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ABSTRACT

This paper proposes a class of new non-parametric test
statistics useful for goodness-of-fit or two-sample hypothesis
testing problems when dealing with randomly right censored
survival data. The procedures are especially useful when one
desires sensitivity to differences in survival distributions
that are particularly evident at at least one point in time.
This class is also sufficiently rich to allow certain statistics
to be chosen which are very sensitive to survival differences
occurring over a specified period of interest. The asymptotic
distribution of each test statistic is obtained and then
employed in the formulation of the corresponding test procedure.
Size and power of the new procedures are evaluated for small




and moderate sample sizes using Monte Carlo simulations. The
simulations, generated in the two sample situation, also allow
comparisons to be made with the behavior of the Gehan-Wilcoxon
and log-rank test procedures.

1. INTRODUCTION AND SUMMARY

Let X be & nonnegative random variable, and suppose X is
interpreted as the measured time to some predetermined event.
Since one of the most common applications of random variables such
as X lies in the area of life-testing and survival theory, X will
hereafter be referred to as a time of death or failure. In life-
testing applications, problems of statistical inference about
failure time random variables most commonly arise in one of the
following two situations:

(a) One has a random sample X1, Xos «oes Xy from a homo-

genecus population of failure times distributed as X,
and wishes to test statistical hypotheses about that

distribution.

(b) One has two samples, X]], X]Z’ cees x]N]’ and Xo1s
Xons s0es X from two possibly different populations
22 2N2

and wishes to test the null hypothesis that the under-
lying survival distributions are in fact the same.
The primary intent of this paper is to present a class of new non-
parametric test statistics, for each of the above two situations,
in the setting where the survival time random variables are
subject to arbitrary random right censoring.

Motivation for the presentation of this new class of test
procedures and necessary notation will be provided in the next
section. In section three of this paper, the new class of pro-
cedures will be developed for the one sample problem. The large
sample distribution of the statistics will be given as well as a
qualitative discussion of the power of these procedures to detect
certain types of departures from the null hypothesis. A procedure
presented by Aalen (1976), similar to a member of the class pre-

sented here, will also be examined in section three. Section
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four contains the development of the procedures applicable in the
two sample problem and presents an algorithm for the computation
of each statistic. Inspection of the power and size of the two
sample procedures through Monte Carlo simulations appears in
section five, while the final section of the paper outlines the
proof of the asymptotic distributions of both the one- and two-
sample test statistics.

2. NOTATION AND MOTIVATION

2.1 Statistical Model
We will first establish some notation. Suppose Xi], xiZ’
ceey XiN. is an independent, identically distributed collection
i

of failure time random variables. {When there is only a single
sample, all of the following notation will be the same, except
that the subscript i will be dropped.} If Fi(t) = P(Xij <t),

then Si(t) = ]-Fi(t) is called the survival function assaciated

t
] . :_g_ =
with Xij’ vi(t) T Si(t) and Bi(t) é v:(s)ds are called
the hazard and the cumulative hazard functions, respectively.
Since the death times are subject to right censorship, there will
also be a coilection of independent, identically distributed cen-

soring times Yil’ Yi2""’ YiN associated with each collection of
i

survival times. Let Gi(t) = P(Yij <t)s= 1-Ci(t), and define
“i(t) = -znci(t). Observe that we allow C; and C, to differ.

We assume that the only information obtained about the sur-
vival time Xij for each individual is Tij = min (X Yij) and
%37ty <
otherwise. If 51j = 1(0) then the j~ individual in sample i is
said to have an observed death {censorship) at time Tij' The
type of statistical dependence between Xij and Yij always causes
difficulties in problems of this sort. We will assume throughout

this paper that the following two conditions hold for i = 1,2:

ij?
RT where I £ is 1 if the event E occurs and 0
ij] [E] h




d

- e T (t,,t,)
L L R P Y N CS)
T2 " _ _dt’7i (2.1)
m{t,t) 5;(t) )
whenever ﬂi(t’t) > 0, where ni(t1,t2) = P(xij > 1, Yij g_tz).
ﬂi(t) = ni(t,t) = Si(t) Ci(t)' (2.2)

Gail (1975) has shown that if a condition analogous to {2.1) also
holds for Ci(t)’ then condition (2.2) automatically holds. We
would Tlike to allow discrete as well as continuous censoring dis-
tributions, and the methods of Gail's proof do not apply in this
case; thus we will assume (2.2) directly. We make the interesting
remark here that although condition (2.1) is part of the classical
assumptions made to insure identifiability in a competing risks
setting, it will also prove to be necessary and sufficient in
proving a useful martingale property later on.

2.2 Estimation

To define estimators using this censored survival data, Tet
Ni(t) represent the number of individuals in sample i under obser-
vation at time t, prior to deaths or censorships occurring at t.
Ny .
j=1 Mgy zth
the number of deaths and censorships, respectively, in sample i at
time t. Finally let {Tj:j=],..., c} be the set of ¢ distinct cen-
sorship times and {Tj:j=1,..., d} be the set of d distinct death
times in the pooled sample. Estimation will be based upon the

right continuous cumulative hazard function estimators

Thus, Ni(t) Further Di(t) and Li(t) represent

D.(T.)-1
A 1 -1
B.(t) = X ) {N].(Tj)-k}
Tyt k=0
and
Li(T.)-1
a.(t) = I zJ {N.(t.) - D.(t )k}
R = S R

J
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where we have adopted the convention of breaking ties between
deaths and censorships in sample i by assuming the deaths occurred

infinitesimally earlier, and where we define I f(k) =0 for any
k=0
f. These estimators were originally studied by Nelson (19639) and

Tater by Aalen (1976) who extensively investigated their distri-
butional properties. Si(t) and Ci(t) in turn are estimated by
§i(t) = exp {-éi(t)} and Ei(t) = exp {—&1(t)}, whose properties
have been presented recently by Fleming and Harrington (1979).

