =0

+ [ jn ( x 2 )n n +1 ( x1 ) − n n ( x1 ) jn +1 ( x 2 )](α1,n + α1,n +1 )
+ [ jn ( x1 )nn +1 ( x 2 ) − n n ( x 2 ) jn +1 ( x1 )](α 2,n + α 2,n +1 )
+ [ jn ( x 2 )n n +1 ( x1 ) − n n ( x1 ) jn +1 ( x 2 ) + jn ( x1 )n n +1 ( x 2 ) − nn ( x 2 ) jn +1 ( x1 )]
× (α1,nα 2,n +1 + α 2,nα1,n +1 + β1,n β 2,n +1 + β 2,n β1,n +1 )
+ [ jn ( x 2 ) jn +1 ( x1 ) − jn ( x1 ) jn +1 ( x 2 ) + nn ( x 2 )n n +1 ( x1 ) − n n ( x1 )n n +1 ( x 2 )]
× (α1,n β 2,n +1 + β 2,nα1,n +1 − β1,nα 2,n +1 − α 2,n β1,n +1 )}.

The first two terms of the radiation force in Equation (A11) are the DC
components caused by each individual plane wave. The last two terms are the
dynamic force at the beat frequency. In each term, πa 2 is the projection area of
the sphere, (

1 2 2
ρk i A ) is the time-averaged energy density of the appropriate
2

incident wave. The dynamic radiation force can be rewritten as

2

Fd = πa 2 ( ρk1k 2 A ) Y32 + Y42 Cos[(ω 2 − ω1 )t − ϕ ]
= πa 2 E d Yd Cos[(ω 2 − ω1 )t − ϕ ] ,

(A13)

where we define the dynamic energy density and dynamic radiation force function
as
2

Ed = ρk1k 2 A ;

(A14)

Yd = Y32 + Y42 .

(A15)

The phase shift of the dynamic radiation force compared to the incident field is

ϕ = Arc tan(Y3 / Y4 ) .

(A16)
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When the frequencies of the two plane waves are identical, it is equivalent
to a single plane wave with its amplitude doubled, and its energy density
quadrupled. Therefore, the radiation force on the sphere has only a DC
component, and its amplitude is four times higher. This is a special case of the
formulas derived above, and can be verified. Given k1 is equal to k 2 , from
Equation (A11) we have

1
1
2
2
2
F = πa 2 ( ρk12 A )Y1 + πa 2 ( ρk 22 A )Y2 + πa 2 ( ρk1k 2 A )Y4 .
2
2

(A17)

Because x1 = x 2 , α1,n = α 2,n , β1,n = β 2,n , from Equation (A12) it can be derived that
Y1 = Y2 = Y4 , using the property of Bessel function

jn ( x )n n +1 ( x ) − n n ( x ) jn +1 ( x ) =

−1
.
x2

(A18)

1
2
Therefore, F = 4 × πa 2 ( ρk 2 A )Y , which is expected from the analysis above,
2
and the expression of Y is identical with that from the paper of Hasegawa (1977).
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APPENDIX B: SCATTERING FROM A SPHERE
List of symbols

φ
r
A
A

velocity potential of a compressive wave
velocity potential of a shear wave
r
ψ component of A

k c , k s wave numbers of compressional and shear waves
jn

spherical Bessel function of order n

Pn

Legendre polynomial of order n

Pn1 ( x )
hn

1 − x 2 dPn ( x ) / dx (associated Legendre polynomial)
second kind spherical Hankel function of order n

r, θ ,ψ spherical coordinates
Pij

stress tensor

r
v

velocity of volume element

ρ

density

µ

Lame constant

a

radius of sphere

ac

kca

as

ksa

154

In this Appendix, the scattering of plane compressive waves on an elastic
sphere embedded in a visco-elastic medium is treated. The scattering from a
sphere in fluid is well discussed in theoretical acoustics [Faran 1951, Hickling
1962]. But the treatment for scattering from a sphere in a visco-elastic medium
that can support shear waves is relatively rare in the literature. To calculate the
dynamic radiation force for a sphere in visco-elastic medium, we need a solution
for the scattering problem in visco-elastic medium. Allegra and Hawley (1972)
solve this problem in visco-elastic medium when they tried to determine the
attenuation of sound in suspensions of spherical particles. However, their
formulae contain a few mistakes. They also included the contribution of thermal
waves in their solution, which is not considered here. Therefore, it is necessary
go through the derivation here.

The following steps are taken to solve for the scattering from a sphere. The
calculation begins with the wave propagation equations in isotropic solid media,
which can be obtained from the conservation laws (of mass and momentum) and
the stress-strain relation. The wave equations are then solved in spherical
coordinates in terms of series expansion of spherical Bessel functions and
spherical harmonics with undetermined coefficients. By utilizing the boundary
conditions at the surface of the sphere, four equations are obtained, which can be
solved for the unknown coefficients.
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φ r : Compression
wave
φ c′ : Compression
wave

φ0

Sphere

Incident
compression
wave

A′ : Shear wave
A: Shear wave

Figure B1 The two wave types scattered into and away from the sphere.

In isotropic solid media, the wave equations for the shear compressive
and shear potentials are (Allegra et al. 1972)

(∇ 2 + k c2 )φ c = 0
r
(∇ 2 + k s2 ) A = 0 .