Observe that we have assumed that the survival distributions
Si are continuous, and hence hereafter we will consider only the
situation in which no ties exist between death times. The test
procedures to be proposed here, however, can be applied to data
having a small or moderate number of tied death times by using
these general forms of §1 and §i'

2.3 Motivation for the New Procedures

We will now provide some motivation for this new class of
test procedures. The notation used will continue to be that of
the two-sample situation. The null hypothesis to be tested then
is Hy: S](t) = S,(t) for 0<t<t where T is a fixed positive
number.

An important type of departure from H0 that may arise is
called the "crossing hazards" alternative. When two underlying
survival distributions have hazard functions which cross at some
point, then the survival curves will exhibit differences over a
time interval, but those differences may disappear outside that
interval. The crossing hazards phenomenon can often go undetected
by test statistics that depend upon cumulative differences in the
hazard functions. The Gehan-Wilcoxon (Gehan, 1965) and the log-
rank (Peto and Peto, 1972) statistics are of this type (see
Prentice and Marek, 1979). It is reasonable to expect, though,
that procedures based upon maximum observed differences (perhaps
weighted in some fashion) in empirical survival functions or in
empirical cumulative hazard functions might be more likely to




detect crossing hazards alternatives or more generally any type of
departure from H0 that is particularly evident at one point in
time. Further, if the changes in these observed differences in
empirical functions could be more heavily weighted over intervals
where one might anticipate that the departures from H0 will occur,
one would obtain even greater sensitivity to detect this type of
alternative.

The techniques proposed here attempt to deal with these
issues. Al11 the hypothesis test statistics are Kolmogorov-
Smirnov-type statistics, that is, they are suprema of appro-
priately scaled empirical processes; they are, therefore,
sensitive to differences in underlying survival or cumulative
hazard distributions which are large at a particular point in time
but may disappear at other time points. The class of proposed
procedures is sufficiently rich to allow particular statistics to
be chosen which are very sensitive to differences occurring over a
specified period of interest. Since we assume that the data are
subject to random right censorship, the procedures obtained will
in addition have more general applicability than those proposed by
Dufour and Maag (1978), Barr and Davidson (1973), Koziol and Byar
(1975), and Schey (1977), all of whom considered only certain
restrictive forms of censoring.

Throughout this paper, let 7 be a fixed constant satisfying
“1(T) >0, i=1,2, and set T = {0,t]. Let d be the Skorochod
metric on the space D(T) of functions on the interval [0,7] which
have discontinuities of only the first kind (cf. Billingsley
(1968)). Hereafter, the term "weak convergence" will be used with
respect to the product metric dn on the product space Dn(T) for
appropriate values of n, and will be denoted by =,

3. ONE SAMPLE GOODNESS-QF-FIT TESTS

3.1 Formulation and Large Sample Properties of the Test Statistic

In this section we will treat only the situation of a single
homogeneous population of failure times and the subscript i will




be dropped. Thus we will be considering testing certain hypoth-
eses about the underlying probability distribution of a random
sample of failure times X], XZ""’ XN.

Let SD be a specified survival function having continuous
hazard function vo(t) = - %E-En So(t) and cumulative hazard
function Bo(t) = ~in So(t). A test of whether Sa(t) is equal to
the true survival function, S{t}, for teT, is equivalently a test
of the hypothesis HO:B(t) = Bo(t) for all teT. Formulation of
such a test could be based upon a process which at time t is the
statistic

z N Tivisy > o7 HBy(s) - B(s).

Observe that when N(t) >0, the statistic represents the difference
between the hypothesized and estimated cumulative hazard functions
at t weighted by ¥N. In uncensored data, N is a measure of the
amount of survivail information available throughout the interval
T. Integrals, unless otherwise specified, are Lebesque-Stieltjes.

Effectively, the amount of information available in censored
data to estimate the change in the survival or cumulative hazard
function at time s is only a fraction C(s) of that available in
uncensored data. In view of this fact, and in order to define a
process which asymptotically, under HO, will have a covariance
function independent of the censoring distribution, we will
replace N by NG (s7) and define the process

t Pl
B = {5 € (sT)1/?
0

Note for any function f(t) we define f(t')==l1@ f(s). The left

I[N(S) >0] d{ﬁo(S) - B(S)} . Oit f_T}.

hand 1imit of the estimator of C(s) is used to be consistent with
the convention employed in breaking ties between deaths and
censorships.

To allow the investigator a degree of flexibility in defining
the class of alternatives to the null hypothesis against which
greatest sensitivity will be obtained, we will consider test .
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procedures based upon the processes BNG=={BN“(t):tsT}, where o
is a non-negative fixed real number and BNa(t) =

t @, 2 maly Ry 1/2 o
éf [{So(s)} +{S(s )} 1{C(s )} I[N(S)>0]dm {Bo(s) - 8(s)}.
The role of the free parameter o or, more specifically, the role
of the factor %-[§§6(s)}“-+{§(s")}a] in determining sensitivity
to specific classes of alternatives will be discussed after
Theorems 3.1 and 3.2 are given; these theorems contain the basic
results needed to formulate Kolmogorov-type goodness-of-fit test
procedures.

Theorem 3.1. Suppose conditions (2.1) and (2.2) hold, that v(u)
is a continuous function on T, and that o is a fixed non-negative
number. Then, under HO’ BNG==> Ba, where

%— 172
{v(s)} dW(s):teT},

t o -
B* = {(B*(t) = S {S{s)}
: 0

and where the integrals are stochastic integrals in the quadratic
mean with respect to a standard Wiener process {W(s):s>0}.

The proof of Theorem 3.1 follows from weak convergence
results for stochastic integrals of square integrable martin-
gales; an outline for this proof is given in section 6.

It follows from Theorem 3.1 that B® is a zero mean Gaussian
process possessing continugus sample paths, independent incre-
ments, and variance function

t
Gi(t) = var B*(t) = {S(s)}za"]
0

if af 1/2, with og(t) = Blt) if o= 1/2.

Since §(t) is a strongly consistent estimator of B8(7)
(Aalen, 1976) and S(t) = e-B(T) 45 2 strongly consistent estima-
tor of S(t) (Fleming and Harrington, 1979), it follows under H0

w(s)ds = (20-1)"7 [1-Is(£)3%% 11

that 32(1) is a strongly consistent estimator of Os(T), where
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Py = 1 BTNk 15, (1%? (s dBls).

N @A

a2
[orm(r)]u2 is also a strongly consistent estima-

= [0§(T)]]/2. In fact, with this choice of Sa(r),
(1)} =1 whether or not the null hypothesis holds.

Clearly GQ(T)

tor of o {1
a(l
var {BN(T)/

We now define the Kolmogorov-type one-sided and two-sided
goodness-of-fit test statistics respectively by

K = oeP 16 (1)1 B(t)

)
g
a

N 7 O<t<r
and
Yo sy ~ -1
KN = Oitg.r {GQ(T)} lBﬁ(t)] ¢

It follows by Theorem 3.1 and by the strong consistency of

-~ n
oa(r) that,under HO,KNa and KNa converge in distribution to

- n,, _
SERHARCHUY 1 g%t} and K = Pt (e} g¥(e))
sup

respectively. Since K* has the same distribution as oet<] W(t)s
part a in Theorem 3.2 below follows from the result qu6£;H in
Karlin and Taylor (1975, page 346). Part b in Theorqm 3.2
follows from Feller (1971, page 343) after observing K~ and

Ozgp]lw(t)[ share the same distribution.

Theorem 3.2. Under HO’ as N »+ =,

(a) PK* < Y)+HEY) =1 - 2= [ exp(=xP/2) (3.1)
ven y
© k

) PR <) +H() 25 = fel-em( )Tty (.2)

3.2. The Role of o

We begin our discussion of the role the free parameter o
plays in determining sensitivity to specific classes of alterna-
tives to H0 by momentarily considering a property of the survival
function. The differential equation satisfied by a survival dis-
tribution and its associated cumulative hazard function may be
written as dS = -SdB. Thus small changes in S at time u may be
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thought of as -S{u) times the small change in B8 at u. If instead
we look at -5%dg = S®1dS, then small changes in S will be
weighted by the factor S*7', causing changes in S when S is small
to be emphasized when 0<a<1, and changes in S when S is large to
be emphasized when a>1,

To obtain a similar weighting of changes in the difference
S-S » it would be natural to examine the differential

a-1 a—] 1 el a-1
2 {S } d(S-So)--2 {S 4-50 } [SodBO-SdB}. (3.3)
To take advantage of the large sample behavior of integrals with
t

respect to the martingale {f I[N(s):>0] d{B, (s) - B(s)}:teT}, we
will approximate (3.3) by

7 BXTY+5.%(5) Ty oy 5 gp HBy(S) o

where unknown functions are now replaced by their estimators.

Hence, incorporating the estimate of the censoring distribution

in the fashion described earlier, one is naturally led to statistics
based on the empirical process BNa.

In view of these observations, the statistic KNOL has been
designed so that if 0<a<l, KNa tends to give greater weight to
later rather than earlier changes in the survival difference,
S(t)-So(t). Thus, for small values of a and in particular for
the value a=0, the corresponding Kolmogorov-type goodness-of-fit
test procedures are especiaily sensitive to those substantial
departures from H0 which do not occur until late in time; that is
at times t<<t such that S(t) is close to S(t). Hence, for
example, these procedures could be useful in detecting long-term
survival benefits of aggressive coronary heart disease treatments
which induce moderate mortality initially.

On the other hand, for a>1, the corresponding KNOt proced-
ures give particularly heavy weight to earlier rather than later
changes in the survival difference and in turn are particularly
sensitive to substantial departures from HO which occur early in
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time. This sensitivity is not diminished in situations in which
the large survival differences disappear later in time. This

type of alternative to H0 in which large early survival differ-
ences disappear later in time has been termed the acceleration
alternative and has been given a great deal of attention in
clinical trials assessing the carcinogenicity of certain drugs,
(Transcripts of the Ad Hoc Statistical Meeting, June 11, 1979, of
the Working Group to Evaluate the Carcinogenicity of F D and C Red
Dye #40. On file, Hearing Clerk, Food and Drug Administration,
Washington, D.C.)

A careful analytical study of the sensitivity, i.e. the
power, of these newly proposed procedures under various specific
alternatives and censoring distributions would obviously be com-
plex and difficult. The proof of Theorem 3.1 given in section 6
shows that we may write our test statistic for a one-sided test
as