(B1)

Suppose a plane compressive wave incident on a sphere of radius a suspended in
an isotropic visco-elastic medium. The presence of the sphere gives rise to a
reflected compressive wave, a compressive wave in the sphere, and shear waves
inside and outside of the sphere. Figure B1 shows this diagrammatically. The
solutions to the wave equations in spherical geometry may be written as
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Suspending medium:
∞

φ0 = ∑ ( 2n + 1)( −i ) n jn (k c r ) Pn (Cosθ )e iωt ,

(B2)

n =0

∞

φ r = ∑ ( 2n + 1)( −i ) n An hn ( k c r ) Pn (Cosθ )e iωt ,
n =0
∞

A = ∑ ( 2n + 1)( −i ) n C n hn ( k s r ) Pn1 (Cosθ )e iωt ;
n =0

Inside sphere:
∞

φ c ' = ∑ ( 2n + 1)( −i ) n An ' jn (k c ' r ) Pn (Cosθ )e iωt ,
n =0
∞

A' = ∑ ( 2n + 1)( −i ) n Cn ' jn ( k s ' r ) Pn1 (Cosθ )e iωt ,
n =0

r
r
where A and A' represent the non-vanishing ψ component of A and A' , φ0 is
the incident plane wave, and φ r is the reflected compressional wave. Primes
have been used to characterize quantities referring to the suspended sphere.

At the surface of the sphere, the velocity and stress components are
continuous. For axial symmetry, the boundary conditions reduce to
vr = vr ' ,

(B3)

vθ = vθ ' ,
Prr = Prr ' ,

Prθ = Prθ ' .

Expressing these quantities for a solid in terms of the acoustical potentials,
we obtain the results
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vr = −

1
∂φ
∂
( ASinθ ) ,
+
∂r r Sinθ ∂θ

vθ = −

1 ∂φ 1 ∂
( rA) ,
−
r ∂θ r ∂r

(B4)

 ∂ 2φ
1 ∂ 
 A 1 ∂A  
Prr = (ω 2 ρ − 2 µk c2 )φ − 2 µ  2 +
Sinθ  2 −
 ,

r ∂r  
Sinθ ∂θ 
r
 ∂r

 2∂
Prθ = µ 
 ∂θ

2

 φ 1 ∂φ   2 A ∂ A  1 ∂  1 ∂
( ASinθ )  ,
 2 −
 +  2 − 2  + 2

r ∂r   r
∂r  r ∂θ  Sinθ ∂θ
r


where φ is the sum of the compressional wave potentials.

Using the orthogonal property of the spherical harmonics, terms of equal
order in the series expansions are equated, yielding the following four equations
from the boundary conditions:

a c jn′ ( a c ) + An a c hn′ ( a c ) − Cn n( n + 1)hn ( a s ) = An ' a c ' jn ' ( a c ' ) − C n ' n( n + 1) jn ( a s ' ) ,
jn ( a c ) + An hn ( a c ) − C n [hn ( a s ) + a s hn′ ( a s )] = An ' jn ( a c ' ) − C n ' [ jn ( a s ' ) + a s ' jn′ ( a s ' )] ,

µ{(as2 − 2ac2 ) jn (ac ) − 2ac2 jn′′(ac ) + An [(as2 − 2ac2 )hn (ac ) − 2ac2hn′′(ac )] + Cn 2n(n +1)[as hn′ (as ) − hn (as )]}

[

]

= An ' (ω 2 ρ ' a 2 − 2µ ' ac ' 2 ) jn (ac ' ) − 2µ ' ac ' 2 jn′′(ac ' ) + Cn '2µ ' n(n + 1)[a s ' jn′ (a s ' ) − jn (a s ' )] ,

µ {ac jn′ (ac ) − jn (ac ) + An [ac hn′ (ac ) − hn (ac )] − 0.5Cn [a s2 hn′′(a s ) + (n 2 + n − 2)hn (a s )]}

[

]

= µ ' {An ' [ac ' jn′ (ac ' ) − jn (ac ' )] − 0.5Cn ' a s ' 2 jn′′(a s ' ) + (n 2 + n − 2) jn (a s ' ) }.

(B5)

These four equations can be used to solve for four unknowns An , C n , An ' ,
and C n ' . Therefore, the scattered wave from the sphere can be calculated from
Equation (B2). For n=0, the equations for vθ and Prθ are not valid, because the
coefficients multiply P01 which is zero. We also note that for n=0, the C n and C n '
terms do not appear in the remaining equations. We expect this, since the
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transverse waves should not enter into the spherically symmetric n=0 term.
Therefore, we have two unknowns ( A0 and A0 ' ) and two equations for n=0,
which is still solvable.
Mathematica is used to solve for these coefficients numerically. We
noticed that the derivatives of spherical Bessel functions and spherical Hankel
functions sometimes cause computational instability. Therefore, we adopt the
following identities into our equations:

 xR − ( n + 1) Rn
xRn′ =  n −1
− xRn +1 + nRn

(B6)

− 2 xRn −1 + ( n + 1)( n + 2) Rn − x 2 Rn
′
′
,
x Rn = 
2
 2 xRn +1 + n ( n − 1) Rn − x Rn
2

where Rn represents jn and hn .

In these calculations, absorption can be included by introducing complex
wave numbers into the theory [Hasegawa et al. 1977, 1978]. In this Appendix, we
only consider the absorption in the medium around the sphere. However, this
principle can be readily applied to absorption inside the sphere. We assume that
the absorption coefficients (per wavelength) of compressional and shear waves
outside the sphere are constant quantities independent of frequency, having
values β c and β s , respectively. In the theory modified to include absorption, ac
and a s in Eq. (B5) are replaced by a~c and a~s , given by
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~
 iβ c 
a c = a c 1 + 2π 

.

i
β


 a~s = a s 1 + s 

2π 


(B7)

This modified theory can be derived from the linear stress-strain relation of Voigt
model.
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