B, (t)
o, sup N - Ssup (2 -1 o o
Ky 0<t<r —_8 = 0<ter {aa('r)} {LN (t)+rN (t)}
o

where t
rC(E) = N 1S ()% 8w Ew)'/?
0

LiN(u) > 0] {v, (u) - v(u)} du,

and where LNa(t) is a stochastic integral with respect to a
martingale. When large values of the test statistic are observed
one would reject the null hypothesis HO' 5(t) = So(t) for teT, in
favor of the alternative that S(t )>S (t) over some interval.
The proof of Theorem 3.1 shows that {L (t)/o (t):teT} always con-
verges weakly to a mean zero 1ndependent 1ncrement Gaussian

process with variance function Zz(t)/zz(r), where
s
Ta(s) = 13 US(0® + 15w n? s v e (3.4

and where 22( ) = i(s) whenever either H0 holds or a = 0. While
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rNa(t) = 0 under Hy, it is clear that ;iz rNa(t) = » a.5. when-
ever v(u) and vo(u) do not agree on a subset of [0,t] with
positive Lebesque measure. Heuristically we can say then that,
when a distribution from the alternative class holds, the test
statistic in large samples is formulated using a Gaussian process
with variance function Eg(t)/ii(T) and with non-constant mean
value function ra(t)/ZG(T), where Za(T) = {Zi(t)]llz, and where

172

t
r(t)= N 1 5 [0S ()3 + 45(u1® Clw)'/? fv (w) - w(u)} du.
0

Clearly, the larger the mean value function, the more likely it
is that the test statistic will lie in the rejection region. It
is immediately evident that the mean value functions form an
increasing sequence in N and are larger for large positive values
of vo(u)-v(u) on the interval T = [0,T].

The role of o in determining a procedure's sensitivity in
detecting early or Tate differences has already been indicated.
However, it should be added that the role of the censorship dis-
tribution in the power of these test procedures is also very
important and is precisely shown in the expression of the mean
value function, ra(t)/za(r). Clearly even if one attempts to
cbtain sensitivity to detect substantial differences occurring
later in time, 1ittle power will be realized if censorship at
that time is heavy. This can be seen mathematically by observ-
ing in the formula for r%(t) that the difference in hazard
functions is weighted by the product of %—[{So(u)}a*-{S(u)}a]
and C(u)1/2.

3.3. Another Proposed Kolmogorov-Type Procedure

In comparison to the classical Kolmogorov-Smirnov procedures
in uncensored data, it should be noted that the procedure using
the test statistic Kg bases rejection of H0 precisely on whether
differences between the cumulative hazard functions, rather than
the survival functions, exceed a certain quantity at any peoint in
time. This basic idea was proposed earlier by Aalen (1976) who




suggested use of the statistic
t
- sup - Sup (~2 -1/2 ~

Q= getir WH) = parer (QUellT 7 N L Ty 5 g ABo(S) - Bs))
to test Hy, where 88(1) is a strongly consistent estimator of

T

cé(‘c} = 1 ¢(s)” s(s)”" dg(s).
0

The statistic QN is essentially equivalent to Kg
data. However in censored data, unlike Kg, QN is formulated by
taking the supremum over a process whose large sample covariance
function under HO is dependent upon the censoring distribution.
Specifically, {QN(t):Ogﬁfy} => {Q(t):0<t<t} where the limiting
process is a mean zero Gaussian process with independent incre-
ments and variance function Gs(t)/Oé(T), clearly dependent upon
c(t).

It is of particular interest to compare the Kolmogorov-type

is uncensored

goodness-of-fit statistics Kg

thesis holds. Using terminology of the previous sub-section, in

and QN when the alternative hypo-

Targe samples, Kg

process with independent increments, having variance function

is formulated from approximately a Gaussian

21,2 t o T -
Go(t)/GD(T) = [ S(s) " da(s) [/ S(s) " dB(s)
0 0
and mean value function
t
Oe)/0g(x) = A F o)/ aa,(s) - 8ls): {Tg s(s)™ aa(s)1/2,

In comparison QN is formulated from a Gaussian process with inde-
pendent increments, having variance function

t T
o2(t)/o2(t) = © c(s)" s(s)T da(s) [ c(s)7" s(s)™ da(s)
Q Q 0 0
and mean value function

t
e rogle) = 1 ¢t (5) - 6(5)}/{2 c(s)™" s(s)™! as(s)3 /.
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Careful inspection of the variance and mean value functions of
both processes reveals that, unlike Kg, QN has the undesirable
property that its probability of rejection of Hg based upon
information up to time t systematically tends to zero when
censorship of data after time t is increased.

4. TWO SAMPLE PROCEDURES

4.1. The Test Statistic and its Asymptotic Distribution
Suppose now one has two independent samples of death and

censoring time random variables, (X]], Y]]), cees (X1N R Y1N )
1 1

and (x21’ YZI)’ vers (XZNZ’ YZNZ)' Let Si(t) = P(xij > t),

i=1,2. One can formulate a class of procedures to test
HO:S1(t)= Sz(t) (= S(t) unspecified) for teT, which is similar to
that proposed for the cne sample goodness-of-fit situatien. To
define the appropriate test statistics and specify their asymp-
totic distributions, we need some notation. Let

AR A romvNI/2
N.C. (s ) N,Cy(s™) SO N
Hy, () = Bl g8 (7)1 + 45, (sT) 0,
1272 N1C](S )+-N2C2(S )
BS . (t) ; (u) 1 {8, (u) - B,(u)}
t) =7 H u diB,(u) - 8,(u}l},
N],N2 0 N.i,N2 [N1(u) Nz(u)>'0] 1 2
and
B2 = {g% (t); O<t<tl.
N?’NZ N1,N2 —
Bﬁ N (t) is then entirely analogous to Bﬁ(t) and will be used to
1°72

test the two sample null hypothesis in exactly the same manner as
Bﬁ(t) was used in the one sample case. The next theorem contains
the basic result needed to formulate these Smirnov-type two
sample test procedures.

Theorem 4.1. Suppose that conditions (2.1) and (2.2} hold for

i = a = o o0
i =1,2. Then, under HO, BN]’NZ > B~ as N1 and N2 + =, 50 long
as 1im W]-=A, 0<A<e,

N1+m 2
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The proof of the theorem, outlined in section 6, uses the
multivariate version of Rebolledo's theorem, Theorem 3.5 of
Rebolledo (1978).

As in the one sample situation, before giving the test
statistic, we need to estimate 02(1) = var{B%(t)}. Again relying
essentially upon the strong consistency of the cumulative hazard
function estimators, it follows that

A T . "~ . _ ~ -
(&)} = ! R O T T ) A 8 S P S L N PV D L

P I e
Ton (s, (5)507 - (RpCpls DSy (s a8y (14 &y () (5, (s 7)1 dBy (s

and SG(T) {82(1)}]/2 are strongly éonsistent estimators of

Ui(T) and Oa(T) respectively. In fact, with this choice of

Gd(r), var{Bﬁ]’Nz(T),lég(r)}cal whether or not the null

hypothesis holds. We now define the Smirnov-type one-sided and
two-sided two-sample test statistics respectively by

_ fa -1 sup Lo
Ke o =15 (1)} By n (t)
N],N2 v O<t<r N1,N2
and
Yoy - (A -1 sup |0
Mo, = 19T g BNT,Nz(t)I

Using the strong consistency property of éa(r) and the weak
convergence result of Theorem 4.7, the large sample distributions
of the newly proposed statistics are obtained by employing the
identical argument presented in the one-sample situation. This
result is given in the lemma below.

Lemma 4.1. Under HO:SI(t) = Sz(t) for teT, as N},N2 + ™,

n
PO <) = Hy) and P\ <) = H(y),
N, LN N ,N
1272 172
Y
where H(y) and H(y) were defined in (3.1) and (3.2) respectively.

4.2. Computational Formulas
Although the integral formulas provide the easiest way to
formuTate the newly proposed test statistics, they do not lend
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much insight into how the statistic might actually be calculated
with a given set of data. We will now give the algorithm that
can be used to calculate the one- and two-sided Smirnov-type

~ * -
two-sample tests based upon {ca(T )} 1 OzggT* BNI’NZ(t) and
A A
{6 (1)} 1 OizET* |BN N2(t)| where T -max{T N (T1J) 2(T >0},

(In general, one m1ght set T' = min (t,T ) for some predetermined
T, and use T' rather than T hereafter. This would be necessary
for asymptotic results to apply directly.} The algorithm reveals
that the computation is more straightforward than one might have
anticipated, primarily due to the recursive structure of the
calculation,

Recall Ni(t) represents the number of individuals in sample i
under observation at time t, prior to any deaths or censorships
at time t,and {Tj: j=1,...,d} represents the d distinct times of
death in the pooled sample. Let Zje{1,2} indicate the sample in
which the death at TJ occurred
(1) Define J = max{j: T <'T }.

For i=1,2, set B (T ) = 0 and recursively calculate, for all

Ni'Ni(Tj)-]

- _ _1 A
o (T57) = kzo (Ng-k)™ = By(T, )
and :

Bi(Tj) = Bi(Tj_1) + {1-]i—Zj|} {Ni(Tj)} .

(Observe §1(Tj') = éi(Tj-l) since the estimator §i as defined is

right continuous.)

In (2)-(4), we calculate Bﬁ N

(2) For all j=1,...,d ca]culate

(4.1)

(T;) for § =1,...,d.
2 J

n(Ty) = 10y expl-g (1IN + N, expl-8, (7,712,
(3) For all j=1,...,J calculate

Vo(T5) = 0.5 [expl-afy(T,7)} + exp{-ofy (T, 7)1,
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(4) Set U(TO) = 0 and recursively calculate, for all j=1,...,J,
= . -1
U(Tj) U(Tj_]) +n(TJ.)Va(TJ.)[{1 [ Zjl}{N](Tj)}

1-12-Z, | 1N, (T )3 -2
-{ "l -jl}{ 2£j)1 ]-
In (5) and () we calculate Ga(T ).
{5) For j=1,...,J and i=1,2, calculate
gi(Tj)==[exp{Bi(Tj )H {1-[1-Zjl}- (2.3)

A vy
[N (T;) B expl=gy (1,717,

(6) Set 5 (T7)= ) TV (T YHE(T.) +£,(T) 1 /2
o [j=]njaj E]J EZJ] .

o _ R pr¥ya-1 e
(7) Set KN],N2 = max{O,{oa(T )} U(Tj). j=1,...,d}
and set the two-sided statistic

o= 2 1%y il
KNT’NZ = max{{g (T )} iU(Tj)I. J=1,....d}
(8) Calculate the significance level for the one-sided test from

the formula
p=plKy )= 27 eprada.
172 /Eﬁ'Ka
[
1772
Calculate the significance level for the two-sided test from

the formula

B=p(kE )=1-2 % -é;—_]l_-%iexp{-nz(Zkﬂ)z/{S(E: W )2
1272 k=0 172
Observe that the algorithm has been presented with the
assumption that no ties exist between observed times of death.
If some ties in death times do exist, the one and two
sample procedures can be applied in that situation by simply
replacing the term {1~li-Zj|}{Ni(Tj)}'] in (4.1), (4.2) and (4.3)

of the algorithm by the term I {Ni(Tj) -k}
k=0
This modification to accomodate tied death times is desirable due

to its simplicity. However, the test statistic's distribution

for i=1,2.
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was actually derived assuming no ties exist in death times.
Thus, if the number of ties 1is very large, other more complex
modifications might yield improved behavior.

5. MONTE CARLO SIMULATIONS

The asymptotic distributions of the newly proposed test
procedures have been used in the construction of hypothesis tests
of a given size. Therefore, Monte Carlo simulations were used to
determine whether the true size of each of these test procedures,
in small or moderate sample sizes and under varying amounts of
censorship, was accurately approximated by the nominal signifi-
cance level based on this asymptotic distributicn theory. The
simulations were also used to confirm the conclusions reached
earlier concerning the role of o in determining power. Nearly
exact values of the power of Kﬁ],NZ, for selected values of a,
were calculated against some specific alternatives of particuiar
interest. Attention in this section has been restricted to the
two sample problem since this is where the greatest interest
appears to be.

5.1 Simulation Procedure

In the simulations, eleven distinct configurations of sur-
vival and censoring distributions were inspected, with each
configuration including two survival distributions used to gener-
ate the two samples of failure fimes, and a single censoring
distribution used to generate the two samples of censoring times.
Independent censoring and survival random variables were obtained
by transforming uniformly distributed randem variates produced
with a Tinear congruential random number generator (Knuth, 1969).
Each observation time was taken to be the minimum of a survival
and a censoring random variable; that is, Tij=|nin (xij’ Yij) as
indicated earlier. Equal sample sizes of N] = N2 = 20 and
N, = N2 = 50 were used.

To investigate size, the two survival distributions were

chosen to be equal. Various survival configurations in which the

1
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null hypothesis failed to hold were then simulated with the
intent of comparing, in these special cases, the power of the
log-rank, the Gehan-Wilcoxon, and the Smirnov-type procedures
K:I’Nz for a« =.0,1,2,3 and 4. Most configurations chosen had
survival differences which were particularly evident at one point
in time since it was this type of departure from H0 that provided

the basic motivation for the formulation of the Kﬁi’Nz procedures.

Five hundred pairs of samples {one thousand pairs of samples
when evaluating size) were generated for each selected configura-
tion of survival and censoring distributions for the two
populations and for each sample size. The proportions of samples
in which each one-sided test procedure under consideration

rejected H0 at the a = 0.05 significance level were calculated.

5.2 Results
Results pertaining to the evaluation of size of the Kg

oN
procedures are presented in Table I. Selected configuratiols gf
censoring distributions and equal exponential survival distribu-
tions were inspected which yielded 1ightly, moderately or heavily
censored data; specifically, the expected percents censored were
13%, 25%, 37%, 47%, 61% or 68%. All Smirnov-type procedures pre-
served the nominal size in each situation, with the procedures
being somewhat more conservative in the smaller sample size and
with the Kg N procedure being noticeably more conservative than
others. 1

Table II contains the results obtained from the Monte Carlo
simulations employed to evaluate the power of the newly proposed
K: 'Nz procedures. Figure 1 presents the graphs of the five
colfigurations inspected in the table.

The first configuration (see Figure 1(a)) presents a
"proportional hazards" or "Lehmann® alternative. Specifically,
two exponential distributions representing a doubling in median
survival were generated. This configuration was chosen to compare
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the behavior of the Smirnov-type procedures to that of the log-
rank in the situation in which the latter test procedure would be
expected to have its greatest relative sensitivity (see Peto and
Peto (1972)). Table II reveals the log-rank procedure is the most
sensitive in this situation but its gain in power is not large

over that of KL N » the most powerful of the KN N procedures at
'I!

'l!
this alternative for the values of o examined.

TABLE I SIZE

Monte Carlo Estimates of the Sizes of the Gehan-Wilcoxon,
Log-rank and Kﬁ . (@ =0,1,2,3 & 4) One-Sided Test
1272

Procedures of HO:S.|==S2 Vs, H]:S] <S2 (1000 simulations)

Expected Smirnov-type, K:} N,
S.=5. (. =(. Ppercent N. =N Gehan-  Log-
1 2 "1 "2 censored 1 "2 a=0 a=1 a=2 =3 a=4 Wilcoxon rank

13.5% 20 028 025 035 .038 .047 .042 .043
* C,** : 50 .028 .039 .042 .046 .051 .047 .046

A=2 A
20 020 ,033 .037 .042 .042 .056 .045

Cg*** 25.4% 50 .03 .048 .051 .047 .040  .054  .050

c 36.85% 20 .033 .033 .033 .033 .038 .05 .00

Sl A 8% 50  .035 .035 .038 .035 .033  .033  .040
47 8% 20 .023 .034 .035 .030 .033  .048  .049

Cg . 50  .035 .043 .045 .045 .036  .050  .054

c 60.7% 20 .036 .042 .043 .044 042  .061 064

=05 A . 50 .042 .040 .035 .038 .038  .046  .049
67 91 20 .030 .031 .033 .035 .033  .052  .046

Cs - 50 .030 .032 .033 .03 .035  .038  .036

* A denotes the constant hazard function of S » an
exponential distribution.

** CA is defined by: CA(t)-l for O<t<1, and CA(t)==0 for t>1.

*** (g is defined by: Cy(t)=1-(.4)t for O<t<l, and
CB(t)=0 for t>1.
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_ The second and third configurations (see Figures 1(b) and
1(c)) present departures from the null hypothesis in which
substantial differences existing between survival distributions
later in time fail to exist early in time., As would be antici-
pated, the Tog-rank has marginally acceptable power against these
alternatives, far better than the unacceptable power of the Gehan-
Wilcoxon procedure. In turn, however, the procedure Kg],Nz has

power clearly better than that of the log-rank test. The power of

the Kﬁ]’NZ procedures to detect these later differences depends
dramatically upon the choice of a, clearly confirming previous
qualitative conclusions that ability to detect departures from HO
which occur Tater in time increases as o decreases.

In the fourth configuration (see Figure 1{d)), large differ-
ences exist between survival curves over the middle range of the
survival distribution although S]==52 for both small t and Targe
t. The last configuration (see Figure 1(e)) presents the situa-
tion in which large early differences between survival curves
disappear somewhat later in time. From the formulation of their
test statistics, we would anticipate the log-rank procedure to
have unacceptable sensitivity to these departures, while the
Gehan~Wilcoxon should have marginally acceptable power. This has
been confirmed in the simulations. Of all procedures inspected,
K;]’Nz and Kﬁ1’”z were found to have the best power to detect the
large "middle" difference in Figure 1(d). Simulations with the
last configuration clearly reveal that the Kﬁ]’NZ procedures for
a > 2 have excellent sensitivity in detecting large early survival
differences which disappear somewhat later in time. Further, the
simulations confirm earlier qualitative conclusions that this
sensitivity to early departures from H0 is increased by choosing

N

N procedures with larger a values.
172
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TABLE II POWER

Monte Carlo Estimates of the Power of the Gehan-Wilcoxon,
Log-rank and Kﬁ N (o =0,1,2,3 & 4) One-Sided Test
1°72

Procedures of HO:S]==S2 VS. H]:S]<S2 {500 simu]ations)*

Smirnov-type Kﬁ

1% Geh L

- ehan- og-

5 5 Mi™ 0=0 a=1 o=2 a=3 =4 Wilcoxon rank
xl=zf37=1:teuLe) 20 .392 .A46 .426 .372 .354  .478 522
Fig. la "Proportional Hazards® 50  .752 .832 .784 .700 .618  .820  .872
W )™ w(2,0.5) 20 .450 .304 .154 .068 .034  .130  .358
Fig. 1b "Late Difference® 50 .93 .710 .280 .090 .014  .188  .692
A =2, A= 2:te(0,4) 20  .552 .364 .196 .100 .054  .148  .416
A =4y Ay = Aste(.4,m) 50 .948 .724 .38 .192 .098  .254  .688

Fig. 1c "Late Difference”

M =2, Ap® 2:te(0,.1)

)\1 =3, Xz =,75:te{.1,.4) 20 .072 .280 .2%94 .250 .194 274 .178
A.l =.,75, Az= 3:te(.4,.7)
A1 =1, Az= 1:te(.7,=) 50 .304 .674 .666 .530 .432 ,504 .330

Fig. 1d "Middle Difference"

)\] =3, A2= .75:t(0,.2)

A]=.75. A2=3:te(.2,.4) 20 .052 .234 .402 .498 .534 .322 .162
A1='l. 12=1:ta(.4.w) 50 120 .646 .B42 .894 .896 .522 .214
Fig. le “"Early Difference"

*  Censoring distribution in every case is CB’ defined in
Table I.

bl Ai denotes the hazard function of Si’ a piecewise
exponential distribution.

*** W(A,y) denotes a Weibull distribution having
S(t) = exp{-(at)'}.
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Semi-Tog plots of survival distributions simulated when
evaluating power. Survival distributions are either
piecewise exponentials with constant hazard X over
intervals or are Weibull distributions, W(XA,y), having
survival function S{t) = exp{-(At)'}.
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6. ASYMPTOTIC DISTRIBUTION RESULTS

6.1 One Sample Test Statistics

As mentioned in the text, the proof of Theorem 3.1 and of its
multivariate analogue, Theorem 4.1, relies on weak convergence
results for stochastic integrals of martingales related to

counting processes. These results were first published by Aalen
(1977); Rebolledo (1978) has shown that some of Aalen's regularity
conditions may be simplified considerably. Since the proofs of
Theorems 3.1 and 4.1 do not use techniques substantially different
from those which have appeared elsewhere in the Titerature (cf.
section 3 in Aalen (1977)), we will only outline the major steps
in the proof here. We will first indicate how Theorem 3.1 is
proved.

In order to use the results of Aalen and Rebolledo, we need
to show that Bﬁ(t) = Lﬁ(t) + rg(t), where Lﬁ(t) may be written as
a stochastic integral with respect to a counting process based
martingale M{t), and where,under HO’ rﬁ(t) is a remainder term
that satisfies rﬁ(t) => 0as N+ o, Lemma 6.1 below is the first
step in the construction of M(t). Since this lemma provides a
connection between the martingale based approach to problems of
this type and the classical notion of the identifiability of

competing risks, the proof of Lemma 6.1 is given here.

Lemma 6.1. Let X and Y be random variables, defined on an under-
lying probability space (Q,F,P), denoting the death and censoring
times for a given individual. Let

T0 = min (X,Y);

D
N'(t) =1 ]

C
N“(t) = I 3

[T0<t, Y<X]
and

F.=0 (ND(u), Nc(u), O<u<t), O<t<r,

where o(4) denotes the o-subalgebra generated by the family of
random variables 4. Then the stochastic process

14
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t
M(t) = NO(t) - £ v{u) T u, teT,
0

d
[To2u]

is a square integrable martingale with respect to F, if and only

if condition (2.1) holds.

t

Proof: M(t) is obviously adapted to Fy» and is clearly square
integrable. To see the martingale property, note that

t+a

E(M(t+a) |7,} = EIN(t+a) - ! v(u) I du|F,}

[To2u]

>Ul du

t
= W(t) + £ Wo(tra) -00(e) £, 2 - £ vlu) .
0 0>

t+a
- E { v(u) I[TOZP3 du|F£}.

To complete the proof, we need only show
0 0 t+a
E{N“(t+a) - N (t)]Ft}= Jtr v(u) P(TulF,) du a.s. . (6.1)

Let A = {uw: ND(t) + NC

(6.1) are zero on A.
Now examine ACe 7, where AC is the complement of the event

t
A, on AS, NP(t+a) -NP(t) =1 or 0. Thus
EN(t+a) - NO(t) [AD)

{t) = 1}. Then A ¢ F, and both sides of

PN (tta) - N0(2) = 1]AC)
P(t<X<tta, Xx<Y[AD)

P(t<X<t+a, X<Y)/P(X>t, Y>1t).
On AC, the right hand side of (6.1} is

t+a
{ v{u) P(T03p|T0>t) du

- t+a
{P(T0>t)} i v(u) P(Tozy) du.

Since {w: T0>t} {w: X>t, Y>t} we need only show that

t+a
P(t<X<tta, X<Y} = J Mu)Pﬁyy)dm (6.2)
t

Suppose f(u) = %U F(u). The left hand side of (6.2) may be
written as
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t+a
I P(Y>u|X=u)f(u) du,
t

while the right hand side is

tta
Jo[f(u)/{1-F(u)}] P(X2u, Y3u) du
t

t+a
= J flu) P(Y2u|Xzu) du.
t

Thus the eguality will hold for all a if and only if
P(Y>u|X>u) = P(Y>u[X=u). (6.3)
But
P(YoulX=u) = ~{F(u)}"} 2= n(t,,t,)
= at; U102 It]=t2=u
and P(Y>u|X>u) = m(u,u) (s, Thus equation (6.3) holds if
and only if

=8 l
flu) o5 ﬁ(tl’t2)1t1=t2=u

S(u w(u,u)

3

which is precisely condition (2.1).

We remark here that an application of the Dcob-Meyer decompo-
sition theorem for submartingales of the class D (see Meyer
1966, chap. VII, sec. 1-4) can be used to show that if the family
Fi is generated by just the process ND(t), then M(t) is a martin-
gale with respect to F regardless of the dependence relationship
between X and Y, Both Aalen (1978) and Lipster and Shiryayev
(1978, chap. 18) give excellent summaries of this aspect of the
structure of counting processes. Because of some technical
requirements that will arise later on, however, we require that
the o-fields F, be rich enough to allow the adaptability of NC(t).
Aalen and Johansen (1978) have given a different method for pra-
serving the martingale property of M(t) with eniarged o-fields
which has a more measure theoretic flavor.

Suppose now that the stochastic process M(t) is given by

t
Mit) = B0t) - £ viu) Nu) du ,
0 _
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for teT, where ﬁD(t) is the number of observed deaths in the
sample up to and including time t, and N{u) is the size of the
N

risk set at time u; that is N(u) = '51 I[Tj__>_u]' Using slight

variants of the arguments in Aalen (1978}, one may show that
M(t), teT, is a square integrable martingale with respect to the .

N .
family of ag-subalgebras F = QD E}J, where
. J:
J__ .
Fe* o= c(I[T <, X<V 10 [T <, Y<K ; O<uc<t). By letting
=3 J 3
Hy (U) = 2 [{54¢ ()1 + {S(u™)2%) (CuINg 1/2 , it is not hard to

show, after some algebra, that BN( ) = Lu(t) + ra(t), where

t —
HORRREAC M Ly 50y @ M)
and t
ry(t) = (; Hy () Eryeu) s o3 olu) - viw)} du.

(Note that we always take 0/0 to be 0.} Since the conditions of
Proposition 3 of Doléans-Dadé and Meyer (1970) are satisfied, the
Stieltjes integral Lﬁ(t) may be identified with the martingale
stochastic integral with respect to M(t).

Let g(u) = 5 [IS(u)}® + £55(w)}™1 {5(u)3™2 {v(u) 12 where
S{u) is the true underlying survival function for X,. Theorem 3.4
in Rebolledo may now be applied to the process Lﬁ(t) to show that

t
{Lﬁ(t):teT} =>{;£ g{u) dW(u):tsf} as N+,

The details needed to check the sufficient conditions given by
Rebelledo in his Theorem 3.4 can be constructed by using modifi-
cations of the arguments in Aalen (1977). Furthermore, it is
clear that under HO’ rﬁ(t) = 0.
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6.2 Two-Sample Test Statistics

Many of the details involved in the proof of Theorem 4.1 are
nearly identical to those required for the proof of Theorem 3.1.
Using Lemma 6.1, it is easy to construct a product probability
space (2, F, P) and an increasing family of o-subalgebras ?£ S0

that the stochastic processes

t
M (t) = B(t) - ORNORE

and t
My(t) = Ng(t) - g N, (u) v, (u) du

are orthogonal square integrable martingales with respect to F,.
A calculation similar to that required in Theorem 3.1 shows that

B (t) = Ly (t) - L5 (¥) + vy (1)

o
NyoNy 1 2 1:Np

—

=z
Camn ]
ot
N
il

-1 _
HN],NZ(U) N () I[N](u)Nz(u)>0] d M, (u),

H u) N "](u)

(
Ny oy 0 T2

Ot Ot

LN ()N (u) > 0] d (u),

t
o
r (t) = / H (u) I {v (u) -v,(u)} du.

N1,N2 0 Nl,N2 [N](u)Nz(u):>0] 1 2

Under H., r& (t) = 0, so it suffices to study the
0 N],N2

asymptotic behavior of the processes Lﬁ_(t). Suppose
i-1 1
A CB-i(”)

g5(u) = 3 AOEIAG [ 118, (W)1%+ {5,(u)1°112 15, ()} vy(s)

and that N](t) and wz(t) are independent standard Wiener processes
on [0,7]. Using a method nearly identical to that which yields
the weak convergence of Lﬁ(t) in the proof of Theorem 3.1, and the
orthogonality of F%(t) and ﬁé(t) {and hence the orthogonality of

L:}(t) and Lﬁz(t)) one can show that
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Lﬁ],NZ § {(L;](t)' Lﬁz(t)h Octer) = ¥* in D4(0,1]
where
> t t
=l gq(u) di{u), J gy(u) dW,(u)); Ocucr).
0 0

The theorem now follows by calculating the asymptotic distribution
of Lﬁl(t)-Lﬁz(t) in the obvious way.
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